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IIpegucioBue Mg y4aIuXCs

Br1 maumHaeTe n3yuaTh HOBBIH IpeIMET «A2e0pa U Ha4ania aHaLu3a» , KOTOPBIXA
00'BeIMHAET MaTePUAJ HECKOJIBLKIX OTPACJIe MaTeMaTUUecKoi HayKu. Kak m B Kypce
anreOpbl, BHAUNTEIHHOE BHUMAaHUE OyIeT yIeJIeHO TPeoOpPa30BaHUIO BEIPDAYKEHU,
PeIIeHnI0 YPaBHEHN, HEPABEHCTB 1 UX CUCTEM U M3YUEHUIO CBOMCTB (DYHKITUIA.
Hapsany c perrtenuem 3HaKOMBIX 33/1a4, CBABAHHBIX C MHOTOUJIEHAMY, PAIIOHATIb-
HBIMU APO0AMU, CTeIeHAMY U KOPpHAMU, B 10 Kitacce 6yIyT pacCMOTPEHBI HOBBIE
BUABI QYHKIIWI: TDPUTOHOMETPHUUECKUE, IOKA3aTeIbHBIE 1 JIOTAPU(PDMUIECKIIE U CO-
OTBETCTBYIOIIVE YDABHEHU U HEPABEHCTBA.

IIpmaEnVIIanbHO HOBAA YaCTh Kypca — Hadaja aHaau3a — OyAeT paccMaTpu-
BaTheA B 11 Kitacce. Mamemamuyeckuil anaius (UIU ITPOCTO aHAIN3) — OTPACITD
MaTeMaTuku, chhopmupoBanrasa B X VIII B., KoTopad cheirpasia SHAUUTEIHHYIO POJIb
B Pa3BUTUU IPUPOTOBEEHUA: TOABUIICA MOITHBIN, JOCTATOUYHO YHUBEPCATbHBIN
MeTOJ, CCJIeOBaHUA (PYHKINH, KOTOPBIE BOSHMKAIOT BO BPEMA PEIIeHN A Pa3H000-
Pa3HBIX IPUKJIATHBIX 3a7a4.

HeckoabpKo 3aMeuanunii 0 TOM, KakK II0Jb30BaThCA YUEOHNKOM.

Cucrema yueOHOTO MaTepuajia yueOHUKA IO KaKJ0M TeMe IIpeacTaBIeHa Ha
IBYX ypoBHAX. OCHO8HOIL Mamepua/i IPUBEEH B Iaparpadax, Homepa KOTOPBIX
0003HAUEHBI CHHUM I1BETOM. /JonoaHumenvrblii mamepuas (HoMmepa maparpados
0003HaUEHBI CEPBIM I[BETOM ) IIPeAHA3HAUEH /IJId OBJIaJIeHIA TeMOi1 Ha 60Jtee 1yry6o-
KOM YPOBHE U MOJKET OCBaNMBATHCA YUEHNKOM CAMOCTOATEIHHO WJIU IO PYKOBOJ-
CTBOM YYUTEJIA IPU N3YUEHNU MaTeEMAaTHUKHU B KJIACCAX YHUBEPCAIHLHOTO UJIU €CTe-
CTBEHHOTO IIPOGUJIeli, a MOKET UCIIOJIb30BATHCA AJIA CUCTEMATUUECKOTO U3yUe-
HUA yIIyOJIeHHOTO Kypca anre6phl 1 HaUYaI aHAIU3a B KJIaccax, IITKOJIaX, JUIEeAX
U TUMHAa3UAX (PUBUKO-MaTeMaTHIECKOTO TPODIIIA.

B nauase MmEOrTX naparpadoB IPUBOSATCA CNPAG0OLHbLe MAOLULbL, KOTOPHIE CO-
JepKaT OCHOBHBIE OIIPEIEIEHN A, CBOMCTBA U OPUCHMUPYL TIO IOUCKY IIJIaHA PEIIeHN A
3a/1a4 o TeMe. [{J19 038HAKOMJIEHUA C OCHOBHBIMY UIeSIMU PEITICHU A 3a]aYU IIPUBOAAT-
CA IPUMEPHI, B KOTOPBIX, KPOME CAMOTO PEIIeHNA, COAEPIKUTCA TaKKe KOMMEeHRma-
Ppulil, KOTOPBIA IOMOYKET COCTAaBUTH IIJIAH PEIIeHNA aHAJIOTMYHOTO0 33 TaHUA.

C 1mes1b10 3aKPEIIeHN s, KOHTPOJIA I CAMOKOHTPOJIA YCBOEHUA yIeOHOTO MaTe-
pmaJia mocJie KaKIoro naparpada mpejyaraeTcsa CUCTEMAa BOIPOCOB U YIPasKHe-
Huii. OTBETHI HA 9TU BOIIPOCHI ¥ IPUMEPHI PEIIeHNA aHAJOTUYHBIX YIIPAKHEHUH
MOYKHO Ha#iTH B TeKcTe maparpada. Crucrema ynpakHeHU K OCHOBHOMY MaTepua-
JIy JaHa Ha TPeX YPOBHAX. 3adauu cpedHezo YypoeHs 0003HAUEHBI CUMBOJIOM «°»,
0osiee coKHBIE 3a0ayu 00CMamo¥H020 Ypo8H A TaHbI 6e3 0003HAUEHNT, a 3adaiu
8bLCOK020 YPOBH A CIIOKHOCTY 0003HAUEHBI CHMBOJIOM «*» . B yueOHUKe U IJId MHO-
TUX 3a/7]a4 yrJIyOJIeHHOTO YPOBHA IPEAJIATAIOTCS CIeUaIbHbIe OPUEHTUDHI, 110~
3BOJIAIOINE OCBOUTh METObI NX perteHusa. Omeembl U YKA3AHUA NJIA OOJIBITNH-
CTBa YIPasKHEHUH IPUBEJEHEI B COOTBETCTBYIOIIEM paszesie. O IpouCXoKaeHUN
TOHATUMN, TEPMUHOB ¥ CHMBOJIOB BBI y3HaeTe, IpounTaB « CBeIeHUA 13 UCTOPUL » .
B xoHITE yueOHMKA IPUBEEH CIPABOYHBII MaTepuaJl.
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HpeJ]I/ICJIOBI/Ie OJIA YIYUTEJJIA

IIpennaraemblii yueOHUK HATIpABJIEH Ha PeAIN3AIIIIO OCHOBHBIX ITOJIOMKEHIN KOH-
LEeNIIY TPOPUILHOTO 00YUEeHU B CTAPIIIEH IITKOJIe, HA OPTAaHU3AIMIO0 TUIHOCTHO-
OPHEHTUPOBAHHOTO 00yUeHNA MaTeMAaTHKe. ¥ Ue0HUK IIOTOTOBJIEH B COOTBETCTBUY
C IeTICTBYIOIIEH IPOrpaMMOii o aynredpe u HauagaMm aHasiausa 1ia 10—11 kimaccos
C YYeTOM IIPOrpaMMBbI 0 ajrebpe u Havatam aHaausa 11 10—12 xkiiaccos.

OTMeTUM OCHOBHBIE OTJIMYUS TPEII0KEHHOTO YUeOHUKA OT APYTUX YUEOHUKOB
o asireOpe U HauajaM aHaJIN3a.

90 08YxXYypo6He6bLI YLeOHUK , KOTOPBIN COAEPIKUT OOIITMH MaTepraJ AJId KJac-
COB YHUBEPCAJIBHOT'O, ECTECTBEHHOTO 1 (D3UKO-MaTeMaTUIECKOTO IIPOMIIIeH 1 10~
TOJHUTEJIbHBIA MaTepuaJ IJsd KJIacCOB (DU3MKO-MaTeMaTUUECKOTO ITPOPUIIA.
B raxmom paszpese HapALy ¢ naparpadgamMu, TpeJHa3HAYeHHBIMY JIJIA OBJIAIeHU A
YUYEeHUKaMU CTaHJaPTHOTO MaTeMaTUUYeCKOr0 00pa30BaHMA Ha aKaJAeMUIeCKOM
ypaBHe, eCThb CICTeMaTUUeCKII MaTepuall, IpefHa3HaUeHHbIN AJId OpraHU3aIiuu
WHAVBULYAJIBHON pabOTHI C yYUeHUKAaMU, KOTOPHIe MHTEPECYIOTCSI MaTeMaTUKOM.
IIpennosxkeHHBIN JOTTOJTHUTEIBHBIN MaTePHUAJ MOYKET UCIIOJIB30BAThCA U JJIA Opra-
HU3anuu o0yueHud aiaredpe u HauajiaM aHAJIU3a B KJIaccax (PU3MKo-MaTeMaTuue-
CKOT'0 IPO(MMJIA MJIN B CIIEIINAJN3NPOBAHHBIX IITKOJIAX U KJIACCAX C YIUIyOJIeHHBIM
n3ydyeHrneM MaTeMaTUuKu.

OcHOBHO MaTepuaj, KOTOPBIH JOIKHBI YyCBOUTH YUEHUKY, CTPYKTYPUPOBAH
B hopMe cnpagouHblx mabiuy B Havase maparpada, comepraiinx CuCTeMaT3a-
IO TEOPETUUECKOTO MaTepuasia u cnocodbl 0esmeabHoCmu ¢ STUM MaTePUaIoM
B (hopMe cienaNbHBIX OPUEHMUPOE 1O peuleHulo 3aday. B nepsyio ouwepeds yue-
HUKU QONIHCHBL YCE0UMb MAMePUan, Komopuil codepicumesa 6 mabaruyax. Ilo-
9TOMY TIPU 00'bSICHEHUU HOBOTO MaTepuaJja Iejecoo0pasHo MPpUMeHUTh PaboTy
¢ yu4eOHUKOM II0 COOTBETCTBYIOIIINM Ta0JIuIlaM 1 pucyHKaM. Bce He0OX0qUMBbIe 10~
sICHEHUA 11 000CHOBAHM A TOYKE IIPUBEIEHEI B YUeOHUKE, HO KK IBIH YUEHUK MOKET
BBIOUPATH CBOI COOCTBEHHBIHM YPOBEHb 03HAKOMJIEHUSA C 9TUMU 000CHOBAHUSIMU.
B xasxmom paszesie pelieHnio yIpasKHeHU TPeIIIeCTBYeT BhIIeIeHe 00X OPH-
€HTUPOB MO PEIIIeHUIO TAaKUX 3a7a4. [10sTOMYy BasKHOI COCTABJIISIOIEH padOThI C TIPe-
JIOKEHHBIM YUeOHUKOM ABJIAETCA 00CY K AeHMEe BEIOOPA COOTBETCTBYIOIINX OPMEH-
THPOB U ILIAHOB pellleHnd 3aa4. [losicHeH1e MeTOI0B PEIIeHNA BeJeTCA II0 CXeMe:

Pemenue KommenTapui
Kax moxHO 3animcaTts Kak moxHO paccy:xaaTh
peliieHUe 3a[a9n MIPU PellleHn  TaKOo 3aaun

