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Chapter 1

Time series: Time Domain
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1.1 Terms

A time series is a sequence {y;} of random variables, e.g. {y:} = {vo,---,yn}, {v¢} = {vo,v1,-.-},
{w}={ .. y-2,y-1,9%0,91,%2,... }. y: represents the observation made at ‘time’ ¢t. Often, the
realisation of these random variables is also called a time series.

The time intervals are taken to be equal here, though this is not necessary; also, ‘time’ may

in fact be some other linear ordering, such as distance or similarity.

Ezample 1.1 (White noise). A time series {¢;} is called white noise if

e E(e;) =0 for all ¢,
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o Cov(ey,e5) =0 for all ¢ # s,

e Var(g;) does not depend on ¢, i.e. there exists o2 s.t. Var(e;) = o2 for all ¢.

White noise from Normal distribution White noise from Exponential distribution
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Example 1.2 (Simple random walk). The time series {y;, ¢t = 0,1,...} is called a simple random
walk if
=0 and y,=wy—1+e, t=12,...

where {e;} is white noise. Note that y, = Zizﬁs, E(y;) = 0, Var(y;) = tVar(e;) and
Cov(yt, yits) = t Var(e1) (check!).

1.2 Stationarity

If the probability structure of a time series is constant in some way over time it is said to be

stationary. The mean function or trend of the series {y;} is defined as

pe = E(yr)

and the covariance function as

V(t» t+ S) = COV(yta yt+s)

If both p; and (¢, ¢+ s) are independent of ¢ the process is said to be weakly (or second-order)
stationary. In this case y(t,t + s) depends only on the time difference s (known as the lag) and
will be denoted by ~,; this is commonly known as the autocovariance function. The variance of
y¢ is then 7o, and the autocorrelation function is ps = vs/70. A plot of ps versus s is known as
a correlogram.

A time series {y;} is called strictly stationary if for all m = 1,2,... and all indices t1,...,tn,
the joint distribution (Y 4s, ..., Yt,,+s) i the same as that of (y,...,ys,, ) for any s. Strict
stationarity implies (and is much stronger than) weak stationarity.

Most basic statistical methods rely only on weak stationarity, and we will use ‘stationarity’

to mean ‘weak stationarity’.

1.3 Autoregressive and moving average processes

In this subsection we will be looking at time series {y;,t =0, +1,4+2,...}
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1.3.1 MA(q)
A moving average process of order g, denoted by MA(q), is defined by

q
Yt = Qo€ + Q1€p—1 + 2€¢—2 + ... + QgEt—q = E QjE¢—j
Jj=0

where {¢;} is white noise with Var(e;) = o2.

The model can be written as
P
Yt = O¢ Z @ ft—j
j=0

where fj = €;/0.. There is a lack of identifiability here, e.g. 0. could be doubled and the a;s
halved without changing the model equation. A standard way of avoiding this problem is to
take ag = 1.

For the mean we have p; = E(y;) = 0 for all ¢, and the covariance function is given by

Cont ) 0 for s > ¢
Vv (Yt = N
Yo dres (aoas + Q1si1 + ..+ agsag)o? for s =0,1,2,....q "

This is independent of ¢ and so the process is (weakly) stationary.

Ezample 1.3. MA(1) process:
Y = ey + aep—1  with 0'3 =1

For this process

70:a3+a%, v1=aopa; and ~s=0fors>1

The first-order autocorrelation is p; = apay /(a2 + a?).
Note that 79 and 77 are symmetric in ap and «;, which means that the MA(1) process with

ap and «; interchanged has the same variance-covariance structure as the original.
1.3.2 AR(1)

An time series {y;} is called autoregressive process of order 1 (AR(1)) if

Yt = Byi—1 + &4,

where 3 is some constant and {¢;} is white noise with mean 0 and variance o?2.

Under what conditions is {y:} stationary?

Taking expectations,
pe = Bpe—1
Thus the process has constant mean iff 8 =1 or u; = 0 for all ¢t.Furthermore,

Var(y;) = % Var(y;1) +02,
SN—— S——

—.52 —.52
=:0% =01
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since y;—1 and &; are uncorrelated. Thus, for oy = Var(y;) to be constant we need

2
0_2_ O
til_/827

which implies | § |< 1. Lastly, consider the covariance function. Repeated substitution yields

yr = B{Byt—2 ter1} +er = BPyo + B +ep = ... = Z Blet_j+ Byr—s.
=0

Then we have

s—1 2
Cov(ye yi-s) = Y_ A7 Cov(er—j,u—s) + B Var(ye—s) = 0+ B3 552
7=0

using the fact that the e;_; are all uncorrelated with y;—s. Thus, {y;} is weakly stationary if
| B |< 1. Its autocovariance function is vs = B°02/(1 — %) and its autocorrelation function is

f— ﬁs‘
1.3.3 AR(p)
An autoregressive process of order p, denoted by AR(p), is defined by

