


Matrix: Rectangular arrangement of numbers is called matrix. Numbers are called elements or
entries of that matrix. A matrix with m rows and n columns is called an m by n matrix & written as
Xn i.e. row X column

A matrix usually presented in the following form-

- % A1n
A Ay . a
By a,
The rows of A are horizontal lists of numbers. As-
(ai1, 12, g3y e oo 1) (az1, A3z, A3, e App) wen oo (@m1, Qmzr Az oo e Apn)

And the columns of 4 are vertical lists of numbers. As-

Element a;; is called ij-entry or element appears in row i and column j.
We denote such a matrix by simply writing A=[a;;]

Two matrix A and B are equal, which is written as A = B, if they have same size and if
corresponding elements are equal.

\ddition and Subtraction of Matrix: Let, A and B be two matrices. Then addition of 4 and B,
that is A 4+ B is permissible if for every elements of A there is a corresponding element in B. If

there is no corresponding entry for every element of A, then A + B is not permissible. Addition of
A and B is same as additionof Band A.i.e. A+ B=B+A

Subtraction of A and B, that is A — B is permissible if for every elements of A there is a
corresponding element in B. If there is no corresponding entry for every element of A, then A — B
is not permissible. Subtraction of A and Bis not same as subtraction of B and A. That is
A—B # B—A

Example:

a2 wC e 33 )

Then A + B and A — B is permissible. As for every entries of A there is a corresponding entry in B.
ButA+C,B+ CorA—C,B — C are not permissible.



a8 =3 )+ =6 1)

a-e=(3 D-C -G D

Vultiplication of Matrix: Let, A = (a;;) and B = (b;;) be two matrices such that 0(4) = m X
r and O(B) = r X n. Then the multiplication of A and B is permissible or defined and written as
A X B = (CU)

mxn
A B AB
m or rx n= m»xxan

4 T Inside

Outside

Multiplication of matrix doesn’t follow the commutative laws. i.e. AxB#BxA

Multiplication = First matrix horizontal entries x Second matrix vertical entries

Example:
Let,A=(§ ‘;)m & B=(g g 1)2x3
4x8=(1577 ‘ovs 3r4)=(7 3 7)

Sguare Matrix: When the number of rows and columns of a matrix is equal called square matrix.

Example: ( (1) i ) is a square matrix of order 2,

1 2 4
5 4 5 |]isasquare matrix of order 3
3 0 4

dentity Matrix: A square matrix is called an Identity matrix if A=(aij)

0ifi #j
Where aj = 1ifi=j
1 0 0
1 0
Il = (1)1 IZ = (0 1) ’ I3 = (0 1 0 )
0 0 1

Inverse of a Matrix: Let, A be a square matrix of order n, then a matrix B of same order of 4 is
called inverse of A if AB = BA =1,

If such B exists, then A is called invertible. We can write B = A~



[ranspose Matrix: Transpose of a matrix A is written as AT or A is obtained by writing the
columns of A in order as row.

5 -1

Example: If A = (2 6

), then transpose of A is AT= (_i 2 )

it A = (

D=

5 1 4
7) then transpose of Ais AT=(3 2
5 7

Let A and B be square matrices of the same size. If is invertible,

then A and B must also be invertible.

Theorem: If the sizes of the matrices are such that the stated operations can be
performed, then-

1. (4D =4

20 (4B =A B

3. (kAT = kAT

4. (AB)T =BTAT

(AB)* = B'A"

From matrix multiplication formula we know, (AB);; = X}¥_; AiBy;

Now, [(4B) ;1] = (4B)y = Tf-1 AuBy;
= Zia()™. (By)”

= Zﬁ=1(3jk)T- (A"

The product on the right is the (j, i)th entry of BTAT,

while [(AB)ji]T is the (j, i)th entry of (AB)T.

Therefore (AB)T = BT AT since their corresponding entries are equal.

singular Matrix: A square matrix A is called singular if |[A|=0, otherwise its called non-singular.
Where |A| is the determinate of A.

A matrix A is invertible if it is non-singular




Let,A=(z Z)

Now if |[A| = ad- bc #0, A is invertible. But if |A| = ad- bc = 0, Ais not invertible.

(e )

Example: Check:
=G 73 S ER
Then |A] =3+2=5%0 =3(5 0)
5\0 5

-5

G )

(o V)

vl
I

A1 Q2 Qg3
Minor: IfA=| @21 Q2 QAz3 |then the minor of ij is M;;
31 Q32 dz3

A, Qs

etc.
a3z, Qss |

12=|

Co-factor: LetA = [a;;] be a square matrix of order n, then co-fector of a;; is
a;j= (=)™ M

1 2 4
Example: If A = (5 4 5) then A, =-5, A;,=15 etc.
3 0 4

Ad-joint Matrix: Let A =[a;;] be a square matrix of order n and cofactor of a;; is A;;. Now
adjoint matrix of 4, adj(A) = [4;;]"

2 3 -4
Example 1: Find ad-joint matrix of A where A = (0 -4 2 )

1 =1 b
Cofactorsof Aare A,; = —18, A, = 2, Az = 4
A21 = _11, A22 = 14, A23 = 5
A31 — _10, A32 == _4‘, A33 = _8

-18 -11 -10
Adj (4) = ( 2 14 _4>
4 5 -8



Ad-joint Matrix G5 (3¢ & cofactor (IF PIC© (S, ©IF9/F ©ICF transpose FFC© 2¢7

1 -1 2
Example 2: Find inverse matrix of A, where A = ( 0 3 A i )

-1 1 2
Here, |A|=5+14+6=12%0

As | A | is not equals to zero, so A is invertible.