IIpu Takoit mogavue yue6HOTO MaTepuaia KOMMEHTapUii, B KOTOPOM ITOACHSAET-
cs pellieHne, He MeIlaeT BOCIPUSITHUIO OCHOBHOI U/eu U IJIaHa PeIlleHusd 3a1au
OIIPe/IeIEHHOT0 TUIIA. JTO TO3BOJISIET YUEHUKY, KOTOPBIH yKe YCBOUII CIIOcO6 pe-
IIIeHU s, C IIOMOIIBIO IPUBENEHHOr0 IIPUMePa BCIIOMHUTD, KaK PellaTh 3aJaHnusI, a
YUYEHUKY, KOTOPOMY HeO0XOAMMAa KOHCYJIbTAIINA 110 PEIIeHN 0, — MOJYUYUTD Ta-
KYIO IeTaIbHYI0 KOHCYJIBTAIINI0, COMEPIKAIITYIOCST B KOMMEHTaPUN.
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3a cueTr YeTKOT'0 BIZIeJIeHU 001X OPUEHTUPOB PA0OTHI C TPAKTUUECKUMU 3a/1a-
HUAMU Kypca yAaeTCs YaCTh «HECTAHAAPTHBIX » (C TOUKY 3PEHUA TPAAUIIMOHHBIX
y4ueOHUKOB) 3a/1a4 IEPEBECTU B PA3Psi «CTAHAAPTHEIX » (HATIPUMED, YPDAaBHEHU S, IJIsT
peleHust KOTOPBIX MPUXOJUTCS IPUMEHATH CBOMCTBA QYHKITNIT). ITO TO3BOJISET
YMEHBIIINTE Pa3PhIB MEXKAY YPOBHEM TPEOOBAHUI I'OCYAaPCTBEHHON ATTECTAIININ IO
airebpe 1 HaUajJaM aHAJIN3a U YPOBHEM TPEOOBAHUIL 110 9TOMY KYPCY HA BCTYIIH-
TeJIbBHBIX OK3aM€eHaX B BY3hbl, 4 TAKXX€ O3SHAKOMUTHb YUCHNKOB C METOJAMU PEIIIeHUA
3a/1a4, KOTOPKIE IPEIarafoTCs Ha BCTYIUTEIbHBIX 9K3aMeHaX B BY3bI.

3aMeTuM, UTO IeTaJbHAA CUCTEMATUIAIIA 10 COIePIKATEIbHBIM INHUAM y4ue0-
HOTO MaTepuaja 1 COOTBETCTBYIOII[UM CIIOCO0aM [eATeJTbHOCTH 110 PEIIIeH’O 3a-
Iad Kypca comep:xurca Takske B mocobuu E. IT. Henruna «Anredpa B Tabauiiax.
YuebHoe mocodue miia yuaruxcs (—11 kiracco» .— XapbkoB: Mup aercrsa, 1998—
2005, xoTopoe 1eaecooO6pPasHO UCTIOJIb30BATh B YUeOHOM IIPOIlecce B KOMILJIEKTe
¢ y4eOHUKOM.

O603Ha4eHs, BCTpedaloLmecs B y4ebHumKe

N — MHOeCTBO BCeX HATYPAJIb- | x| — Momyns (abcomroTHAS BenUUn-
HBIX YKUCEeJ Ha) YuCJIa X
Z — MHOKeCTBO BCEX IeJIbIX UU- [x] — menas gacTh ymcaa x
cea {x} — nmpo6mas yacTs umcaa x
Z,— MHOECTBO BCeX HEOTPHUIIa- f (x) — sHaueHue QYHKIUY [ B TOUKE X
TEJIbHBIX IIEJIBIX YNCeJ D (f) — obaactb onmpeneneHus PyHK-
@ — MHOKEeCTBO BCeX pPaIlOHAJb- nuu f
HBIX YHCeJI E (f) — ob6aacTts 3HaueHU# GyHKIUU [
R — MHOXXKeCTBO BCEX IeHICTBUTEIb- sin — QyHKUIusa cuHyc
HBIX YUCEeJI, YNCI0BAS IIPsIMast Cc0oS — (PYHKI[US KOCUHYC
R, — MHOecTBO BCeX IIOJIOMKU- tg — dyurIuA TaHrEeHC
TEJIBHBIX HEeHCTBUTEIbHBIX ctg — (QyHKIUA KOTaHTeHC
quces arcsin — QYHKIUS apKCUHYC
[a; b] — oTpesok (3aMKHyTHIi mpome- ~ ArCCOS — (QYHKIUA apKKOCHHYC
KYTOK) ¢ KOHIAME a 4 b, arctg — (yHKIUA apKTaHTeHC
a<b arcctg — QYHKIUA aDKKOTAHTEHC
(a; b) — wunTepBaJ (OTKPBITHIN IPOMeE- \/; — apudMeTnuecKuil KOpeHb U3
JKYTOK) ¢ KOHIIaMu a u b, —
<
asb Z\k/; — apudMeTHUUYECKU KOPeHb 2k-11
([‘Z; l;)])’ creneHu us uncaa a (k€ N)
s — II T bIThIC IT M TKHN
’ c?cjz)ilou:ﬁn a pfb,pz <eabfcy ) 2k+\1/; — KopeHb (2k+1)-ii cTenmeHu us
(a; +o0) yucaa a (k € N)
[aj +OO)’ log, — morapudm 1o OCHOBAHUIO @
(_’OO. b]’ lg — mecsiTuunbIit orapudm (ora-
0],

pudmMm o ocroBaruio 10)
In — maTypasbHbIi Jorapudm (JIora-
pudM 10 OCHOBAHUIO €)

(—0; b) — GeCKOHEUHBIE IPOMEKYTKHI
(—00; +00) — GeCKOHEeUHBIH IPOMEKYTOK,
YMCII0BAS IPAMAs



Pa3spen
TprroHoMeTpuryeckme QyHKLNN

MOBTOPEHWE M PACLLUMPEHUE
CBEAEHUI O ®YHKLNIN
1.1. NOHATUE YNCJTOBON DYKLINW. MPOCTENLLUE CBOMCTBA
YUCNOBbIX ®YHKLA

Tadoauma 1

1. NoHATME YNCNOBOW (DYHKUMM

Yucnosou pynryueil c 061acmowio on-
pedenenus D HaspIBaeTcd 3aBHCH-
MOCTb, IIPU KOTOPOM KAKIOMY YHCILY X
u3 MmHOKecTBa D (001acTH omIpeete-
HI/Iﬂ) CTaBHUTCA B COOTBETCTBUE €TUH-
CTBEHHOE YHCJIO Y.
3amuchIBaOT 3TO COOTBETCTBUE TAK:
y=1(x).
Ob6o3HaueHus U mepmMUuHbL
D (f) — obusacTs onipefiesieHUA
D E E (f) — obsacTb 3sHaUEeHUI
X — apryMeHT (He3aBUCUMAaA
mepeMeHHasd)
y — OdyHKROUA (3aBHCHEMAA
mepeMeHHas)
f — dynxnus
f (x,)— sHauenue pynrnum f
B TOUKeE X,

2. padmk pyHKLMM

I'pagurom ¢pynruyuu f HazpIBaeTCA
MHOSKECTBO BCEX TOYEK KOOPIMHAT-
M HOW HJIOCKOCTH C KOOPAMHATAMU
f(x) (x; f (x)), Tme mepBasa KoopamHATA X
«1IpoberaeT» BCIO 00JIaCTh OIpemeae-

/ HUA (QYHKOUU, a BTOpas KOOpAUHA-
/ 0 X x Ta paBHaA COOTBETCTBYIOIIleMY 3HauUe-
HUIO QYHKIUY f B TOUKE X.
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§ 1. NoBTOpPEHMe N paclunpeHne CBEAEHNIN O (DYHKLMMK

IIpomomsx. Tab6a. 1

3. Bo3pacratolume n yobiBatoLLme dhyHKLUMM

yl
o
Qf/ dyuknusg f (x) Bo3pacTaronias:

T (x,) | ecamx,>x, 70 f (x,) > f (x,) |

£ e (TIpu yBeJIMYEHNY aPTyMEHTa COOTBET-
1

CTBYIOIIVE TOUKU IpauKka mogHUMA-

I0OTCS).

\v; Dyurnusa f (x) yosiBaromas:
f(x,)

| ecamx,>x,, 10 f (x,) <f(x,) |

ey (TIpu yBeJIWYEeHWHU apryMeHTa COOT-
z BETCTBYIOIIME TOUKY Ipa(uKa OIyc-
KamoTcs).

x, x, 0N x

4. YeTHble 1 HeYeTHble PYHKLMN

Yl Dyuarnu4a f (x) yeTHaq:
= xz
@/’ f(=x)=1f(x)
M, M
JJISI BCeX X U3 00JIaCTH ONIPeieIeHu .
I'paduk yeTHOM (PYHKIIUY CHMMETPHU-
—x 0 x " YeH OTHOCHTe bHO ocu Oy.

Dyuaxnuda f (x) HeueTHAA:

f(=x)=—f (%)

IJIs BCeX X u3 obJiacTu
OIpeeIeHU .

I'pacdurk HeueTHO! (PYHKIMH CUM-
MeTpPUUYEH OTHOCUTEJIHHO Havaja
KoopauHat (Touku 0).




PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

O6bsAicHeHUe 1 0bocHOoBaHMe

1. ITonarue ¢pyarnuu. C moHaTrueM QYHKIIUN BBl 03HAKOMUJINCH B Kypce aareo-
pel. HamoMHMM, UTO 3aBUCHMOCTh IEPEMEHHOH I OT IIePEMEHHOM X Ha3hbIBAeTCA
@PyHKYuell, ecTH KaXKJOMY 3HAUEHUIO X COOTBETCTBYET €IMHCTBEHHOE 3HAUEHUE /.

B xypce anrebps 1 HauaJ aHATIM3a MBI 0yIeM I0JIb30BaThCA TAKUM OIIpeiesIe-
HUEM YHCJIOBON (QYyHKITUU.

Yucnoeoii d)yHEl;uel‘l: € 00JIaCTHIO ommpenejgaeHusa D maswsIiBaercs 3aBUCUMOCTbB,
npu ROTOpOﬁ KaxaIoMy YUCITYy X U3 MHOKECTBaA D cTaBUTCA B COOTBETCTBHE
€IUHCTBEHHOC YUCJI0 Y.

DyHKIMY 0003HAYAIOT TATHHCKUMY (MHOTIa TpevecKuMu ) OykBaMmu. PaccmorT-
puM Ipou3BOIBHYIO QyHKITHO f. HH1cs0 i, COOTBeTCTBYOIIIee YnCay X (Ha PUCYH-
Ke 1 9T0 mOKas3aHo CTPeJIKOi1), Ha3bIBAIOT 3HaUeHeM (DYHKITUY f B TOUKe X 1 000-
3Havaior f (x).

Ob6nacmbv onpedenenus QYyHKYUL f — 9TO MHOYKECTBO TeX 3HAUEHUI, KOTOPHIE
MOXKeT IpUHUMATL apryMeHT x. OuHa obosnauaerca D (f).

Ob6nacmv 3HaverHUll QYHKYUU [ — 9TO MHOKECTBO, COCTOSAIIEE M3 BCEX UUCEJT
f (x), Tme x mpuHAaAIeKUT 00JIacTu onpeaeeHus. Ee obosnauaioT E (f).

Yarre Bcero QyHKITMIO 3a1aI0T € IIOMOIIIBIO KaKO0-1100 opmyasl. Ecau Her
JIOTIOJTHUTEIbHBIX OTPAHUYEHUI, TO 001aCcmbi0 onpedeseHus QYRKYUL, 3a0aHHOU
DOpMYNOTLL, CHUMAEMCA MHONCECTNB0 6CeX 3HAYEHUI NePeMeHHOl, NPU KOMOPbLX
ama ¢opmya umeem CMobLCL.