Yt = P1Yi—1 + Boys—2 + ... + Bpyi—p + &4

where {e;} is white noise.
The equation may be written in terms of the backshift operator B, defined by By, = 341
(so B%y; = By;_1 = y;_2, etc.). Thus, the AR(p) can be written as

P
Y = ZﬂjBJyt +e or BByt =¢

=1

where »
B)=1-Y p;B’
j=1
is a polynomial in B of order p.
Ezample 1.4. Consider the AR(2) process
6yt — Yr—1 — Yt—2 = 9&¢

This can be written as
(2— B)(3 + B)y = 5ey

o (calculating symbolically)

=5{(2-B)3+B)} e =(2-B) ' +B+B) He
;iB/Q Yer + = Z —B/3)e
7=0 ] =0

(G = (5 ey

<
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Hence,
1.
v = Var(y;) = o2 Z{ YT (=2 )2 = (geometric series)
3
2L, 135,
(G+7+5)% = 155
and

Vs = COV(y yt—i—s)

= o2 Z{ 1 J+1 )J+1}{( )]+8+1 (— %)H—s—i—l}:

— 2y () §2<—§>5}

1.3.4 ARMA(p,q)

An autoregressive-moving average process of order (p,q), denoted by ARMA(p, q), is defined by

P q
Yyt = Z Biyi—j + Z QjE¢—j
j=1 J=0

where {¢;} is white noise with variance o2.

Ezample 1.5. ARMA(1,1) process. For this model take

B(B)=1—-pB and a(B) =1+ aB with 1 =,a0 = 1,01 =

Then we have

(1-8B)y = (1 +aB)e; or yp = Pyi—1 + &1 + agy—1

Formal manipulations give

o
y=(1—BB) '(1+aB)e, = > (BBY(1+aB)e
7=0

Zﬂj ﬂj 1 €tj_6t+ Oé+ﬂ Zﬂjgtj 1

7=0
Assuming that | 5 |< 1, we have
Var(y) = o2 + (a+ 0)* ) 702 = o2{1 + (a + §)*/(1 = %)} = o2(1 + o + 2a8)/(1 - §°)
=0

For the covariance function first note that

oo
Yirs = €tvs + (a + ) Z Bletrs—j-1

s—2 00
=errs (@t 8)) Fevrsjr +(a+ BB e+ (a+B)) e
j=0 j=0
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then
cov(ye, Yrrs) = B(yers) = o2(a+ B)B° ! + o2(a+ ) > pY+
j=0

=o(a+B)8 " +o2(a+ B)28°/(1 - B%) = o2(a+ B)B° (1 +aB)/(1 - B°)
This is independent of ¢ so the process is (weakly) stationary.

1.4 Simple analysis of data

When a realisation {yi,...,yn} of a time series is available for inspection some basic descriptive

methods can be applied.

First, a plot of y; vs ¢ should throw some light on the form of the mean function, or trend,
ue. For this it might be better to smooth the series first, e.g. by applying a moving average such
as %(yt—l + v+ + Yr+1). The trend, once identified, can be subtracted out, to give a zero-mean

series, {yt — it}
Trends can be removed via differencing. If y; = at + ¢ where ¢ stationary then Ay; =
vt — By: =Y+ —yt—1 = a+ € — ;1 where A =1 — B is the differencing operator.

Example:

Yt Ay, Alog(yr)
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yt=Monthly international Airline Passengers

Seasonalities can also be removed by differencing. Suppose y; = x; + €; where x; has a period
of length s and ¢, is stationary. Then (I — B®%)y; = y¢ — Yt—s = Tt — Ty—s + €1 — €4—5 = €4 — €4

which is stationary.

Example:
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Alog(y); (with seasonalities) (1-B"?)Alog(y); (seasonalities removed)
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Assuming now that we have a stationary time series, it makes sense to compute the sample

autocovariance function as

n—s

s =1 (W = 9)Wers — 9)-

t=1

Then, the sample autocorrelation function is given by ry = ¢s/co and this can be plotted against

s, this plot being known as the correlogram.

Example:
Realisations of the AR(1) time series y; = By;_1 +e;
=-0.9 B=0.9
.
©— © — o, \79\
o /\o °
o° % o\ o
5 Too ol 1 P
o o o
oo o | oo Qb/ T
o <
o Al R Y °
oo Io o0 o T {\9 ° o/°o %0 oooo
/o \ o \ ol < @ 0 l@loo 27| o © 1
o - o - o o o} s I ©.0
\[© ° \ 0! % o® loo, [\ oane.
%% u <] o/ ??00 obo/\oo /° O\o
o~ o° o | o Qb \o,ooo °
' oo ° 0° ' °
) ofs o
< 0000 ° T4
o o o
© _| © _|
1 [

T T
0 20 40 60 80 100 0 20 40 60 80 100



0.6 0.8 1.0

04

Sample Autocorrelation
00 02

-0.2

-0.4

CHAPTER 1.

TIME SERIES:

TIME DOMAIN

(Sample) Correlogramm of the above realisationy; = By;_¢ + e;
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Correlogram for the examples:
Number of Yearly Sunspots FTSE - daily returns House Price Index — Quarterly Change
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