Cofactorsof Aare A;; = 5, A, = —1, Az =3
A21 == 4‘, A22 = 4‘, A23 = 0
Az = =7, Az, = —1, Azz = 3

5 4 -7
Ad-joint matrix of Ais Adj(A)=( -1 4 -1

3 0 3
i 5 4 -7
Inverseof Ais A™! = = -1 CkE!
3 0 3

: TR —1 S 5 Et—7
Check: AA™l= > 0 Pl =1 i1

) il | 2

i 12 0 0
S E (0 12 0 >
0 0 12

1 0 0
- (o1 o
0 0 1

=l

Theorem: Consider any same size matrix A, B, C and any scalars k and k’ then-
A+(B+C)=(A+B)+C

A+ (A =(-4)+A=0

A+0=04+A=A4A

A+B=B+A

k(A+B) = kA+ kB

(k+kHA=kA+ KA

(kk"HA = k(k’A)

1.LA=A

NS LR N R




Diagonal & Trace: Let A=[a, ] be an n square matrix. The diagonal or main diagonal of A consists
of the elements with the same subscripts.

That is: :@yq; Bop @agyssesssssss

The trace of A, written as tr(A) is the sum of the diagonal elements. Normally-

Although AB # BA but there trace tr(AB) & tr(BA) are equal
Diagonal 20 square matrix 47 F4 93¢ Trace 20 & FC9T entry TN (73T

Theorem: Let A= [a,,], B=[b,,] are n square matrix and k be any scalar. Then-
1. tr (A+B) =tr(4) + tr(B)
2. tr (k.A) = k.tr(A)
3. tr(AhH) =tr(4)
4. tr (AB) = tr(BA)

Powers of Matrices: Let A be a n square matrix over a field k. Then powers of A are defined as
follows-

AVE ] ANSNAWTAZ SEA A FAEE A AN AN ERENAENA
Moreover if 4 is invertible then-
A—n = (A—l)n

= AT A G AT (rTactorsnsT)

Polynomial of Matrices: Let A be a square matrix & P(x) = ay + a;x + a,x? + --- a,x™ then
P(A) = a,l + a,A + a,A? + --- a, A" is called the polynomial of A of degree n.

Example: If P(x) = 2x® + 3x + 1and 4 = (_11 g) then P(A4) =?
2w =2aa=2(2 3)(5 3)=2(0, 7)=5 1)

3A=3(_1 §)=(_33 S)
ray= (2 1)+ 9+ D=, @)

A successive matrix is defined if it is a square matrix




Jiagonal and Triangular Matrices: A square matrix D = [d;;] is diagonal if its non-diagonal

entries all are zero.

Such matrix is denoted by D = diag(di1,d52,d33, ... .. (s )
2 0 0
Forexample, [ 0 7 0 |isa diagonal matrix which can be represented by diag(2,7,4)
0 0 4

A square matrix A=[a;;] is called upper triangular or triangular if all entries below the diagonal is
equal to zero. Thatis if a;; =0 fori > j

For example (a11 alz)
'V 0  ay

Theorem: Let A= [a;;], B=[b;;]are n upper triangular matrix & k is any scalar. Then-
1. A+ B,kA, AB are triangular matrices with respective diagonals-
(ay1 + byq, Q12 + by, ... ... Ann + bun), (kagitkay, +.. ... +Kk ),

(a11b11, A12b12, ... ... Apnbon)

2. For any polynomial f(x) the matrix f(A) is triangular with diagonal

(f(au)'f(au)' ------ f(ann))

Symmetric Matrices: A square matrix A is called symmetric if AT = A.

Equivalently if A = [a;;] then each a;; = a;;

2 -3 b
Example: A=|-3 6 7

5 7 8

Skew-Symmetric Matrices: A square matrix 4 is called skew-symmetric if AT = A.

Equivalently if A = [a;;] then each a;; = —a;;

0 3 —4
Example: A =| -3 0 5

4 =5 0



Theorem: If A and B are symmetric matrix then-

1. AT, A+B, A-B is symmetric
2. kA is symmetric for any scalar k

3. ABis symmetric if AB = BA

A matrix A must be square if AT = Aor AT = —A

Orthogonal Matrices: A matrix A is orthogonal if AT = A1 i.e. AAT =1
Thus A must be square & Invertible.

Theorem: If A be a real matrix then the following are equivalent-
1. Ais Orthogonal
2. The rows of A from orthogonal set
3. The columns of A from orthogonal set

Normal Matrix: A real matrix A is normal if it commutes with transpose.

Thatis AAT = ATA

6~ —3
3 6

=€ D5 D) e (S DE -5 D)

Example: Let, A = ( )then-

Every inverse of a matrix is unique

Let, A be a matrix. B & C are two inverse matrix of A. Now we have to show that B=C
As Bis an inverse matrix of A. So AB = BA =1
Again, Cis an inverse matrix of A.So AC = CA =1
Now, B = Bl = B(AC) = (BA).C=1.C=C
As we get B = C, so every inverse of a matrix is unique.

Theorem: If A and B be two invertible matrices of same order, then-
1. Ais invertible

2. (AB)™'=B-147!
3. (AB)(B~A™YH) =1




Theorem: If the order of the matrices are such that the started operation can be
performed then-

AN =4

2. (A+B)T =AT +BT

3. (kAT)=kAT

4. (AB)' =BF. A" [Its not AT.BT]
S (ATt = (A7)

If A is symmetric, then AT is symmetric

Since A is symmetric, we have, AT = 4
Now, (AT =4 = AT

~ AT is symmetric

If A is symmetric, then kA is symmetric

Since A is symmetric, we have, AT = A
Now, (kA)T = k. AT = kA

~ kA is symmetric

If A & B are symmetric, then A + B is symmetric

Since A and B are symmetric, we have, AT = Aand BT =B
Now, (A +B)"'=AT+BT =A+B

~ At Bis symmetric

If A & B are symmetric, then AB is symmetric

Since A and B are symmetric, we have, AT = Aand BT = B
Now, (4B)T = BT AT = BA = AB
[As A & B are symmetric, so AB = BA]
~ AB is symmetric




If A is invertible symmetric, then A~1 is symmetric

Since A is invertible symmetric, we have, (AT)™! = 471
Now, (4™1)T = (4T)"?