Hanpuwmep, eciu QyHKITUA 3agaHa GOPMYJIOH Y = Jx +1 , TO ee 00JTacTh OTIpe-
nenennsa: x > 0, to ects D (y) = [0; +00), a obsacTb 3HaUeHU: y = 1, TO ecThb
E (y) = [1; +09).

Wuoraa GyHKIMA MOKET 3aaBaThCA Pa3HbIMU (DOPMYJIaMU HA PASHBIX MHOYKE-
x upu x =0,

cTBax 3HaUeHUU apryMmenTa. Hampumep, Y=|X|=
pry PUMep, |#| —x mpu x<0.

DYHKIUA MOKET 3a1aBAThCA He TOJIBKO C IIOMOIIBIO (DOPMYJIBI, & ¥ C IIOMOII[BIO
TabJIUILI, rpadrKa UK CIOBECHOTO onucanusa. Hanpumep, Ha pucyHKe 2 rpadu-

gl
y=rx)

f o /
]
9 N
b’ NI
1

D E -1 0l 112 | 3 |x
Puc. 1 Puc. 2



§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN

Uy Ly
3t y=[x] —o
y=|x|
2.. pr—
1T
5 -2 -1 |
" -
0 1 2 3 x
el |
O =®) ___2
Puc. 3 Puc. 4

YeckU 3amaHa QyHKIUA y = f (x) ¢ obsactrio onpegenenusa D (f)=[—1; 3]u mHOXe-
crBoM 3HaueHuit E (f) =[1; 4].

2. I'padux bynxkuuu. Hamomuuwm, uto

epagurom pynryuu y = f (x) Ha3pIBaeTCAI MHOKECTBO BCEX TOYEK KOOPIH-
HATHOM IIJIOCKOCTH ¢ KoopauHaTtamu (x; f (x)), roe mepBasg KOOpAMHATA X «IIPO-
OeraeT» BCIO 00JIACTH onpenesieHNs: GyHKINH, a BTOPasi KOOPAMHATA — ITO
COOTBETCTBYIONIee 3HaUeHHe (DYHKIIUN f B TOUKE X.

Ha pucynrax K nyHKTY 4 Tabauisl 1 mpuBeeHb rpa@uKu QYHKIUHR [ = X2

.

uy= i , aHa pucyHKe 3 — rpaduK QYyHKIUN [ = | x

ITpuBenem Takke rpaduk Gyurun y =[x], roe [x] — obo3HaUEHUE Yen0l YacmU
Yuca X, TO eCTh HanbOoJIBIIIeTOo I1eJI0OT0 Urcja, He TpeBocXoaArIero x (puc. 4). 06-
JlacTh onpeesieHus 9Toi GyHKIuM D () = R — MHOYKECTBO BCEX JeHCTBUTEIHHBIX
ymce, a 001acTb 3HaUeHU K () = Z — MHOKECTBO BCEX I[eJIBIX UNCEeJI.

Ha pucynke 5 mpuseseH rpaduk ele OJHON YUCIOBON QyHKIMHU § = {x}, TIe
{x} — obosHauenme Opo6HOil wacmu unciaa x (mo onpegeaeHuto {x} = x — [x]).

3. Bospacraromrue u yopiBaroue pyHKIun. BayKHbIMI XapaKTepUCTUKAMU PYHK-
IUH ABJAIOTCA UX BO3pPacTaHUe U yObIBaHMIe.

®Dynrnuda f (x) HazpIBaeTcsa 6o3pacmarouiell Ha mHoxcecmee P, eciim 60ab1Iemy

3HAYEHHUIO aPryMeHTa U3 3TOIr0 MHOKEeCTBA COOTBETCTBYET 60.71])]1[66 3HayYeHnue

(pyHKITUH.

To ecTs 117 TFOOBIX IBYX BHAYEHUH X,
u X, U3 MHOYKecTBa P, eciu x, > x|, TO

f(x,)>1(x).

Hanpuwmep, pyurmnusa f (x) = 2x Bo3-
pacratorias (Ha Bceil ob6JacTu ompene-
JIeHUs — Ha MHOKecTBe R), TOCKOIBKY
mpu x, > X, mmMeeMm 2Xx,> 2X , TO €CTbh Puc. 5

9



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Yy & Uy 3 < Yy
= \
//c\) 1 (x,) y=x \
N %
1 (xy) f(x)
f(xy) I -
f @) NG 7 (x)
0% x, x X, %, 0N x
Puc. 6 Puc. 7 Puc. 8

f(x,)> [ (x,). Y BogpacTaromei QyHKIUYU DU YBEIUICHUHN aPI'yMEHTa COOTBET-
CTBYIOIIME TOUKY IpaduKa moguuMaTes (puc. 6).

Ha pucyuke 7 mpuBeseH rpaduk elie OJHOM Bo3pacTawlnei GyHKIun y = x°.
HeficTBUTEIBHO, IPH X, > X, ©MeeM X,” > x 2, To ecTh f (x,) > f (x,).

®ynrnud f(x) HaspIBaeTca yovLearouiell Ha MHOYdecmée P, ecau Goapniemy
3HAYEeHUIO0 apryMeHTa U3 3TOT0 MHOKECTBA COOTBETCTBYeT MeHbIIee 3HaUe-
HHue GyHKINU.

To ecTsb ny1s MOOBIX ABYX 3HAUEHWM X, ¥ X, U3 MHOKecTBa P, eciu x, > x , TO

fx,)< f (x ).

Hanpuwmep, dyarnu4a f (x) = —2x yobiBaoinaa (Ha Bcell o6yIacTu ompesesie-
HEA — Ha MHOKecTBe R), IOCKOJIBKY IIpH X, > X, uMeeM —2X, < —2X, TO eCTb
f(x,) <f (x,). ¥V yObIBaroIme# QyHKITNYT IPX YBEJUICHUN aPTYMEHTa COOTBETCTBY-
IoIue TOYKY rpaduKa omyckaioTes (puc. 8).

Paccmarpusas rpaduk GyaKun y = x2 (puc. 9), Bugum, 4To Ha Bcell obaacTu
ompeesieHus aTa QYHKIUA He SIBJISETCS HU Bo3pacTaroleii, Hu yosratomieii. Ox-
HAKO MOJKHO BBIJJ€JIUTD IPOMEKYTKU 00JIaCTU OIpefeeHNsd, Tae 9Ta GYHKI[UI
Bo3pacraer u rie yooiBaet. Tak, Ha mpomesxyTre [0; +-00) hyHKIMA y = x2 Bodpac-
Taer, a Ha mpoMekyTKe (—°; 0] — yObIBaer.

OTMeTuM, UTO AJIA BO3PACTAIOIINUX U YOBIBAIOIINX (PYHKIIUHA BHITOTHAIOTCS
CBOWICTBa, O0OpaTHBIE YTBEPIKIEHUAM, COAEPIKAIIMMCS B OIPEIEICHUAX .

Ecau ¢pynkryus 6o3pacmaem, mo 60nbulemy 3HALeHUIO QYHKYUU COOM-
éemcmeyem 6onbulee 3HALEHUE AD2Y MEHMA.

Ecnu pynryus yovi6aem, mo 60nbulemy 3HaA1eHUIO QYHKYUL COOMEeMm-
cmeyem MmeHbulee 3HAYEHULe ap2Y MeHma.

® OGocryeM mepBoe U3 BTUX CBOMCTB METOLOM OT IIPOTUBHOTO. IlycTh hyHKIIA
f (x) Bospacraet u f (x,) > [ (x,). lomycTuM, 4TO apTyMEHT X, He GOJIbITIE apry-
MeHTa X, TO eCTb X, < X,. VI3 5TOT0 IpeATIoNI0KeHNA IOoTydaeM:
ecan x, < x, u [ (x) Bospacraer, To [ (x,) < f (x,), 9TO TPOTUBOPEUUT yCJIOBUIO
f(x,)>f(x,). Takum o6pasom, Hallle MPEANOJOKECHIE HEBEPHO, U €CJIH
f(x,)>f(x)), T0x,> x ,9TO ¥ TPEGOBAIOCH uorcasa'rb.
AHaJIOI‘I/I‘-IHO 0600HOBBIBaeTCH ¥ BTOPOE CBOYCTBO.
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§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAeHWI O yHKLIMN

Hamnpuwmep, eciu x3 > 8, To ecTh x3 > 23, T0, yunTHIBaA Bo3pacTaHue QyHKI[UN
f (x) = x3, momyuaem x > 2.
4.YerHsie 1 HeUeTHBIE QyHKIUN. PaccMoTpuM QYyHKITUM, 06JIACTH OIIPeieIeHU A
KOTOPBIX CHUMMETPUYHBI OTHOCUTEIHLHO Havuajia KOOPAWHAT, TO eCTh COIEPKaT BMe-
CTe C KaXKIBIM YMCJIOM X 1 UmcJIo (—x). Jasa Takux QyHKIUYE BBOAATCA IOHATUA
YETHOCTU U HEUETHOCTHU.

Dyukuus f Ha3bIBAETCA YeMHOLL, €CJIHU AJIS1 II000T0 X 13 ee 00/IaCTH Onpe/Iesie-
Huda f (—x) =f (x).
Hanpumep, pyukimsa y = x2 (To ectb QyHKIMA [ (xX) = x2) — ueTHAS, HTOCKOJIBKY
f(=x)=(x)*=x*={ (x).
® Eciau dysrnus f (x) geTHa, TO ee rpadUKy BMeCTe ¢ KasK 0 TouKoii M ¢ Ko-
opaunaramu (x; y) = (x; f (X)) IPUHAMIEHKAT TaKKe M TOUKa M | ¢ KoopArHATA-
mu (—x;5 y) = (—x; [ (—=x)) = (=x; [ (x)). Toukn M u M, pacrooKeHbl CHMMeT-
puuHO oTHOCcUTENLHO ocu Oy (puc. 10), mosaTomy 1 Bech rpa(puK 4eTHOM (PyHK-
I{MH PACIIOJIOKE€H CHMMETPUYHO OTHOCUTEIbHO ocu Oy. (
Hampuwmep, rpaduk yeTHoit GpyHKIuM y = x2 (puc. 9) CMUMMeTpPUUEH OTHOCH-
TesibHO ocu Oy.

dynkiusa f Ha3pIBaeTCA HeuwemHoll, eCIu IJIA JI000T0 X U3 ee 001aCTH oTpeie-
aenud f (—x) = —f (x).
Hampuwmep, pyHKIINA Y = % (to ecTs pynKIUS [(X)= % ) — HeueTHas, TOCKOJBbKY
flexy="=-2=—f(x).
—X X

® Eciu pysrmusa f (x) HeueTHas, TO ee TpadUKy BMeCTe ¢ KaKI0H Toukoi M c
roopauHatamu (x; y) = (x; [ (x)) IPUHAIJIEKUAT TaKsKe U TOYKa M | C KOOpAWHA-
ramu (—x; y) = (=%, [ (—x)) = (—x; —f (x)). Touknm M u M pacmoyoKeHbl CHM-
MEeTPUYHO OTHOCUTEJIBbHO Hauajaa KoopauHar (puc. 11), mosTomMy u Bech rpa-
uk HeueTHOI PYHKIUH PACIIOIOKEH CHMMETPHYHO OTHOCUTEIFHO HaYyajia

KOOpauHAT,

Hanpumep, rpaduk HeueTHON QyHKOIUU Y = L (cMm. myHKT 4 Taba. 1) cummer-
X

PHUYEH OTHOCHUTEJIBHO HaYaJjla KOOPANUHAT, TO €CTh TOUKH 0.

