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1. Let S be the region bounded by y = 23, y = 1, and = > 0. What is the volume of the solid obtained
by rotating S about the line y = 17

Solution: The radius is given by 1 — 2® and the bounds are z = 0 and z = 1. Hence the volume is

1 1
ﬂ'/ (1—a3%dz = 77/ 1—22% 4+ 2%z
0 0
97
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2. Let S be the region bounded by the curves y = 22, y = 2 and = > 0. What is the volume of the solid
obtained by rotating S about
(a) the x-axis?

Solution: Using the washer method, the outer radius is given by r, = z, the inner radius by
r; = 22, and the bounds are = 0 and = = 1. Hence the volume is
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ﬂ'/ z? — (z*)%dx 7'('/ 2?2 — gtdz
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(b) the y-axis?
Solution: Using the washer method, the outer radius is given by r, = /7, the inner radius by
r; = 9, and the bounds are y = 0 and y = 1. Hence the volume is

1
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3. Let S be the region bounded by y = x, ¥ = 2z and y = 2. What is the volume of the solid obtained
by rotating S about the y-axis?
Solution: Using the washer method, the outer radius is given by 7, = y, the inner radius by r; = £,
and the bounds are y = 0 and y = 2. Hence the volume is

2 _ g)cz = [ 2
W/Oy (2 Y 1 Oy Y

= 2.

4. Consider the region S bounded by the parabolas y = #?> — 1 and y = 1 —~ z2. Find the volume of

the solid with base § and cross-sections perpendicular to S that are squares with bases parallel to the
y-axis.

Solution: The curves intersect when ¢ = —1 and = = 1. Taking advantage of symmetry, the base
length of any cross-section is 2(1 — z2). Hence the area of any cross-section is

[2(1 — 2%)]® = 4(1 - 22° + o).

The volume integral is then

1 1
4/ 1-22%+2%de = 8/ 1 — 2% 4 zide (note symmetry)
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. Let S be given as in the previous problem. Find the volume of the solid with base S and cross-sections
perpendicular to S that are equilateral triangles with bases parallel to the y-axis.

Solution: From (4), the base length of a cross-section is 2(1 — z?). From triangle geometry, the height
of a cross-section is v/3(1 — 2). Hence the area of any cross-section is

% 201 - )v3(1 -~ 2?)

V3(1 —z?)?
= V3(1—22% +2%).
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The volume integral is then
1 1
\/5/ 1-22%2 +z%dz = 2\/§/ 1—22%+ 2%z (note symmetry)
-1 0
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. Using calculus, find the length of y = 62 + 2 on the interval 0 <z < 1.
Solution: Letting y = f(z), we have f/(z) =y = 6 so that the arc length is

1
/ v/ 14+ 62dx
0

\/37/01(%
= /37

. Lety = -“2—4 99; and find the length of y on the interval 1 < z < 2.
Solution: Letting y = f(z), we have f/(z) =y = 2% — E;—3 so that

1
/ 1+ f'(z)%dx
0
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1 =z
/ 2 _ .6 = adl
so that
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1+ f(@)? = a4+

Therefore, the arc length is
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ety =% - “‘Tw and find the length of y on the interval 1 <z < e2.
Solution: Letting y = f(z), we have f'(z)=y' = £ — 515 s0 that

2
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so that



Therefore, the arc length is

62 e
V1+ flx)2de = z.or
/1 + f(z)?%dz /1 5 + 5 dx
3

. Find the length of the curve y = 4z% on the interval 0 < z < 2.
Solution: Letting y = f(z), we have f'(z) = y' = 2+/z so that

1+ f'(z)? =1+ 4z.

Therefore, the arc length is

2
/ v1+4xdr.
0

Letting u = 1 + 4z, we have 2du = dz, u(0) = 1, and u(2) = 9 so that

It
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/ V1 -+ dzde % / u?du
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. Find the length of the curve y = z3 for z > 0 on the interval 0 < y < 4.