~ A~ 1is symmetric

(AB)" =B~ 1471

If we can show that, (AB)(B™1A™1) = (B~*A"1)(4B) = I then we will have
simultaneously shown that the matrix AB is invertible and that is
(4B =8B ‘a4’

Now, (AB)(B' A ) =AB.B VA 1=A1A1=4A1=]
Again, (B~*A™Y)(AB) =B *(A"*A)B=B*1.B=B'B =1
A similar argument is (AB)™! = B~1471

lementary Matrix: A matrix A is called an elementary matrix if it is obtained from the identity

matrix of same order A by performing a single elementary row operation.

. 0= 0
Example: If I'is an identity matrix, where [ = (0 1 0 ), then A matrix-
0 0 1

3 =000
A=l 0 1 0] isanelementary matrix because
0 0 1

we get A by multiplying the 1* row of / by 3

Every elementary matrix is invertible and the inverse
is also an elementary matrix

If E is an elementary matrix then E results from performing some row operation on I.
Let E, be the matrix that results when the inverse of this operation is performing on
L

We know, the inverse row operation cancel the effect of each other. It follows that-

EE, = Iand EjE =1
Thus the elementary matrix Ej is the inverse of E




sarrus Diagram: Sarrus' rule or Sarrus' scheme is a method and a memoriz-ation scheme to

compute the determinant of a 3x3 matrix.

N U1 DN
N O W

SR QN

Exapmlel: Find the value of the determinate by using sarrus diagram

Vg
4 5
3 2 ;

= (15.7) + (2.0.3) + (3.4.2) - (3.5.3) - (2.0.1) - (7.4.2)

= —42
1 2 3
Thus[4 5 0= —42
3 2 7
a b c
Example 2: Appling sarrus diagram show that [b ¢ a|= 3abc- a®- b3 —¢3
c a b
a bk g b
b I c
c”a b’ ¢ Na

= (a.c.b) + (b.a.c) + (c.a.b) - (c.c.c.)-(a.a.a)- (b.b.b)

= 3abc-a®- b3 -3

If Ais invertible, then AAT & ATA are invertible

Since A is invertible, we have, A. A1 =A"1.4 = |
Now, (AAT). (AAT)™L = (AAT).[(AT)"!.A1]
= A.[AT.(AT)1] .41
= bl
—
=]

(AATY™1.(AAT) = [(AT)1.A71].(A.AT)
= (AT)"[A"L.A] AT
= (AT)11.47
= (AT)1AT
=1

= A AT is invertible




Again, (ATA). (ATA)™* = (ATA).[A1.(AT) 1]
= AT [A.A71] (AT)!
= AT.1.(AT)"!
= AT. (AT)—I
=1

(ATA) 1. (AT4) = [A~1.(AT)1].(A".4)
= A1[(AT)"14T] A
=41 1.4A
= A1. 4
=1

. AT.Ais invertible

Every square matrix can be written as the sum of
a symmetric and skew symmetric matrix

Let, A be a square matrix of order n.

We can write, A = % A+ A7) + % (A— AT

Now, [2 (4 + AT)]T = 2[@+4N)]"
= = (4T + A)
=>(A+ 4D

% (A + AT) is symmetric

1 r 4
Again, [E (A - AT)] = [@-an]"
= > (4" - 4)
=5 @- 4N

% (A + AT) is symmetric

Therefore, every square matrix can be written as the sum of
a symmetric and skew symmetric matrix




{ermitian & Skew-Hermitian Matrix: Let, A is a complex matrix. Its conjugate transpose is
AP 1f AH = A, then A is called hermitian matrix. If A" = —A, then A is called skew-hermitian
matrix.

Unitary: Let, A is a complex matrix. Its conjugate transpose is Af. If A" = A, then Ais called
UnitaryifA7. 4t =A"1.47 =1, l.e. A" = A
Thus A is necessarily be square and invertible.

Normal: Let, 4 is a square matrix and its conjugate transpose is A”. Now if A. A#=A" . A, then A is
called normal.

Ques: Find A7, where 4 = (3 —50 2+4i )

6+7i 1+ 8i
We know, A7 = AT

B CAPER)

yvstem of Linear Equation: We define a linear equation of n variables x;, x5, X3, ..., X, to be

one that can be expressed by a,x;, a,x,, asxs, ..., a,x, = b where a,, a,, as, ..., a, and b are real
constants. The variables in a linear equation are sometimes called unknowns

The equation x + 3y =7, y=§+z+3 or x; — 2x, + 6x3 = —6 are linear, butx+3\/;:5,

x + 2y —5xz =4, y = sinx are not linear.

The solution of a linear equation a;x;, a,x,,asxs,...,a,X, = b is a sequence of n numbers
S1, S, S3, ..., Sy such that the equation is satisfied when we substitute x; = s, X, = 5,, X3 = 53,
.., Xn = Sy The set of all solutions of the equation is called its solution set or sometimes the
general solution of the equation.

A finite set of linear equations in the variables x;, x5, x3,...,x, is called a system of linear
equations or a linear system. A sequence of numbers sy, S,, S3, ..., S, is called a solution of the
system if x; = 54, X, = 55, X3 = S3, ..., X, = S, is a solution of every equation in the system.