Yi Yy Y
y=x2 f(x) oM
&/, Gy

|
[
8
o
8
=Y

—X 0 x

Puc. 9 Puc. 10 Puc. 11
il



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Mpumepbl pelLeHns 3apa4

3amaua 1

Dy=x*+x; 2)y=

Pemenue

1) P Orpannuennii 1A HAXOMKACHNAA
3HAUEHU BRIpasKeHUsA x2 + x Her,
rakuM obpasom, D (y) = R.<

2) P O6aacTs onpeneneHnsa PyHKIUN

_ x
y= x2+x
x2+ x # 0, IOCKOJIBKY 3HAMEHATEJIb

ZIpoOu He MOXKET ObITH PABHBIM HYJIIO.

Brracauwm, korga x? + x = 0. Umeem

x(x+1)=0,x=0unmu x=-1.

Torzma 06/IaCTh OIIPeaeIeHIAA MOYKHO

3ajaTh orpaHuvenuamu x # 0,

x #—1 uyiu 3anmucaThb Tak:

D (y)=(-00;-1) U(=1;0) U (0; +00).<]

P O6sacTs onpeneneHns QyHKIUN

3amaeTcd OrpaHNYeHueM

3)
y=+x+5 3amaercs orpaHnYeHHEM
x+5>0, T0ecTb x = —5, IOCKOJb-
KV [I0J 3HAKOM KBaJAPAaTHOTO KOPHS
IOJIKHO CTOSIT HEOTPUIIATEJIbHOE

BeIpaskeHme. Takum o6pasom,
D (y) =[-5; +0).<

3amaua 2°

Pemenue

P CocraBum ypaBHernue x>— 3 =a. OHO
PaBHOCUJIBHO YPaBHEHUIO X2 = a + 3, Ko-
TOpOE UMeeT perienusd, ecauna + 3 =0,
TO ecThb pu a > —3. Bce aTu uucaa u
COCTaBAT 00JIaCTh BHAUEHUN (DYHKITNU.

Takum 06pazom, 06JIaCTh BHAUCHU I
3alaHHOU (DYHKITUU

E(f)=[-8;+%°), ToecTtby > —3.<

X

x2+x

Haiigure o6acTh onipeieieHua PYyHKITUN:

;0 3)y=~x+5.

KommenTapui

ITockoabKy Bce (hyHKIIMU 3aaHBI
dopmysramu, To uX 06aCTH OIIpeesIe-
HUSA — 9TO MHOKECTBO BCeX 3HAUEHU U
IIepeMeHHOH X, IPU KOTOPHIX (popMyia
UMeeT CMBICJ, TO €CTh IMEET CMBICJI BbI-
pasKeHUe, KOTOPOe CTOUT B IIPABOH Uac-
i hopmysl y = f (x).

B xypce anre6pbI BCTpeUaICh TOJIb-
KO ABAa 02PAHUYEHUS, KOTOPbIe HE00XO-
IUMO YUUTBIBATH NPU HAX0X4OeHUU 00-
aacmu onpedenenus:

1) ecaiu gviparcenue 3anucano 6 sude

Opoou % , mo 3namenamenv B#0;
2) ecau 3anucv 6vlpaicenus codeprcum

K6a0pammuLil KOpeHb JA , mo noo-

KoperHoe ebipadxcernue A > 0.

B npyrux cayuaax, KOTOpble BaM
IPUXONUJIOCH PACCMATPUBATh, obJiac-
TBHIO OIIPefiesIeHNA BhIPAKEHUA ObLIN
BCe JeliCTBUTeJbLHbIe Yncaa’.

Haitgure obacTh sHAUeHUN QyHKIUN y = X2 — 3.

KommenTapuit

O0o3HauuM 3HAUEHNE 3aJaHHOM
pyurmun f (x) (To ects x2 — 3) uepes a
¥ BBISICHUM, IJIsI KAKUX @ MOYKHO HANTH
COOTBETCTBYIOIIlee 3HAUeHHe X (Ipu
5TOM 3HAaUEeHUU X 3HaueHue f (x) = a).

Torzma Bce umcia a, A1 KOTOPBIX Cy-
IIIECTBYET XOTsI ObI OMVH KOPEHb yPaBHe-
Huaf (x)=a, BORIyT B 001aCTh SHAUCHU I
dyuxmuu f (x). MHOKECTBO BCEX TAKUX @
¥ COCTaBUT 00JIaCTb BHAUCHUN (DYHKITNH.

“ B maspHelmeM Kypce aixrebpsl u Hauad aHagmda 10 Kjgacca HOABATCS HOBBIE BHIPAKEHUS

c orpannueHusamu: tg o, ctg o, arcsin a, arccos a, logAB, K”/E, a“, Tae O — HeIeJIoe YHUCJIO.
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§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN

Iloyse3HO IOMHUTE, UTO

ob6nracmov 3navenul pynkyuu y = f (x) coénadaem ¢ mrHoxecmeom mex
3HaveHUll a, npu KomopsLx ypaénenue f(x)=a umeem peureHus.

3amaua 3°

Hoxaxxkure, uto ipu k # 0 00J1acThI0 3HAUCHUI TUHEWHOM (DYHKITHI

y = kx + b ABIAETCA MHOKECTBO BCEX JeIICTBUTEIbHBIX YHCEI.

HJoraszaTeabCTBO

P Ecau kx + b= a (rge k #0), To perrre-

-b
HUHeEe 3TOro ypaBHEHUA x=aT cy1ie-

cTByerT nisa arboro a € R (k # 0 mo yc-
aoBuo). Takum obpasom, 3HAUEHUEM
3ajaHHOM (GYHKITNHU MOYKET OBITE JII000€e
IelcTBUTEeIbHOE unciao. tak, ee 00-
nactb sHaueHnii E (f) = R. <

3amaua 4’

KommenTapui

O0o3HaunM 3HAUEHNE 3aJaHHON
dyurnuu f (x), To ecTh kx + b uepes a
1 BBISCHUM, IJId KAKUX a MOYKHO Hali-
T COOTBETCTBYIOIIee 3HAUEHUE X, Ta-
Koe, uto f (x) = a.

MHOKecTBO BceX TaKUX 3HAYECHUH a
1 OyZIeT COCTaBJISATEL 00JIaCTh 3HAUCHI

dyuaxmuu f (x).

Iokaskure, yro nuHeitHad QyHKIUA y = kx + b ipu k > 0 asaga-

eTcs Bo3pacTariieii, a mpu k < 0 — yOobIBaroIen.

HJoraszaTeabCTBO

» Ilycrs x, > x, (Torma x, — x, > 0).
PaccmoTpum pasnocTs f (x,) — f (x,) =
=kx,+ b —(kx, +b)=k(x,— x)).

ITockompky x,—x, >0, Tommpu k> 0
umeeM [ (x,) — f (x,) > 0, Takum obpa-
3oM, f(x,)>f(x,), u3HAUUT, DyHKIKUA
BO3pAaCTaerT.

IIpm k < 0 umeem f (x,) — f (x,) <O,
TakuM o0pasom, f (x,) <f (x,), sHauwur,
(yEKIua yoRIBaeT. <|

3amaua 5" IMoxasxure, 4TO:

KommenTapui

Jnsa o00CHOBaHMA BO3PACTAHUA WU
yOBbIBaHUSA (DYHKIIUY TIOJIE3HO TTOMHUTD,
uTO 014 J0KA3aMmebCMea HepaseHCcmaea
f(x)> f(x)unuf (x,)<f (x,) docmamou-
Ho Halimu 3uax pasnocmu f (x,) = f (x,).

dyurnuda f (x) = kx + b 6ymeT Bo3-
pacrampinei, ecjiu U3 HEpPaBEHCTBA
x, > x, OyJeT cienoBaTh HEPABEHCTBO
f(x,) > f(x,), a n1a moxasaTesbCTBA
TOCJIeJHET0 HEPaBEHCTBA JJOCTATOUHO
HalTH 3HAK pasHoctu [ (x,) — f (x,) (aHa-
JIOTUYHO paccyKaaeM U AJA SOKasa-
TeJILCTBA YOBIBAHUA (DYHKITUN).

1) cymMa qByX BO3pacTamIiux Ha MHOKecTBe P (hyHKIIUI BCe-
TIa ABJIAETCA Bo3pacTaronieil GyHKIImeil Ha 9TOM MHOKECTBe;

2) cymma ABYyX yObIBaromuxX Ha MHO:KecTBe P (hyHKIIUI Becerma
ABJAETCS yObIBaIOMmiei (hyHKIIUeil Ha 3TOM MHOKeCTBe.

HJoraszaTeabCTBO

1) P IIycrs Gyurmuu f (x) u g (x) aB-
JISTIOTCSI BO3PACTAIOIINIMY HA OJJHOM

KommenTapui

J s nokasaTeabCcTBa TOTO, YTO CyM-
Ma IBYX Bo3pacTammux GyHkuii f (x)



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

u ToM Ke MHOXecTBe P. Eciuu
x,>x,10f(x,)>f(x) m
g(x,) > g (x,).
CrJaapIBast IOUJIEHHO 3TY HEPABEH-
CTBAa, MOJIyYaeM
F(x)+g(x)>f(x)+8 (x,).
9TO0 U 03HAYAET, UYTO CyMMa (PYHK I
f(x) u g (x) ABIAETCS BO3pacTaro-
el pyHKIMel Ha MHOKecTBe P. <]
2) P Ilycrs Qyurnuu f (x) u g (x) aBia-
IOTCA YOBIBAIOIITMU Ha MHOKeCTBe P.
Torna us HepaBeHCTBA X, > X, UMeeM
Fx) < f(x)m g(x,)<g(x,).
ITocne moueHHOTO CIOKEHU A 9TUX
HEePaBEHCTB I0JIyUYaeM:
Flx)+g(x,)<f(x)+g(x),
a4 9TO 1 O3HAUAET, 4YTO cyMMa (PpyHK-
nuii f (x) u g (x) aBageTcA yObIBAIO-
el pyHKIMel Ha MHOKecTBe P. <]

3amaua 6

u g (x) ABIsIETCS BO3paCTAIONIei QyHK-
muel, TOCTAaTOYHO AOKAasaTh, UTO Ha
MHOKecTBe P u3 HepaBeHCTBa X, > X,
cJenyeT HEpaBeHCTBO

flx)+g(x)>F(x)+g(x).

AmanoruuyHO I JOKa3aTelbCTBa
TOT0, UTO CyMMa ABYX YOBIBAIOIITNX (DYHK-
U ABJIAETCS YObIBAIOIe QYHKITUEH,
IOCTaTOYHO JOKAa3aTh, UTO
ecim X, > X,, TO
Flx)+g(x)<f(x)+g(x,).

Hoxrakure, 4TO BO3paCTAIONIAsI UM YyObIBAIOMIA A (DYHKITUA IIPH-

HHUMAaeT KaskIoe cBoe 3HAaUeHHe TOJHKO B OMHOM TOUKe ee 00.1a-

CTH OIIpe/IeIeHUusd.
JlokxaszaTeabCTBO

P ITycte pyEEIUA f (X) ABIAETCA BO3-
pacramwInei u
fx)=1(x,).