Solution: Notice that the bounds are in terms of y, so we are going to integrate with respect to y. If
we rewrite the formula as z = y# and let g(y) =z, then ¢'(y) =z’ = %g so that

9
1+g'(y)?*=1+ v

Therefore, the arc length is

4
/ 9
1+ —ydy.
/ +4yy
Letting u = 1 + 2y, we have 4du = dz, u(0) = 1, and u(4) = 10 so that
4 o
/1/14— —ydy = ——/ uidu
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= 57-(10“1).



Awlicﬁﬁo ne 4o ﬁr\y sies.,

13. Fs 20N - ‘
Attt } 4
0% 01 O
X © xXe0:03 ¥X=003
F% X
20:=0.0% &

k= _3° . 000
0-0% 0-0%

= SfJY = 5 |ooo,x.Ax = !mO‘(NJX
0

0.0%

(o)
|oD0. x'”| il oo 005 = 32T
Z

0

14- W'—ij\‘lx = Jxxe Jx"x iﬂXL




mags = 81\Jk JQMS‘\"‘T = 3‘« Jk {660
= @&ooo hdt
F- mass, Xﬂwﬂ" P L
- Sooohdh.1-8 |
W= € ditk = feoo hdl-a8 (W)



>
Todol wovke - g‘?sqoo his—h)dh

s
= 73400 é (Sh-h')dh

‘«"I%'—foo(: h“ﬂj
= (e _
7Yoo [;a‘ " Ly \;]

= 78Yoo [.S_‘.l. - 227 - os8yxie’ T
z

(] 3 ¥
e dX
M= S\(’JX j by
—vX/ 3 '
? = 1So. e l - 'QS"’[C. - &
-—rY3 ()



W'Qh'h Dp 5"’6? = W & 2

A“’M : dh 2

A 2 [goo-rt.dh
'F-.—; PA z ‘!309L\~2«“,‘40g,\,‘b;(‘

e
P [ atoo facesd kb v a00-h*
O

duz —2hdh
: h=o Us oo
- ‘g‘HOo Uly"’Ju, e v L0
400 - o
F.- q8o0 ._V..‘...{"l . _%oa.z,[b%_., qaz/j
¥ <o 2

3
e 800 (-1 . S'-zzxno*
N ¥



é)- \V]‘\Tgﬂ*lﬂ.on bﬁf Fq(tg
L o T

ﬁ' Q> S3X~SCC3<(:\><.

dVv = sec’x dx

\,{:3){.
u/ﬁ 3d>( \/:+&WX.
j ax.sec X dx = 2><4m><—~55+anxcix
— 2 x—tan +3\n[</05/c\ + C
2 SX
b jx e dx
5X
w- X dv=e dx
G X
oNfLXO\X \f’__%/
2 GX sX
J )((Legxolx - xXx-£t - jZX e _dXx
5 s
X
W= 2X gl\/f:_@’__J\X
s gX
Ju=29x V= &
25
5 X SX 5X
szefxo(x _ xl«e _Xe o gze X
5 2.5 25
X X
xR 2><§/5_ v 2 o4 c
- |25



X
\% < S 62 COSLfX d X

U= co54X AV =

_ -5 4 V=_%€
du =— S 4X.4dX =

2X 2X _ adx
e COS4_X &X = @ coS4-X ’"S e (5\()4*9
ézx SUX 1 gi-&xs\vx(deK
= >
2
2
‘ _q0. AKX
= Q'__,,_,_.
Aduz W2 (/f'X‘AfAX Ca
X . 2X 5L(-XJX
[ ox X 0, -SnaxX 4 e &
‘ gkdx = € cosHX
& 905 Z X d
J _+4.SQ cos X X
,\7455:{\95%}(&5‘
2x 4 EK cos 4X féfxsqu
: X = >
g\g e, OS5 4”)< =
WK
e smyxX+ C

X
2 (esxX T =
je/ o 54X A "[”6"‘ s



\f

\/:/K_ﬁ
[.].
\V\X-__).ﬁf — Xq |
X AN
4 X
mx- X l
L 3
S
UV\X'X‘*/- _L/X—j'f‘("
ul B

dv= sinX cb
V= —wsX



"L u7s W
T/\Z X S\X) X d)@ o )6 "(70059\ — S '_,_g_,os)(.dx
0

O
1y T ©
_XC/DSX\D - g CosKX A%
) T(/y/

(¥

——

(( :
= =Y L(QSXL/L—,‘— gw\X\

= L) s 0 S o) & Lsinh sine |

\

73 e

§‘L7/ g45'\v\)<d/>< = 4(}005/(]0 B
_ 4 /oosfyzi’wsoj -t

—

0+ 1

=

0

2 a4 =Y
- 4) sinX dx = ¥la /
()( = /3//

O






3 cos 20 = é% Uf_ﬁfff@ 46

[ ,Aafj wweia]