A system of equations that has no solutions is said to be inconsistent; if there is at least one
solution of the system, it is called consistent. To illustrate the possibilities that can occur in solving
systems of linear equations, consider a general system of two linear equations in the unknowns x
and y:

a,x + b,y = ¢, [a,, b; are not both zero]
a,x + b,y = ¢, [a,, b, are not both zero]

The graphs of these equations are lines; call them [; and [,. Since a point (x, y) lies on a line if and
only if the numbers x and y satisfy the equation of the line, the solutions of the system of
equations correspond to points of intersection of [; and [,. There are three possibilities, illustrated
in figure-



N D GERER
D LN LS

No solution One Solution Infinitely many Solutions

In the 1* figure, the lines [; and [, may be parallel, in which case there is no intersection and
consequently no solution to the system.

In the 2" figure, the lines l; and [, may intersect at only one point, in which case the system has
exactly one solution.

In the 3™ figure, the lines [, and [, may coincide, in which case there are infinitely many points of
intersection and consequently infinitely many solutions to the system.

Every system of linear equations has no solutions or has exactly one solution,
or has infinitely many solutions

Every system of linear equations has no solutions or has exactly one
solution, or has infinitely many solutions

If AX = b is a system of linear equation then one of the following is true-
1. The system has no solution
2. The system has exactly one solution
3. The system has more than one solution

The proof will be complete if we can show that the system has infinitely many
solution in case 3.

Assume that Ax = b has more than one solution, and let X, = ¥; — X, , where x;
and X, are any two distinct solutions. Because X; and X, are distinct, the matrix is
nonzero. Moreover
A%y = A% — %) = A% —AX; = b — b =0
If we now let k be any scalar, then

A(G + kxy) = Axg + A(kx,) = b + k(A%;) = b

But this says that (& + kX,) is a solution of AX = b. Since X, is nonzero and there
are infinitely many choices for k. So the system has infinitely many solutions.




System of Linear
Equation

Inconsistent

Infinite
number of No Solution
Solutions

Unique
Solution

The basic method for solving a system of linear equations is to replace the given system by a new
system that has the same solution set but is easier to solve. This new system is generally obtained
in a series of steps by applying the following three types of operations to eliminate unknowns
systematically-

1. Multiply an equation through by a nonzero constant.
2. Interchange two equations.
3. Add a multiple of one equation to another.

Since the rows (horizontal lines) of an augmented matrix correspond to the equations in the
associated system, these three operations correspond to the following operations on the rows of
the augmented matrix:

1. Multiply a row through by a nonzero constant.
2. Interchange two rows.
3. Add a multiple of one row to another row

These are called elementary row operations. The following example illustrates how these
operations can be used to solve systems of linear equations. Since a systematic procedure for
finding solutions will be derived in the next section, it is not necessary to worry about how the
steps in this example were selected. The main effort at this time should be devoted to
understanding the computations and the discussion.



Example: Solve the system of linear equation-
x+ y+2z=9
2x+4y—-3z=1
3x+6y—5z=0

Solution: To solve this system replace the second equation by (—2) times the first equation added
to the second. This yields the system-

x+ y+2z= 9
2y — 1z = -1}
3x+6y—5z= 0

Add -3 times the first equation to the third to obtain

x+ y+2z= 9
2y —7z = —-17
3y —11z = =27

Multiply the second equation by gto obtain

7, = 1
Yy=32= 773
1 3
—_——7 = — -

2 2

Multiply the third equation by - 2 to obtain

X+ y+2z= 9
7 17
o i)

z=13

Add -1 times the second equation to the first to obtain

L3
% 225 7
7 17
y=3Z=-3

z = 3

Add — 12—1 times the 3™ row to the 1% & g times the 3" row to the 2" to obtain



~ The solutionisx =1, y =2, z = 3 is now evident.

NB: Here, we solve the system of linear equations by operating on the equations in the system.
This process is called back substitution.

;auss Elimination:

If we solve the same system by operating on the rows of the augmented
matrix then its called Gauss Elimination. Gauss elimination is a systematic procedure to simplify an
augmented matrix to a reduced form.

For example the linear system, above can be written as-
1 1 2 9
2 4 -3 1
3 6 =5 0
Add -2 times the first row to the second to obtain
1 1 2 9
o 2 -7 -17
3 6 =5 0
Add -3 times the first row to the third to obtain
1) 13 2 9
o 2 =7 =17
0o 3 -11 -=-27
Multiply the second row by % to obtain
1 1 2 9
o 1 —-—= ——
0O 3 -11 -=-27
Add -3 times the second row to the third to obtain

1 1 2 9

0 1 7 17
2 2
- 1 3
2 2

0 7 17
2 2
0 O 1 3



Add -1 times the second row to the first to obtain

T o 11 35
2 2
0 1 7 LT
2 2
0 O 1 3

11 . 7. )
Add — — times the 3" row to the 1°* & > times the 3" row to the 2™ to obtain

1 0 0 1
0 1 0 2
0o 0 1 3

=2

~ The solutionisx =1, y , Z = 3 is now evident.

In this example, we solved a linear system in the unknowns x, y, and z by reducing the augmented

matrix to the form-

1 0O 0 1

0 1 0o 2

0 O 1 3
For which the solutionis x = 1, y = 2, z = 3 became evident. This is an example of a matrix that
is in reduced row-echelon form. To be of this form, a matrix must have the following properties:

1. If a row does not consist entirely of zeros, then the first non-zero number in the row is a 1. We

call this a leading 1.

2. If there are any rows that consist entirely of zeros, then they are grouped together at the
bottom of the matrix.

3. In any two successive rows that do not consist entirely of zeros, the leading 1 in the lower row
occurs farther to the right than the leading 1 in the higher row.

4. Each column that contains a leading 1 has zeros everywhere else in that column.

A matrix that has the first three properties is said to be in row-echelon form. (Thus, a matrix in
reduced row-echelon form is of necessity in row-echelon form, but not conversely.



«* What's the difference between row echelon form and reduced row echelon

form?