HMomycTum, 4TO X, # X,.

Ecmm x| # x,, T0 X, > x, mim x,< x,.
YuureiBasd Bospactranue f (x), B caydae
x,> x,mmeeM f (x,) > [ (x,), uTo mpoTn-
BopeunT paBeHCTBY (1). B corydae x, <x,
umeeM [ (x,) <[ (x,), 9TO TaKKe IPOTH-
BOpeuuT paBeHCTBY (1).

Taxum 06pasoM, HaIIle IIPEeATI0JIOKE-
HUe HeBEePHO, ¥ paBeHCTBO [ (x,) = [ (x,)
BO3MOJKHO TOJBKO IIpu X, = X,. To ecThb
BO3pacTrammad QyHKOUA IPUHUMAeT
KasKIo0e CBOe 3HAUEHNEe TOJIBKO B OTHOM
TOUKe ee 00JIaCTH OIIPEeIeIEHNA.

AHaAJIOTUYHO JOKA3LIBAETCS YTBEPIK-
IeHVe U 1151 yObIBAtoIed QyHKIUU. <

e
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KommenTapui

JloKasKeM BTO YTBEPIKIEHUE METO-
IOM OT IIPOTUBHOTO. [lJId 9TOTO MOCTAa-
TOYHO AOMYCTUTH, UTO BBIIOJHSAETCH
IIPOTUBOIOJIOYKHOE yTBep:KaeHMe ((DyH-
KIIUA MOJKET IPUHUMATD OJHO U TO JKe
3HaUYeHUEe XOTA OBl B IBYX TOUKAaX),
¥ IIOJIYyYUTH IPOTUBOPEeUNe. ITO OyzeT
03HAYaTh, UTO HAIIle IIPENIOIOKEHIE
HEBEPHO, a4 BEPHO JaHHOe YTBEP KIeHNE.



§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN

1)

3amaua 7 UccnenytiTe, Kakue U3 JaHHBIX PYHKIIUN ABIAIOTCA YeTHBIMH,
KaKue HeUeTHbIMU, & KaKle — HU YeTHBIMU, HI HEUEeTHBIMU .
1
Hy=—; 2)y = x4 3)y=x+x.
Vy=_7; )y ; )y
Pemenue KommenTapui
P OGsacTh ompeneneHnss QYHKITUN Ona wuccienoBanuma GQYHKIUHN
1 = X) Ha UeTHOCTHb UJIX HEUYEeTHOCTHb
y=———: x # —1, To ecThb OHa He y=1) JH HEETHOC
x+1 JTOCTATOYHO, BO-TIEPBBIX, YOEAUTHCH,

2)

3)

[y

CUMMETPUYHA OTHOCUTEJIBHO TOUKU O
(Touka x = 1 mpuHaIeKUT obJiac-
TU OIIpeAeJeHnsd, a x = —1 — HeT).

YTO 00JIaCTD OIIPee/IeHU 9TOM PYHK-

o CUMMETPHUYHAa OTHOCUTEJIBHO TOY-

Ku O (BMecTe ¢ KasKI0¥ TOUKOI X cofiep-

JKUT ¥ TOYKY —X), 1, BO-BTOPBIX, CPAB-
-1 0O 1 «x HUTD 3HaueHud [ (—x) u f (x).

Taxum obpasom, 3agaHHAST PYHK-
Iusd He ABJIAeTCA HU YeTHOI, HU
HedeTHOM. <

P OGusiacTb ompeiesIeHust PYHKITUN
y = x* D (y) = R, To ecTb OHA CUM-
MeTPUYHA OTHOCUTEIHHO TOuKY O.
f (—x) = (—x)* = x*= f (x), cnemoBa-
TeJbHO, PYHKIIUA yeTHAT. <

P OGnacTs ompeseneHus QYHKIUMU
y = x*+x: D (y)=R, To ecTb OHA CUM~
MeTPUYHA OTHOCUTEILHO TOUuKY O.
(%) = (%) + (-x) = —x* - x =
= —(x% +x) = —f (x), 3HAUUT, PYHK-
s HeueTHas. <

Bonpocb! Asnis KOHTPONS

Yro Has3kIBaeTcA YUCJIOBOM hyHKITMeli? [I[puBeguTe IpuMephl TaKUX QYHKITIHA.
Ha npumepax 06bsCHUTE, UTO TaKOe 00JIaCTh OTIpeiesieHnA PYHKITUY U 00JIaCTh
sHaueHuni GyHkiuu. Kakue orpaHnueHNA HeO0XOIMMO YUECThb IIPY HAX 0K IS HUN

N
obsacTu onipefiesieHUA QYHKITUY Y = - ? Haiigure ee 006J1aCcTh OIIpPeIeIeHUA.

Yro HassiBaeTca rpaduroM pyuriuu y = f (x)? [IpuBesmTe npuMepsI.

Kaxkaa pynrknusa nassiBaeTcsa Bospacrarorieii? [IpuBegure npuMepsl.

Kaxkaa pynarnusa nHassiBaeTcs yoriBatometi? [IpuBeguTe mpuMepsl.

Kaxraa pyaruusa nassiBaetca uetnoii? [IpuBenure mpumepsl. Kak pacmosiosxen
rpaduK YeTHOM PYHKIIUY HA KOOPAMHATHOM IIocKocTu? [IprBeanTe IpMephI.
Kaxasa pyunrnua naseiBaercs HeueTHo ? [TpuBenuTe mpumepsl. Kak pacmososken
rpaduK HeUeTHOU (PYHKITNY Ha KOOPAWHATHOM IIocKocTu ? IIpuBenuTe IpuMepsI.

15



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

4°.

YnpaxHeHus

.Haiinure 3HaueHne (DyHKIIUY B YKa3aHHBIX TOUKAX:

1) f(x)=x+i B Toukax 2; —1; 3; a (a #0);
2) g (x)=x*—-3 BTouKrax 0; 1; —2; b;
3) ¢ (x)=+x+1 BTOUurKax 0; 3; —1; m (m > 0).

. Haiigure ob6siacTh omipeeeHusa QyHKITNY, 3aJJaHHON (POPMYJIOTi:

x .
x2+1°

o o o 1
y=2x+3;, 2°) y=vx+3; 3 y=—- 4) y=

x+1°

5) y=vJx?2-1; 6) y=+x2+1; 7) y=~Jx-1++5-x; 8) y=—“xx+3;

x—3 x+1 |ﬂ—2’

. Hatigure ob6sacTh 3HAUCHUH PYHKITNY, 3aJaHHOMN (POPMYJIOT:

1) f(x)=5; 2)f(x)=x; 3)f (x) =x% 4) f(x)=x;
5Yy=-3x+1; 6%y=x%-5; ™y=|x|+3.
Hia QyHKIIUHA, 3aJaHHBIX CBOUMHY I'paduKaMu Ha pucyHke 12, yKamuTe 00-

JIaCTh OIIpeesIeHN A, 06JIaCTb 3HAUEHU T, IPOMEKYTKY BO3PACTAHUA U yObIBA-
HUS U BHAUEHUE KaKI0H QyHKIuny npu x = 1.

. ObocuyitiTe, uTo 3aganHaA GPYHKIIUA ABISETCSI BO3pacTaloIe (Ha ee obractu

oIpeeIeHusI):

Dy=3x; 2y=x+5; 3)y=x% 4)y=x% 5)y=x.

6. Moxa)xkuTe, 4TO HA 3aJaHHOM IPDOMEKYTKE DYHKI[MS BO3PACTAET:

2 1
1)y=—;,mex>0; 2)y=—;,r,uex<0.
. ObocuyiiTe, uTo 3amaHHasa GYHKIIUA ABJsIEeTCS yObIBatoIel (Ha ee obsacTu
ompeeIeHusI):
1)y=-3x; 2Q)y=—-x-1; 3 y=—x% 4y =—x°.
8°. loxkaxkure, 4YTO HA 3aJJAHHOM IIPOMEKYTKE QYHKI[UA YObIBAET:
3 5
1) y=—,rme x <0; 2) y=—,rmex > 0.

9"

x’ x’
Moxaxure, uro QyHKIUA y = x2 Ha mpoMexkyTKe [0; +-00) Bogpacraer, a Ha
mpomexkyTKe (—o0; 0] — yonIBaer.

10°. Hcnoub3ysa yTBepKICHNA, IPUBEeIeHHEIE B 3agaue b (c. 13), yraskuTe, Kakue

13 JaHHBIX QYHKIUHN SBISIIOTCA BO3PACTAIOIINMY, & KAK1e — YOBIBAIOII[FIMU:
Dy=x+x; 2)y=-x—x5; 3) y=x+\/;; 4)y = —x%— x°.
16



§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN
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11°.

12.

13.

Puc. 12

Wcmonbaysa yTBep:KIeHNA, IPUBeeHHbIe B 3agaue 6 (c. 14):
1) oGocuyiiTe, uTo ypaBHeHUE X° + x = 10 MMeeT eIMHCTBeHHBINA KOPEHb X = 2;

2) mombepuTe KOPeHb ypaBHEHU Jx+x=6n IOKaYKUTE, UYTO NPYTUX KOPHEH
9TO ypaBHEHUeE He TMeeT.
O6ocHyiiTe, uTO 3afaHHAasA PYHKITUA IBIAETCI YeTHOI:

Dy=x5  2y=4+1 B y=vxi+l; g y=lx[+a,

O6ocHyiiTe, YTO 3aHaHHAad QYHKITUA ABISIETCA HEUeTHOM!:

1
1y =x% 2)y=-7; By=x|x|; Yy=x"-x.
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PA3EJT 1. TpuroHomeTpuyeckme pyHKLNN

1.2. CBOACTBA U TPA®UKN OCHOBHbIX BUAOB dYHKLNA

Taoauma 2

YcmoBua CaoticTBa
AL -
Tpaduk BO3pacTa
b | pe || e
IIIEeHTOB yObIBaHLE
1 2 3 4 5 6
1. JIunetinasa pysrmua y = kx + b
U
/s
k>0 BO3pacTaeT
x HU
YeTHaA,
HU
HeYeTHAs
k<0 R yObIBaeT
R
apu k>0
BO3pacTaeT
b=0
HeYeTHAs
y=kx mpu k<0
yOBIBaeT
Yy
k=0 b y=»t OCTO-
b qeTHaAsA
y=> sSHHAA
0 %

18



§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN

IIpomomx. Taba. 2

1 2 |3|4|5|6

2. ObpaTHasA IPONOPINOHAIBHOCTD, (DYHKIUA y = k (E#0)
X

yObIBaeT Ha
KayKI0OM 13
TIPOMEKYTKOB
(=205 0)
u (0; +00)

E>0

HeueT-

x#0 y#0 Has

BO3pacTaeT Ha
KaKIOM U3
TIPOMEKYTKOB
(—20; 0)

u (0; +0)

k<0

s L

3. ®yukmua y = ax?(a#=0)

y yOBbIBaeT Ha

IPOMEKYTKE

(_OO; 0]’
a>0 Yy = ax?® [0; +00) BO3pAacTaeT Ha
IPOMEKYTKE

[0; +00)

R yeTHaA

0 BO3pacTraeT Ha
IPOMEKYTKE
ax? —00- (=005 0],
(7003 0] yOBbIBaeT Ha
IPOMEKYTKE
[0; +o0)

S}
A
o
<
[
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

IIpomonx. Ta6m. 2

1 2 TR 5 6
4. Keagparnunas GyHKmma y = ax? + bx + ¢ (a #0,x,= _ZL)
a
y yOBIBaeT Ha
IIPOMEKYT-
B obmem | K€ (799 X(],
a>0 > [Yp; +°) | Bume — uu | BO3PacTaer
YeTHAd, HU Ha IIpo-
HeUYeTHas MExYyTKE
[x45 +20)
R
vi BO3pacTaeT
Yol npub=0 HA IIpPO-
eV | (byHK;IHH MeXyTKe
a<0 / i (005 gl | Y ZaX" ¢ | (=005 x],
0 x, s JeTHad | yGpiBaeT Ha
IIPOMEXKYT-
Ke [x,; +0)

O6bsACHeHUe 1 0bocHOoBaHMe

1. JInnewinas dysrnuay = kx +b. Jluneiinoil pyrKryueil Ha3pIBaeTCAa QYHKIIMA
Bugay = kx+ b, rae ku b — HEKOTOPHIE YNCJIA.
Ob6ocHyeM OCHOBHBIE XapaKTEePUCTUKY 3TOH QYHKIIUU: 06JIaCTh OTIPeIeIeHnd,
O6J'IaCTB 3Ha‘-IeHI/Iﬁ, YEeTHOCTH UJIM HEYETHOCTh, BO3paCTaHue 1 y6BIBaHI/Ie.