= el %\j

2 - -4 o)
2 |10 1 4 (9% d

j ({— S 72.6) cos 28 d 8

I.7°

I: [I.)ri TL;‘LELV”]
- ,LETJrOT TT’FO] 2






g 0 (1ru”) v ﬂ(\l; u) o

7 %
- u Y rc
( §
A 3
= rMmX_i'bﬁf’PC’
aon 2 _
L, %

19 - 5@0;%&4@ S (AR)AX

5 U°S7’61x -CR>5 5(}(0()(

2
X - et
5 22£L’AX sin 4X
sin 4X
= Sin 9X
) cos 9T
<) o e
$in

2> \ ~ N dw
Su’;\j_:}.”%i “TS‘GVD
A

9
_ 1
= ,‘—-,u-—L]
1
B L L &
= 79 u 9
, _ - tC



14 E - 3
3 ot K- €sC K dx



8 13 Triaonomeh’ic, Suwbstitution

20 l dx
K= 5sn®
| dx =z GeosOdE
S S ' _ —
X:Gs.xr 255 V252850

! =
25 Sinw @ ¢ 03D

y

L

2$ s e vrbfw‘si&
1 dx = | £ easp da
x"fis-x* 25siv'e B0

a1 _ A0 = L+ csCodo
25 ) $in*0 LS

~_1 et Bt©

2S

i

ot Jux
M




= J?hne'stc& 40 ,
0
- 3seed + & 6 X

_ 3
o 3.\‘)(:1'1 + ¢

Jx49 + ¢

W

x'v elx X= qsua
dx= 4 sec&4an & do

xv it sec’® L ses O
I - i
yx:w { leseco b Geton®




o lk s 6
L . SQC’G'
g

= U.S;e.fbelt?



A*'l'b'fcﬂ“ 3_‘,&7"9

g-C=1 R-L*> v
P B
=y ¢=I

xtztw'i dx - 5.4_9"-?— B dr ¢
L e e ,r ——-ﬂBM
¥ (x-1) tXt1) J X= jx-ﬂ

- g [t Y

ln 1xl 4+ lalx=1] + i+t + €

-
[ 4



¥ (x-t) (et

xoaw-t [ Adey (Bl dxy (e dx
X (2x-1) X+

=

g—'—-ix 1-‘:?.!;; I+ (K dx

= [nlx|l -2 l“l‘b)c-lt__!_‘m‘x_'_?_) +c

S T2

X2

Xx§2x-t
x (X=1)x+)

X (X=1)

- B
X‘HK v\ _;6(___,.(—()‘“‘)1’"(_'_‘)

X (x- \)CH\)
S| = AXDH) + BX- +i) 1 ¢ X (X-P

A (X=0) 4 Lx'+ Bx+ tx - eX
AXEA + BXY4 BX 4 LX= UX

(A ‘I"B'!”cn)x‘" + (@—-L)x — A

X?”’M X

-
-

Lo
o



VO 3K LK

(2 1t
xrwol hue-l o X1
VIS Sk 7 x (143X~ X(2x-Kxt?)

Y

xfwm-r o A4 B« )29-7’

X (2x=1) (X42) x w-l KT

XA = A (2x-) (x1d)+ B-x (xt2)t e X (=)

= A(X%3x-2) 1 B w) + ¢ (2x=x)

= 2A XF B8x'4 2ex®
+2Ax+ 2BX—CX ~ 2A

= @A +0C4 uc)x".g- (3A +»&-¢)x - A

LA +286-C= 2 B+2e =~ |

2A+B+2¢ = | q43-t = -1
CSp=-3 B—.;".S/r

-'o=fl-zt'},
-cz- :+..4_’)