An augmented matrix is in echelon form if-

1.
2.

Each nonzero row lies above every zero row.

The leading entry of a nonzero row lies in a column to the right of the column
with the leading entry of any preceding row.

If a column contains the leading entry of some row, then all entries of that
column below the leading entry are 0.

An reduced augmented matrix is in echelon form if-

1.
2.

Each nonzero row lies above every zero row.

The leading entry of a nonzero row lies in a column to the right of the column
with the leading entry of any preceding row.

If a column contains the leading entry of some row, then all entries of that
column below the leading entry are O.

If a column contains the leading entry of some row, then all the other entries of
that column are 0.

The leading entry of each nonzero row is 1.

Here are some augmented matrix which are not reduced row-echelon form-

e I o B e
<o [0 oo N o IR =
o I e S o
Do WM
o O -1
oO=0O0
C00 0O -
= i o il e B8] o A o |
co~=OoOC
o= O 00

Here are some augmented matrix which are not reduced row-echelon form but echelon

-] OO

Co o~
e B o O o
coMo
o oMW,
oo

=IO
coo0 O~
oo W
oo wowm
OO~

Here are some augmented matrix which are not row-echelon form-

i fi % | 8
12 2|3 % | & ?gg{;
gt o |8 24 ] <8]sl 5% p ]2
g oo | 1 Lol 5 0010
000 | O




Rank of a Matrix: The number of non-zero rows in echelon form of a matrix is called the rank of

that matrix.

If Rank [A: H] =Rank [A] = n then the system has a unique solution
If Rank [A: H] =Rank [A] < n then the system has many solutions

Cramer’s Rule: If Ax =b is a system of n linear equation, with n unknowns, such that
det(A) # 0 then the system has a unique solution.

The solution is-

__ det(4y)

i T Jera) wherei =1,2,3,... ,n

where A4; is the matrix formed by replacing the i th column of A by the column vector b.

For example,

ar+by+cz = 44
asx + by + 2z = do
a3t + by +c3z = dj

then z, y and 2 can be found from

di by ¢ a; di ¢ ap by d,
dy by ¢ ay dy ¢ as by dy
d3 by c3 az ds c3 az by ds
o ap by ¢ e a; by ihe a; b ¢
as by ¢ as by ¢ ay by ¢
az by c3 az b3 c3 as bs| C3

Example 1: Solve the system of linear equation
x+ y+2z=8
~x=2y+3z=1
3x—-7y+4z=10

Solution: Hence the augmented matrix for the system of linear equation is-

1 1 2 8
Let, A= [—1 -2 3 1]
3 =7 4 10
1 1 2 8
v [o -1 5 9] [R,/=R;+R, & R;/=R;—3R|
0 —10 -2 —14



L 1 2 8]
~ o 1 -5 -9 [R,/ = (1) R,]
0 —10 -2 —14.
11 2 8 T
~ 0 1 -5 -9 [Ry/ =R + 10 R, ]
[0 0 —52 —104
1 1 2 8 )
~ 0 1 -5 -9 [Rs/ = (-2 ) Rs]
o 0 1 2

This is an row- echelon form of [A : H]

Here, Rank [A] = 3, which is equal to unknowns. So the system of linear equation has a unique

solution.
Now, x+y+2z=8.....(0)
Y — 52 = —9 s (I
Z'= 2 s vnes (L)
From (ii) yi=10 = =9
Ly = 1
From (i) x+1+4=8
Sx=3

Solution of the system (x,y,2z) = (3,1,2)

Example 2: Solve the system of linear equation
2x+2y+2z= 0
28+ 5y+2z= 1
8x+ y+4z=-1
Solution: Hence the augmented matrix for the system of linear equation is-

2 2 2 0
Let, A= |-2 5 2 1
8 1 4 -1

- |2 s 2 3] Re=(@R)
L 8 1 4 -1

~ 0 7 4 1| [R/=R,+2R; & R;/=R;—8R,]

i
—_
—
o

)
|
N
|
N
|
—



1
[R/=C)R; & Ry =Ry+ Ry

2
ONID
C)ﬂ|h*c;

0

This is an row- echelon form. Here, Rank [A : H] = Rank [A] = 2 < Unknowns.

So the system of linear equation has infinitely many solutions.

Here z is a free variable

let, z=a
o 4a-1
Then from (ii) we get, y = — -
from (iii) we get x = — 3a7+1
Solution of the system (x,y,2) = (— 3a7+1, = 4a7_1. )

Example 3: Solve the system of linear equation
—2y+3z= 1
3x+6y—3z=-2
6x+6y+3z= 5

Solution: Hence the augmented matrix for the system of linear equation is-

0 -2 3 1
Let, A= 3 6 -3 -2
6 6 3 5
3 6 -3 -2
~ 0 -2 3 1 [R/ =R, & R,/ =Ry]
6 6 3 5
1 2 -1 —g'
~ o -2 3 4 [R/ = 3R]
6 6 3 ¢




1 2 -1 -3
3 3 /
. 0 1 —- _1 [Rs/ = Ry + 6R,]
0 0 0

This is an row- echelon form. Here, Rank [A : H] # Rank [A]

So the system of linear equation has no solution.

Example 4: Solve the system of linear equation
x+ y+2z=9
2x+4y—-3z=1
3x+6y—5z=0

Solution: Hence the augmented matrix for the system of linear equation is-

1 B 28 9
Let, A= 2 &4y =38l
3 Wer. =hs 0

—
=

2 9]
~ 1ol Sl?| AR =RIBIR, d2BR. Sk seil]
0 3 -—-11 -27

[l 1 2 9 |
o B e

3 —-11 -27
1 2 9
7
~ |0 1 =3 -3 [Rs/ =Ry — 3R]
o 0o -- -2
2 2

7 17
* |8 I - —5 [Ry/ = (—2) Ry]
0 1 3

This is an row- echelon form of [A : H]

Here, Rank [A : H] = Rank [A] = 3, which is equal to unknowns. So the system of linear equation has
a unique solution.