Ob6siacmyb onpedesernus — MHOMKECTBO BCeX IelicTBUTENbHBIX uncest: D (y) =R,
TIOCKOJIBKY (hopMmyJia kx + b MMeeT CMBICJI IIPU BCeX AeHCTBUTENILHBIX BHAUEHUAX X
(TO ecTh IJId JII000TO NeHCTBUTEILHOTO X MBI MOJKEM BBIUNCIUTE 3HAUEHUE kX + b).

Ob6siacmb 3HaveHUll TMHEHHOU (QYHKIINY Oy AeT Pa3HOM B 3aBUCUMOCTH OT 3HA-
yeHUA KodhduiiuenTa k.

Ecnu k=0, To @yHKIIUA nMeeT BUL Y = b, TO eCTh ee 00JIaCTh 3HAUEHUH COCTOUT
us oxgHoro umnciua b. B rakom ciryuae rpadukom InHeHHON (hyHKINY y = b ABIsIETCA
npaMasd, napaJjiienabHas ocu Ox, koropas nepecekaet ock Oy B Touke b (puc. 13).

Ecau k #0, To E (y) = R (0bocHOBaHUE TPUBENEHO B TpuMepe 3 Ha c. 13).

YemHocmb U HeuemHoCmb IMHENHON (DYHKIUHU CYIIIECTBEHHO 3aBUCUT OT 3HA-
ueHUH Kod(puruenToB b u k.

IIpu b =0 u k #0 pyurnua y = kx + b npeBpamjaerca B QyHRIUoO y = kX,
KOTOpadA ABJIAETCA HEUETHOU, TOCKOJIbKY IJId BCEX X U3 ee 00JIaCTH OIIpeieIeHuA

[ (%) =k(-x)=—kx =—f (x).
20



§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O YHKLIMN

yh
Uy
b y=>b
0 %
Puc. 13 Puc. 14

Takum o6paszom, rpaduk GyHKIUYT Yy = kX (prc. 14) cuMMeTpUUeH OTHOCUTEIb-
HO Touku O.

ITpu k = 0 monyuaem pyHKIUI §y = b, KOTOPadA ABJIAETCA UETHOU, IIOCKOJIBKY
ILJIsI BceX X u3 ee obsiactu oupenesnenusd f (—x)=b=f (x). To ecTb rpadpuk GyHKITUU
Yy = b cumMeTpuueH oTHOCUTENbHO ocu Oy (cM. puc. 13).

B ob6miem cryuae mpu k #0 u b #0 GyuKmua y = kx + b He ABIAETCA HU YeTHOM,
HU HEYETHOM, MOCKONBKY f (—x) = k(—x) + b= —kx + b#f (x) u Takxe

f(=x)=—-kx+b=—(kx—b)=—f (x).

Bospacmanue u yovi6anue TUHeNHON (PYHKIUHN 3aBUCUT OT 3HAUEHUA
Koa(duriuenTa k.

ITpu k= 0 moryuaem QyHKIUIO y = b — MOCTOAHHYIO.

ITpu k> 0 pyurnua y = kx + b Bospacraer, a upu k < 0 — yb6srBaeT (060cHOBA-
HUe IPUBeAeHO B mpuMepe 4 Ha c. 13).

B Kypcax anre6ps! u reoMeTpuu ObIJI0 000CHOBAHO, UTO TPa(MKOM JUHEHHO
dysxnun y = kx + b Bceraa sABiageTcsa npaMas JNHUA.

ITockonpky npu x = 0 QyHKIIMA OIpUHUMAET 3HaUeHUe iy = b, TO ama npamas
ecez0a nepecerxaem ocv Oy 6 mouke b. 'padmku TnHEHHBIX QYHKIINI TPUBEIEHBI
B TabauIe 2.

2. OyHKIUI y=E (B#0). 9ra pyHKIIUA BEIpaskaeT 00paTHO IIPOIMOPIIMOHA -
HYIO SaBHCHMOgTB.
Ob6sacmv onpedenenus: x #0. ITo MOKHO 3aIICaTh TAKIKe TaAK:
D (y) = (=905 0) U (05 +00).

Ob6siacmob 3Havenuil: y#0. ITo MOKHO 3aIICATh TAKIKe TaK:
E (y) = (=005 0) U (0; +00).

. _k k
st 000CHOBaHMUSA 00JIACTH 3HAUEHUN PYHKIIUT Y = - obosmauum —=a. Torga
X
k
U3 9TOr'0 PaBeHCTBa HoayuuM x =— 1s Bcex a # 0. To ectsb 115 Bcex a # 0 cyire-
a

k k
CTBYeT 3HAUEHHE X =, IPH KOTOPOM y=—=-"=a. Taxum 06paszom, y IPUHUMAET
a

SIENES

BCe ﬂeﬁCTBHTeﬂBHBIe 3Ha4YeHUA, HEC PaBHbIE HYJIIO.
21



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Ly
_k
Yy=x
(k<0
1
of | x
|
k -
a 0
Puc. 15 Puc. 16
DPyHKYUA HeYemHa s, TTOCKOIBKY ee 00JIaCThIO OTIPe/IeJIEHUS ABIJIAETCSI MHOMKE-
CTBO, CUMMETPUYHOE OTHOCUTEJNHHO TOUKU O, u f(—x)= 2 k_ —f(x). Takum
—. X

o0pasomM, ee rpapUK CUMMETPUYEH OTHOCUTEIHLHO Hauajaa KoopauHat (puc. 15).

Bospacmarue u yovi6anue GyHKIINY 3aBUCHUT OT 3HaKa KoadduirenTa k.
® Ecmu x,> x, (To ecTsb x, — x, > 0), TO nJ1A cpaBHeHUA 3HaUeHUH [ (x,) u [ (x,)
PacCMOTPUM UX Pa3HOCTb:

B _kx —kx, —k(x,—x)

f(xz)_f(xl):xﬁ_x X X X X

2 1

e))

Ha nmpomesxyTtre (0; +°°) smavenne x, > 0 u x, > 0, ciegoBaTenbHO, X, X, > 0.
Ha npomexytke (—o°; 0) smauenne x, < 0 m x, < 0, sgaunr, x,x, > 0.
YuwnreiBasd, 4To X, — X, > 0 Ha KayKA0M U3 TPOMEKYTKOB (—°0; 0) mu (0; +0)
npu k > 0 us pasencrsa (1) moryuaem f (x,) — f (x,) <0, anpu £ <0 morygaem
£ (x,)—F(x)>0.

ITpu £ > 0 Ha KaxmOM U3 TPOMEKYTKOB (—°°; 0) u (0; +0°°), ecnum x, > x, TO
f(x,) <f (x,), Takum oOpasoM, PyHKIKA yORIBAET HA KAXK/JOM U3 DTHUX IIPOMe-
JKYTKOB.

ITpu k < 0 Ha KaxmOM U3 TPOMEKYTKOB (—°°; 0) u (0; +0°°), ecnum x, > x , TO
f (x,)> f (x,), cnenmoBaTenbHO, GYHKIUA BO3PACTAET HA KAMKIOM U3 OTUX IIPO-
MEeKyTKOB.

N3 kypca anre6pbl U3BECTHO, UTO rpaduk QyHKIIMH Yy = k (k #0) Ha3bIBaeTcsa

X
zunep06o0il (0Ha cOCTOUT 13 NBYX BeTBel). IIpu £ > 0 BeTBU runepOoJIbl HAXOAAT-
ca B I u IIl KoopAMHATHBIX YeTBEPTAX, a mpu k<0 — Bo Il u IV uerBepTax (puc. 15).

k
3amMeuaHue. XapaKTepus3upys BoO3pPacTaHUe MM yObIBaHUE QGYHKIIUN [ =—
X

(k #0), cmenyetr IOMHUTH, YTO, HAIPUMED, QYHKIIUA Y =1 (puc. 16) yorrBaeT HA
X

KasKa0M 13 IpoMeskyTKOB (—20; 0) u (0; +00), HO Ha Bceit 00JacTH omIpeIesieHu s
(x # 0) aTa QyHKIIUA He ABIAETCA YObIBAOIIEl (1 He ABJIAETCA BO3PACTAIOIIEH).
Ie#icTBuTeNbHO, €cau B3ATh X, = ~1l mx,=1, 10 X, > %, HO [ (x,) = (1) =1,
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§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O hyHKLIMN

af(x,)=7(-1)=-1, To ecTb GobIIEMY 3HAUEHHUIO APTYMEHTA HE COOTBETCTBYET

. 1
MeHblIllee 3HaUeHre (PYHKINY, 1 Ha BCell ee o0iacTu onpeaesienus GyHKus f(x) ==
X

He ABJIAeTCA yObIBAOIIE.

ITosTomMy Xe HeJnb3d CKaszaThb, 4YTO (PYHKIUA f(x):l yOBnIBaeT mpwu
x e (—99; 0) U (0; +00). N

3. ®dynkuusa y = ax? (a # 0). Kak usBectHo us Kypca aared0psl, rpadmKoM 3TOH
byHKUIUYU sBAAETCA napabdosa, BETBU KOTOPOI HampaBJieHbl BBepx mpu a > 0
(puc. 17, a) u BHUB 1pU @ < 0 (puc. 17, 6). ITockonbry npu x = 0 3Hauernue y =0,
TO rpadUK BCera MPOXOIUT Yepes3 Hauaao KOOPUHAT.

Obaacmv onpedesenus: x € R, MIOCKOIBKY 3HAUEHNE J = AX? MOMKHO BBIUNC-
JIUTH IIpN .TIIOﬁBIX 3HAQYEeHUAX X.

DYHKYUSA LeMHAA, TOCKOABKY f (—x) = a(—x)? = ax?= f (x). Takum oGpasom, ee
rpaduK CHUMMEeTPUYEH OTHOCUTENIHHO ocu Oy.

Ilyist omucaums IPYTUX CBOMCTB BOCIIOJIb3yeMCs IPaPUKOM PYHKIUHT i = x>
(puc. 17). OTu cBOKCTBA MOYKHO 000CHOBATH, OIIMPAACH HA CBOMCTBA (DYHKIIUU
Yy = x?u Ha TeOMeTpUUECK e MPpeodpasoBaHus ee rpadrKa, KOTOPbIe OyIyT PACCMOT-
peHsI fasee B1. 1.3.