Now, x+y+2z= 9......(0)



y—§Z= S

z= 3......(iQ)
From (ii) y—22—1= —1—27
y=2
From (i) x+24+6=9
S =]

Solution of the system (x,y,z) = (1,2,3)

Example 5: Solve the system of linear equation
x+2y—3z+w=0
x—3y+z—-2w=0
2x+y—3z+5w=0

Solution: Since the number of unknowns are more than the number of equations so the system

has infinitely many solutions.

Hence the augmented matrix for the system of linear equation is-

R 2 Al
let, A= [1 -3 1 =2
2 1 -3 5
T 2 -3 1
~ o -5 4 =3 [R,/ =R, — R; & R/ =R; — 2Ry]
0 -3 3
i 3 4
~ _+ 3 /= _1
0 1 5 5 [RZ - st]
0 -3 3 3
i 2 -8 1
4 3
~ |0 1 =5 3 [Rs/ = Rs + 3R, |
0 0 & 22
5 5
1 2 =3 1]
o — 2 2
o 1 -% 2 [Rs/ =R, |
0 1 8]

This is an echelon form.



Consider the system of linear equation-

X 4+ 2y = BZ2FW = 0 cvnsvsenens (i)
y——z+§w= ............ (ii)
z+8w =0 ....... (iii)

Here w is the free variable for this system.

Let, w =a
Then from (iii) we get z = —8a
from (ii) we get y = —7a

from (i) we get x = —11a

Hence the solution of the system is (x,y,z,w) = (—11a,—7a,—8a, a)

Practice problem:
1. For which value of a in the following system of linear equation has-
(i) no solution (ii) unique solution (iii) infinitely many solutions
x+y—z=1, 2x+3y+taz=3, x+tay+3z=2
[Ans: () a = -3, (ii)a#—-3o0ra+2 (iii)a=2]

2. Find the solution of the system of linear equation-
x+2y—2z=0, 2x +5y+22=0, xt+t4y +t72=0, x+3y t32=10

3. Find the solution of the system of linear equation-
x+2y—3z=0, 2x+5y+2z=0, 3x—y—4z=0

Homogeneous System of Linear Equation: A system of linear equations is said to be
homogeneous if the constant terms are all zero; that is, the system has the form-

a11x1 + a12x2 + -4 alnxn - 0

alel + Ay2Xo + -+ aann = O

Am1Xy + QpaXs + -+ Appxp, =0

Every homogeneous system of linear equations is consistent, since all such systems have
x; =0,x, =0,x3 =0,...,x, = 0 as a solution. This solution is called the trivial solution; if there

are other solutions, they are called nontrivial solutions.

Because a homogeneous linear system always has the trivial solution, there are only two
possibilities for its solutions:



1. The system has only the trivial solution.
2. The system has infinitely many solutions in addition to the trivial solution.

A homogeneous system of linear equations with more unknowns than equations has infinitely many
solutions.

Jector Space: Let V be a non-empty set of vectors under two operation of vector addition and
scalar multiplication. Then V is called vector space and it satisfies the following axioms-

—_— — —

Theorem: Forall u ,v, w €V and scalars k, I-
1 utvev

U+ v=v+uU

U+ (v+w)=(u+v)+w

I

Thereis 0 € V, such that U + 0 = U, here 0 is called zero/null vector.
For each W € V, there is a -, such that U + (-4 ) =0

ku eV

k(d+7v)=kiu+kv

(k+)Uu=ku+lu

(k) d=k(Id)

10.1u="u

© %O N & U A W DN

Sub Space: A subset W of a vector space V is called a subspace of V if W itself a vector space
under the operations of V.

Every vector spaces V itself and the set of only zero vectors {6} are subspace of the vector space.
These two subspaces are called improper subspace.

0.%=0
We can write ,
0.U +0.u =(0+0) u
Or,0u +0.uU =0u
Or,0 U +0.U +(-0U)=0u+(-0u)
or0W+0=0
2 0TW=0




(-DU=-u

To show (-1)U = - § we must demonstrate that @ + (- 1) =0
U+(-1)u =1u+(-1)u
= [1+(-1)] U
=0 u
=0
sf-1Ju=-1u

If U, V€V then prove that k(i — V) = ku — kv’

We know that, i — v =u + (= v)

And k (=) = -k

Now, k (& — @)

ki + (- )]
= ki + k(=)
= kil — kT

inearly Dependent: A subset of a vector space is linearly independent if none of its elements is
a linear combination of the others. Otherwise it is linearly dependent.

_inear Combination: Let V be a vector space over a field k. A vector ¥ € V is called a linear

combination of a set S={v;,v,,v; 7y, ..,V,} of vectors in vif there

are scalars
C1,C2,C3,Cqp e, Cp SUChthat D = V7 + o U + 3 V3 + U, + -+ C 1,

Let, V = R3. Thenany ¥ € V is the linear combination of S={e;, e,, e3} when e; = (1,0,0),
eZ = (0;1'0)1 e3 = (01011)

Then, ¥ = (a,b,c) = ae; + be, + ce;

Span: Let V be a vector space over a field k. A subset S={v;,v,, V3, Uy,

.., Uy } €V is called span
of V if Sis linearly independent. And every ¥ € V is the linear combination of S.

Let, V = R3 SpanV S={e,, e,, €3}
when (1,0,0), (0,1,0), (0,0,1)
a(1,0,0) + b(0,1,0) + ¢(0,0,1)

(a, b, C) = (0, Or 0)



Basis: Suppose S={v;,v,,V3,V,, ... , Uy, } is a set of vectors from the vector space V. Then S is

called a basis (plural is bases) for V if both of the following conditions hold.

(@) Span § =V, i.e. S spans the vector space V.

(b) Sis a linearly independent set of vectors.

Example 1: Determine whether or not each of the following form a basis of R3

(a)

(b)

(c)

(d)
Solution:

(a)

(b)

(c)

(d)

(1,1,1)(1,0,1)
(1,1,1)(1,2,3)(2,-1,1)
(1,2,3)(1,3,5)(1,0,1)(2,3,0)
(1,1,2)(1,2,5)(5,3,4)

Since a basis of R® must contain exactly 3 elements because dim R3 = 3
So its not a basis of R3

The three vectors form a basis if and only if they are linearly independent. Thus from the
matrix, whose roes are the given vectors and row reduce the matrix to echelon from-

1 1 B 1 1 A B
1 B 3|0 ik 2|~ & Fa

2 =1 1 0 g=5 s —5 0 40 5

Since a basis of R3 must contain exactly 3 elements because dimR3 = 3
So its not a basis of R3

The three vectors form a basis if and only if they are linearly independent. Thus from the
matrix, whose roes are the given vectors and row reduce the matrix to echelon from-

il 1 2 1 1 2 1 1 2
[1 2 5] ~ [0 1 3 ] ~ [0 i 3]
5 3 4 0 7 21 0 0 0
The echelon matrix has a zero row, hence the three vectors are linearly

dependent. So they do not form a basis of R3

Example 2: Determine whether (1,1,1,1),(1,2,3,2),(2,5,6,4),(2,6,8,5) form a basis of R*. If
not , find the dimension of the subspace they span.

Solution:

From the matrix whose rows are the given vectors and row reduce to echelon form-
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 2 3 21_({0 1 2 1{_|0 1 2 1 (.10 1 2 1
2 5 6 4 0 3 4 2 0 0 — -1 0 0 2 1
2 6 8 5 0 4 6 3 0O 0 -2 -1 0 0 0 O



The echelon matrix has a zero row, hence the four vectors are linearly dependent. So they do not
form a basis of R*. Since the echelon matrix has three nonzero rows, the four vectors span a
subspace of dimension 3.

Example 3: Let w be a subspace on R, generated by the vectors (1,—2, 5,—3), (2, 3,1,—4),(3,
8, —3, —5). Find the dimension of w. Extend the basis of w to a basis of R*

Solution: From the matrix whose are the given vectors and row reduced to echelon form-
1 -2 5 =3 1 -2 5 =3 1 -2 5 -3
2 3 1 —4|~|0 7 =9 21~|0 7 =9 2
3 8 -3 -5 0 14 -18 4 0 0 0 0

The echelon matrix has a zero row, hence the three vectors are linearly dependent. So they do not
form a basis of R*. Since the echelon matrix has two nonzero rows, the three vectors span a
subspace of dimension 2.

Inner Product: An inner product on a real vector space V is a function that associates a real

number (U, U) with each pair of vectors 1 and ¥ in V in such a way that the following axioms are
satisfied for all vectors U, ¥ & Zin V and all scalars k-

Properties:
1) (U, v) = (v,u) [Symmetric]
2) (U+7v, Z2)=({U2Z)+(V,2) [Additivity]
3) (ku,v) = k(u, v) [Homogeneity]
4) (v,¥) =0 [Positivity]
5) (4,0) = (0,d) =0
6) (U+ 7V, Z2)=(U2Z)+(D,2)
7) (U—7, Z)=(U,Z)—(V,2)
8) (U, v+2)=(Uv)+ (U z2)
9) (U, v—2)=(u,v)— (U2
(,7) =0ifandonlyif ¥ =0

nner Product Space: A real vector space with an inner product is called a real inner product

space.

If 4= (uy, Uy, us, ..,u,) and v = (vy, v,, V3, ...,V,) are vectors in R", then the formula
(U, V) = U.V = wyv, + uyv, + uzvs + - + u, v, defines (U, v) to be the Euclidean inner product
on R™.



/eighted Euclidean Inner Product: Let % = (uy, uy)and ¥ = (v;, v,) be vectors in R2.
Verify that the weighted Euclidean inner product (i, V) = 3u,v; + 2u,v, satisfies the four inner
product axioms.

Norm: If V is an inner product space, then the norm (or length) of a vector % in V is denoted by

1
||| and is defined by ||u]|| = (U, u)z=.

If a vector has norm 1, then we say that it is a unit vector.

Jistance: The distance between two points (vectors) U and v is denoted by d(u,v) and is
defined by d(u,v) = ||u — 7||.

Example: If 4 = (uq, uy, uz, ..,u,) and v = (vy, v,, V3, ..,V,) are vectors in R™ with the
Euclidean inner product, then

1 1
il = (@, d)z = (@, )2 = Ju? +uZ +us + - u2
1
And d(@,B) = i — 3| = @ -, & —v)2

= (@ - 9).@@ - D]z

=V —v)% 4 (U — )2+ (uz — v3)2 + - + (U, — v,)?