Oo6nacmyv 3snavenuil. Ilpu a > 0 rpaduK TPOXOJUT Yepes Hauaao KOOPAUHAT,
a Bce OcTaJbHbIE eT0 TOUKU HaxXoAATcs Boitte ocu Ox. Eciiu 3HaueHme X yBenun-
BaeTcs 10 66CKOHEUHOCTH, TO U 3HAUEHUE | TAKIKe YBeJINUNBAETC [0 0ECKOHEUHO-
ctu (+00), Takum o6paszoM, y = 0, To ectb E (y) =[0; +0).

Ananoruuno npu a < 0 rpaduK TaKkKe IPOXOAUT Yepes Hauajao KOOPAUHAT, HO
BCE OCTAJIbHBIE €T0 TOUKY HaxoqaTcA HuKe ocu Ox. Eciiu 3HaueHMe X yBeIudu-
BaeTcs 10 66CKOHEYHOCTH, TO BHAUEHNE [J YMEHBIIIAeTCA [0 MUHYC 0ECKOHEUHOCTH
(—©0), Takum obpasom, y < 0, To ects E (y) = (—0; 0].

Bospacmanue u yovieanue. Ilpu a > 0 Ha npomexkyTKe (—°0; 0] pyHKIIMA YOBI-
BaeT, a Ha mpoMekyTKe [0; +00) — BospacTaer.

IIpu a < 0 Ha npomeskyTKe (—o°; 0] QpyHKIIMA BO3pacTaeT, a Ha MPOMEKYTKe
[0; +00) — yOBIBaeT.

CooTBeTcTBYyIONME I'paUK Y IPUBEAeHBI TaKKe B TA0aUIIE 2.

Uy Uy
y = ax?
(a>0)
0 ; 0 x
y=ax?®
(a<0)
a 0
Puc. 17
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

4. KBagpatuunas bysknusa y = ax®+ bx + ¢ (a 20). Is kypca anre6psr 9 kiacca
M3BECTHO, UTO PyHKIMA BUuga y = ax? + bx + ¢, rue a, b, ¢ — nelicTBUTEIbHBIE
uncia, npuueM a # 0, HazpIiBaeTcsa keadpamuynoil. Ee rpadurom ABIsgeTCA Iapa-
60J1a, BETBU KOTOPOI HaTpaBJIeHbI BBePX npu a > 0 u BHU3 tpu a < 0.

. b
Abcnucca BepIIMHBI 9TON 1apaboJIbl X, = o s 060CHOBaHMA ATOTO AOCTA-
a

TOYHO B 3aJaHHOM KBaAPATHOM TPpeXUJIEeHEe BbIAEJIUTH TOJIHBIT KBajapar:

2 2
—ax?+bx+c=alx2+2x+S)=alx+ 2 +M,To ecThb
Yy
a a 2a 4a
2

b 4ac-b? D

=ax2+bx+c=a(x+—) + T a0 __ 2

y 2a Yor THE Yo 4a 4a

(D =0b%—4ac — IUCKPUMUHAHT KBAAPATHOTO TPeXuieHa ax?+ bx + c).
HamomuuM, 9TO B 3aBUCUMOCTH OT 3HaKa AUCKpuMuHaHTa D mapabosia uin
nepecekaet ock Ox (D > 0), unu He nepecekaer (D < 0), uau Kacaercd ee
(D =0).
OCHOBHBIE BADUAHTHI PACIIONIOKEeHNA rpaduka QyHKIMHU y = ax?+ bx + ¢ (a #0)

TpeAcTaBJIeHbI B TA0aUIE 3.
Taobauima 3

D>0 D=0 D<O0

a>0
\ - /. I R e
0 x X, x of x x
Y, =0)
Yo
Yy Yl Yy
Yo
a<0 xo(yO:O)

0/ X x 0 x

OxapakTrepusyem cBolicTBa QyHKIunu Yy = ax?+ bx + ¢ (a #0), onupasch Ha 5TU
W3BeCTHBIE HAM rpapuKu.

Oobnacmb onpedenenus: D (y) = R, mockoabKy 3HaueHmne y = ax?+ bx +c (a#0)
MOMHO BBIYNCJIUTH IIPN JIIO6BIX 3HAQUEeHUAX X.

Ob6aracme snavenui. I[lpu a > 0 QyHKIUA IPUHUMAET BCe 3HAYCHUA Y = Y, , TO
ects E (y) =[y,; +°°).
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§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN

IIpu a <0 pyHKIMA TPUHUMAET BCe 3HAUCHUAY S Y, TO ecThb E (y) = (—°; y ].

Yemuocmb u HewemHocmo. [Ipu b = 0 mostyuyaeM 4eTHYIO KBaAPATUUHYIO QYHK-
nuio y = @ (x) = ax?+ c. [eiicTBurensHo, ¢ (—x) = a(-x)?+c=ax?+c= ¢ (x).

B o6miem cayuae (ecau b # 0) pyurnus y = f (x) = ax? + bx + ¢ (a # 0) ue
SIBJISIETCST HU Y€THOM, H HEUETHOM, TOCKOJIBKY

f (—x) = a(—x)*+ b(-=x) + ¢ = ax? — bx + ¢ # f (x) (u He paBHO —f (X)).

Bospacmanue u yoviéarnue. Ilpu a > 0 Ha mpomesxyTKe (—°; X | PyHKIHUA yObI-
Baer, a Ha MPOMeXKyTKe [x; +°0) — BospacTaer.

IIpm a < 0 ma mpomeskyTKe (—°°; x| DyHKIHMA Bo3pacTaeT, a Ha TPOMEKYTKE
[x,; +00) — yObIBaer.

ITockonpky npu x = 0 3HaueHUe y = ¢, TO 2paduk gcezda nepecexaem ocv Oy
6 mouke c.

CootBetrcrBytorue rpaduku npu D > 0 mpuBeeHbI TaKsKe B TabauIe 2.

Mpumepbl pelueHvis 3agay

3amaual ITocTpoiiTe rpadmk QyHKITHN:
Dy=2x+1; 2)y=-3x-1; 3)y=4.
Pemenue KommenTapui

1) P I'pajuk QyHKIIUET ¥

Bce nanHble QDYHKIIUU JIMHENHEIE,
y=2x+1— npamasda.

TI03TOMY UX rpa)uKaMu ABIAIOTCA IP-

x 0 1 MEIe.
YTo6BI TOCTPOUTH IPAMBIE B 3a71a-
y 13 HUAX 1 1 2, TOCTATOUYHO TOCTPOUTD IBE

y

2) P I'padur Qpyurmuum Y

TOUKM STUX IPAMBIX. Hammpumep, MoK -
HO B3ATb X = 0 1 x = 1 1 HaiTU COOTBET-
cTByoIUe 3HaUeHUA . OPOopMIATE 9T!
BBIUMCJIEHUS YIOOHO B BUe TAOTUUKM:

y=-3x-1— ol ,
opamad. 4 i X x| 0] 1
-4 .\
<
3) P I'padur pyarnun y = 4 — upa- Bsaganum 3 paccmaTpuBaeTca yacT-

Mas, napainenbHasocu Ox, KoTopas | HpIli cayuail JuHeHHOH (QPYHKIHUHN
npoxoaut uepe3 Touky 4 Ha ocu Oy. | (y = b). JI1a mocTPOeHN 3TOTO Irpadu-

x 0 1 Yl Ka IOJIe3HO NOMHUTH, UTO IpaAMad
4 y =4 — 9TO0 mpsamMas, mapaJiebHasd

y| 4| 4 ocu Ox (IIpu TI060M BHAUEHHUH X 3HAUe-
) HUe Yy paBHO 4).

ARV
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

3agaua 2°

Pemenue

P IIpu x = 0 suauenune y = b. [Tockob-
Ky n3o0paskeH rpa)K yObIBAIOIIEeH Ju-
HelHO# pyHKIUHT, TO K <0.

Omeem:b>0,k<0.<

3amaua 3

Pemenue

P I'paduk 3agavHON PYHKIIANA — Iapa-
Gouia (Buzma y = x?%), BEeTBU KOTOPOI Ha-
IIPaBJIEHBI BBEPX.
AGcIucca BepITUHBI:
b -4 _q

07 9 2.1

Torpay,=y (2)=2°-4-2+3=-1,
urpauk uMeeT BUL:

y

\./

I N

<

ITo mpuBenerHOMY rpaduKy GyHKIIUN
y=kx +byraxure 3HaKu k u b.

TN

KommenTapuit

T'paduk pyaxmuu y = kx +b — upa-
Masd, nepecekaroias ock Oy B TouKe b.
Ha pucyHKe sTa TOUKa JEKUT BBIIIE
HYJs, TaKuUM o6pasom, b > 0.

Jlunetinaa GyHKIUA Yy = kx + b ipu
k > 0 Bospacratomiasa, a npu k < 0 —
yoniBatorras. Ha pucyHke usobpaskeH
rpaduk yObIBaroIel QyHKIIUM, CIen0-
BaTeJbHO, k£ < 0.

IToctpoiiTe rpaduk Gpyarmun y = x2—4x + 3",

KommenTapui

®yuknusa y = x2 — 4x + 3— KBaapa-
TuuHasa (MuMeeT BUA Y = ax?—bx +c, rae
a # 0). Takum obpasom, ee rpaduKOM
Oymer mapa6oJa (Buma y = ax?), BeTBU
KOTOPO¥ HalIpaBJieHbI BBEPX (a = 1> 0).
AGcrrcca BepIIuHbI TapaboJIbl BbI-

b
qucigeTcd no popmyie X, = 2’ aop-

IUHATA Y, — BTO COOTBETCTBYIOIIee 3Ha-
JeHue 3aJaHHON QYHKITUY IIPU X = X,
TO €CThb Y, = Y (X,).

Ecnu Heo6X0omomMO YyTOUHUTH, KaK
IPOXOAUT TpaUK, TO MOKHO HAUTU
KOOPAMHATHI HECKOJbKUX AOMOJHU-
TeJbHBIX TOUEK, HampuMep, mpu x = 0
nonaydaem y =c = 3.

“ ITocTpoeHue TaKuxX rpa@MKOB C MOMOI[HI0O FeOMETPUYECKUX NpeobpasoBaHuil rpaduKa
dyuKnuu y = x% 6ymer paccMoTpeHo B myHKTe 1.3.



§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O YHKLIMN

4°.

Bonpocbl Ang KOHTpons

. Kaxkaa @yaknusa HaswiBaeTca JuHelnHoii? HasoBure cBoicTBa JUHEHHON

dyurnuu. Kakasa 1uHusa apiadeTca rpa@ukom JuHelHo pyuknuu? [Ipuse-
IUTe IPUMephl IUHEeUHBIX QYHKIUH 1 X rpa)uKoB.

. Kakada nunnusa asadercd rpadpukoM GQYHKIUY Y = k (k#0)? IIpuBeguTe npumMe-
X

pBI rpadmKOB QYHKRIIUHA Y =§ upu k> 0 u npu k < 0. ITo rpaduram yraxkuTe
cBoiicTBa 3TOM hyHKIUY npu £ > 0 m npu k < 0. [[oKaXuTe HEYeTHOCTh PYHK-

UK y=% (k#0).