W, v)= (@, u)
We know that, (i, ) = ((uy,u,), (vq,v,))
= 3uy vy + 2u,v,
= 3v,uy + 2v,u,

= (7, u)

U+v, 2)=, )+ (@, 2)
We know that, (4 + U, Z) = ((u; + vy, uy +v,), (24,2,))
= 3(u1 Ir vl)Zl SF Z(uz Tr 172)22
= (3u121 ar zuzzz) ar (317121 aF 217222)
=, 2) + (¥, 2)

(ku, v) =k (v, u)

We know that, (ku, V) = ((kuy, ku,), (vq,v,))
= 3k u v; + 2k u,v,
=k (v uy + 2v,u,)
=k (U, U)




(u, u)=0

We know that, (i, 1) = ((uy,uy), (uy,u,))
= 3u12 + 2u22
=10

—

(u,

<l

Further (U, u) =0
Or, 3u;? +2u,2 =0

u;=0and u, =0

u-7v, 2=, z) - (v, 2)
We know that, (i — ¥, 2) = (i, 2) + (-) (¥, 2)

= (U, 2) — (¥, 2)

(u, v—2) =, v) -, 2)
We know that, (U, v — 2Z) = (¥ — Z, u)
+ (=){Z, u)

= (v, u)
= (U, V) — (U, 2)

Cauchy-Schwartz’s Inequality

Theorem: For any vectors 4 = {u, Uy, Us, ..., Uy} and ¥ = {vy, v,, V3, ..., v, } in R

1@, 9) < 1l |I7]]




‘rove of Cauchy-Schwartz’s Inequality

We have to prove, |u. 7| < ||u]| [|7]|
If # = 0orv =0, then the inequality is true. Thus we have to consider the cases in
whichi # 0& ¥ # 0i.e ||d|| # 0and ||7]| # 0

let, @ =0, @), b = 20, ©), ¢ ={U,D)
And t be any real number. By the positive axiom, the inner product of any vector with
itself is always non-negative. Therefore-
((tu+v),tu+7v)) =0
Or, (U, u)t? + 2(u, v)t +(¥,¥) =0
Or, at?+bt+c =0

Thus in-equality implies that the quadric polynomial at? + bt + ¢ has either no real
roots or a repeated roots. Therefore its discriminant must satisfy the inequality

b? — 4ac < 0. Expressing the co-efficients a, b & c in term of the vectors % and ¥ gives-

41, ) — U, u).(v,7) <0
Or, (uU,v)* < (U, u).(v,v)
Taking square root on the both sides we get,
or, (i, B)| < (i, )z (B, )
or, |, v)| < [l 17l

Hence the theorem is proved.

Theorem: If 4 & ¥ are vectors in an inner product space V & k is any scalar, then-
1) llull =0
2) |lu]l =0ifandonlyifuu =0
3) lkull = [kl
4) ||d+ vl < |lull + |7l [Triangle inequality]
5) d@,v) =0
6) d(u,v) =0ifandonlyifui =¥
7) d(,v) = d(@,u)
8) d(u,v) <du,w)+dw,v) [Triangle inequality]




[ + 9| < [lull + [Vl
By definition, |[i + D||? =W + ¥, U+ 7)
= (U, u) + 2(i, v) + (¥, V)
= lull* + 2(u, v) + ||19]1?

As ab < |ab|, so we can write, (i, V) < |(u, V)|

or, 2(ii, ¥) < 2|(u, B)|

Again from Cauchy-Schwartz in-equality
Il + 2, 0) + I1911* < [1Ell* + 2@, 5)| + [|9]]?
= [l + 2lllllizll + 1912
= [llll + 11>

7 + 2112 < [l + 191112

or, [+l < [lull+ 7l

Orthogonal & Orthogonal Set: Two vectors % and ¥ are said to be orthogonal if (1, ¥) = 0. A

setS = {u;,,u,, U3 ..., U} is called orthogonal set if (u;, ;) = 0 forany u,, v, € S

Example 1: If S ={e;, e3 e3}=1{(1,0,0),(0,1,0),(0,0,1)} is called a orthogonal set, |le,|l =
llezIl = llesll = V12 + 0% + 0%
Here, (e;,e;) = (e1,e3) = (e;,e3) = 0 and (e, e;) = (e, €;) = (e3,€3) =1
~ S is an orthogonal basis of R3.
More generally the usual basis of R"is orthogonal for every n
Example 2: 4 = (1,1,1,0), ¥ = (1,k, —3,5) Find the value of k for which % and ¥ in R* are
orthogonal.
Solution: Here, (i, ) =1+ k—3+0=k -2
% and ¥ in R* are orthogonal if (i, 7) = 0
k—2=0
Or, k=2

Jrthonormal & Orthonormal Set: A vector U is said to be orthonormal if ||| = 1. AsetSis

called orthonormal if ||i|| = 1 forallu € S



Example 3: Find an orthogonal and an orthonormal basis of R3 corresponding to the basis
B=1{(1,1,1),(0,1,1),(0,0,1)} of R3
Solution: Let, u; = (1,1,1), u, = (0,1,1), u3; = (0,0,1)

Let, {v;,v,, U3} is an orthogonal and {w;, w,, w5} is an orthonormal basis corresponding the basis

{ug, uz, uz

Now,

—

V3 =

ur =111
u; — 2t e - (22 A _ ok
uZ - "v—l'llz vl - (0; 1p 1) 3 (1; 1; 1) - ( 3;3;3) [IIU” = <'U’ U)Z]

Uy =~ Uy — ——— 1,
7112 vz 12

oan-furn-(1)(-33)
00 =[G40 +3(-34)
©0-[E22)+(-342)
(0,0: 1)= (0,1,1)

(0-33)

i A = 8L LY = Tl L ; 3
~v=01,1,1), v, —( 3,3,3), V3 = (0, 2,2) form an orthogonal basis for R

Norm of the vectors-

177 = VIZ+ 12+ 12 = V3,
ERNCORORCES

730 = Joz + (<5 + () =2

So an orthonormal basis for R3 is-

— vy

_ 1 1

3 &
Wi T (ﬁ'\/ﬁ’ﬁ

—>v_2'(1)
)

N—r

w, = — =
27 7 6

s
Rlis

)

o B (gL L)
W3 = 1ml (0' VAN



“w=(GEw) %m-Crew) w057

form an orthonormal basis for R3

Orthogonal Complement: If W is a subspace of V, then the orthogonal complement of W is
denoted by W+ and defined by W+ = {ii € V|{(1i,w) = 0 forallw € W}
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