. Kakas iunusa asasercsa rpadpukom pyarnun y = ax? (a # 0)? Kak pacmososxen

oToT rpaduk npu a > 0 u ipu a < 0? [IpuBenuTe mpuMepsl rpaUKOB QYHKITUAH
y=ax?npua>0unpua <0. o rpadpukam yKa)XxuTe CBOMCTBA TON PYHKIIUN
npu a > 0 unpu a <0. [fJokaxure ueTHOCTh GyHKIUMN y = ax?(a #0).

. Kakasa nuuusa seasierca rpadpurom QyHrmuu y = ax? + bx + ¢ (a # 0)? Kak

pacmonosxeH rpaduk mpu a > 0 u ipu a < 0? Kak HatiTu abciimuccy BepIInHbI
rpaduka Qyurnuu y = ax? + bx + ¢ (a # 0)? IIpueguTe npuMepsl rpauKOB
aToit @yHRImMu npu a > 0 u npu a < 0. Ilo rpaduram yrkakuTe CBOHCTBA STOM
¢dyurnum opua > 0unpua <O0.

YnpaxHeHus

. ITocTpotite rpaduk GyHKRITIM:

Dy=3x—-2; 2)y=-x+4; 3)y=-2; 4)y=-5x; d)y=0; 6)y=4x.
Ectb 11 cpenm sTux QyHKIIMI YeTHBIE My HeueTHBIe? OTBET 000CHYHTE.

. ITo npuBeneHHBIM rpadukaM QyHRIUHA iy = kx + b (puc. 18) yrakuTe sHaKU k

u b B KayKIOM caydae.
ITocTpoiiTe rpaduk pyaKIun (3—5).

1) y=-2; 2) y=2; 8) y=—; 4 y=2.
X X X
Dy=-2x%  2)y=3x% By=-8x%  4)y=ba.
y v y
/ 0o =x ol x
/ ’ ’ \ /
1) 2) 3)

Puc. 18
27



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

y y Ly \ y

/ 0 \ x \°/ x off \; 0

1 2) 3) 4)
Puc. 19

Ry

5. )y=x2-6x+7; 2)y=—x2+4x+2; 3)y=2x2—-2x+1; 4)y=—-3x2+ 6x.
6°. ITo mpuBeseHHBIM rpadukam GyHKIUY y = ax? + bx + ¢ (a #0) (puc. 19) yra-
JKUTE BHAKU d, b U ¢ B KAXKIOM CIydae.

1.3. MOCTPOEHME NFPA®UNKOB ®YHKLMA C MOMOLLbIO TEOMETPU-
YECKNX MPEOBPA30BAHUIN U3BECTHbIX TPA®UKOB ®YHKLIUN

Tadbauma 4

IIpeo6pasoBanue rpadura Gpyarmuu y = f (x)
D
Ne opaya ITpumep IIpeoGpasoBaune
3aBUCHMOCTHU
1 2 3 4
Yy
\Y N @
\“ //,g'.'l C
1 y= _f (x) X \E'l NMMETPUA OTHOCH-
Y X TeJbHO ocu Ox
/ e X
N\
\
P
yl
z< _Ax.
x I/\} /‘“o
-~ CHUMMeTpHUA OTHOCH-
2 = —-x e
y=r= ,/' TeabHO ocu Oy
0 x
ITapannenbHBIN
mepeHoC rpa)uKa
3 | y=f(x-a) pyrxnuny =1 (x)
BIOoJb ocu Ox Ha
a eITHNI]




§ 1. [oBTOpPEHME 1 pacllMpeHMe CBeAeHWI O yHKLIMN

IIpomonx. Ta6u. 4

4

y=1(x)+c

ITapannenbHbIi
mepeHoC rpapuka
Gyrrnuny = f (x)
BHoJb ocu Oy Ha
¢ eJUHNI],

y=Fkf (x)
(k> 0)

Pacraxxenue nin
coxaTue BIoJib ocu Oy
(upu k> 1pacrsaxe-
Hue,

ompu0<k<1—
cokaTue)

y=1(ox)
(> 0)

Pacraxenue nin
coKaTue BIOJIb

ocu Ox

(mpu o > 1 cxxaTwue,
npu0<o<1—
pacTaxeHUe)

y=|f )]

Berrie ocu Ox (1 HA
caMoii ocu) rpadmK
byrrnuny =f (x) —
0e3 UBMEeHeHN, HIKe
ocu Ox — cuMMeTpusa
OTHOCUTEJNHHO ocu Ox

y=r(x|

’

Cmpasa ot ocu Oy

(u Ha caMoii ocm) —
0e3 M3MeHeHI, 11 9Ta
JKe JacTb rpapuxa —
CHUMMETPUA OTHOCH-
TesrbHO ocu Oy
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

O6bsAicHeHUe 1 0bocHOoBaHMe

PaccMoTpuM cIocOoOBI TOCTPOSHUA IPaPUKOB (PYHKITH ¢ TOMOIIHIO T€OMETPU-
YeCKUX Ipeodpa3oBaHU N3BECTHBIX IPaPUKOB PYHKITHI.
1. Iocrpoenne rpaduka dpynrxunu y = —f (x). CpaBHUM rpadurn QyHKIUN i = x2
ny =—x%(cM. mepByI cTPoKy Tabia. 4). OueBuaHO, UTO rpa@uK QyHKIUN iy = —x2
MOJXKHO ITOJTYUUTD U3 rpaduKa QYHKINY i = X2 CHMMETPUYHBIM OTOOPAKEeHIEM €TI0
orHOCcuTe bHO ocu Ox. ITokakem, uTo Bcerga rpaduk GyHERIUU y = —f (X) MOXKHO
moJTyYuTh 13 rpaduKa GyHKIuM iy = f (X) CHMMeTPUYHBIM 0TOOPaKeHNEeM OTHOCH -
TesibHO ocu Ox.
® [leiicTBUTENLHO, IO OIPeAeIeHNI0 TpaGUK QYHKIHH y = f (X) COCTOHUT 13 BCeX
ToueK M KOOPAMHATHOMN HIJOCKOCTH, KOTOPHle UMEIT KOOPAUHATEHI
(x; y) = (x; f (x)). Torma rpadpuk pysrnum y = —f (x) cocTout us Bcex Touek K
KOOPAWHATHOMH IJIOCKOCTH, UMEIOIIUX KOOPAUHATHI (X; ) = (x; —f (x)).
Tourku M (x; f(x))u K (x; —f (x)) pacmnoyioxeHbl Ha KOOPAUHATHOH IIJIOCKOCTH
CUMMETPUYHO OTHOCUTEAbHO ocu Ox (puc. 20). Takum o6pasom, KaKaasa TOU-
ka K rpadpuka pyHKIUN y = —f (X) HOTyUaeTca CHMMETPUYHBIM OTOOPAKEeHIEM
oTHOCUTENHbHO ocu Ox HeKoTOpOil Touku M rpadpuxay = f (x). [losTtomy
epagur ¢pynkyuu y = —f (x) Mmoo nonyiums u3 zpagura pynKyuu
I y = [ (x) ezo cummempuunv.m omobparxenuem omnocumenvuo ocu Ox. O
ITO CBOICTBO ITO3BOJIAET JIETKO 000CHOBATH ITOCTPOeHUE IrpadmKa GyHKIINN

y=|f(x)| Umeem:
_| f(x)| _|f(x) mpm f(x)>0 (rpadux He MeHsETCA);
Y |- (x) mpu f(x)<0 (cummeTrpus oTHOCUTENBHO ocu Ox).
CiiemoBaTeJIbHO,

2papuk pynryuu y =|f (x) | moscem 6vLms nocmpoen mak: wacmo zpagu-
ka pynryuu y =f (x), nemcauyan évtie ocu Ox (u Ha camoii ocu), ocmaem-
ca 6e3 uamenenull, a wacmo, nexcauian Husxice ocu Ox, omobpaxcaemcs cum-
MempuLHO OMHOCUMELbHO IMOL OCU.

Hampuwmep, Ha pucyake 21 u B Tabaurtie 4 (CTpoKa ceibMasd) ¢ UCTIOJIL30BAHUEM
BTOTO IIpaBMIa H306paskeH rpaduk GyERmun y =| 2x — 1

yi yi
y=r
l" ~~‘
4 s‘ .
f(x) __:*. _"O y=|2x—1|
1
0 ix * ol ;C
Y 1
= (x) 7/-\ K
K y=2x-1/
:"
y= —f(x) /
Puc. 20 Puc. 21
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§ 1. [oBTOpPEHME 1 pacllMpeHMe CBeAeHWI O yHKLIMN

2. IToctpoenue rpadura pysrmun y =f (—x).

® [Inamocrpoenus rpaduka QyHKINK y = f (—X) yITeM, UTO B OIPe/leIeHUH IPa-
duka GQyHKIINYU ITepBas KOOpAUHATA AJIA ToUeK rpad)ka BRIOUpaeTCs IPOu3-
BOJIBHO U3 00J1acTu onpeiesieHns QyHKInu. Eciu BEIGpaTh Kak MepBy0 KOOP-
IUHATYy 3HaueHUe (—X), To rpaduk GyHKIuN y = f (—x) 6yIeT COCTOATH U3 BCEX
ToueK T KOOPAWHATHOM IIJIOCKOCTH ¢ KoopauHaTtamu (—x; y) = (—x; f (x)). Ha-
TOMHUM, 4TO rpaduk GyHKIuu y = f (x) coctout us Bcex Touexk M (x; f (x)).
Touku M (x; f (x))u T (—x; f (x)) pacmoyioKeHbI HAa KOOPAUHATHOM IJIIOCKOCTH
CHUMMETPUYHO OTHOCUTENILHO ocu Oy (puc. 22). Takum o6pasom, Kaskgad Touka T'
rpaduka GyHKRIUN y = f (—X) IoJIy4aeTca CHMMETPUUYHBIM OTOOPAKEHIEM OT-
HocuTesabHO ocu Oy HeKoTopoii Touku M rpadura pyarmuu y = f (x). [losTomy

epagur ¢pynrkyuu y = f (—x) MoiHO nonyiumsv u3 zpauka GYHKYuUU

I y = [ (x) e2o cummempuunvLm omobpasicenuem omuocumenwvro ocu Oy. O
JTa CBOIMCTBO IIO3BOJIAET JIETKO 000CHOBATH ITOCTPOeHME IrpadrKa GYyHKIIUN

y=1(x|). Umeewm:

=1 (x)={

Cile[0BaTeILHO, IJIs TOTO UTO0MI IOy JuTh rpaduk dyarnmuu y = f (| x [)mpu x < 0
(To ecTs caeBa oT ocu Oy), HEOOXOAMMO OTOOPABUTH CUMMETPUYHO OTHOCUTEIHHO
ocu Oy Ty yacTs rpadura QyHrnun y = f (x), Koropas jsexut cpasa ot ocu Oy. To
ecTb yacTh rpaduka Gyarnuu y = f (x), Jexamiad ciesa ot ocu Oy, BOOOIIIe He UC-
HoJIB3yeTcA B IocTpoerny rpaduka pyaxnun y = f (| x ). Takum o6pasom,

f(x) mpu x>0 (rpaduk He MeHAETCA);
f(=x) mpu x <0 (cummeTpusi oTHOCUTENHHO ocu OYy).

2paguk pynxyuu y =f (| x |) cmpoumea max: wacmo zpadpura pynrxyuu
y =f(x), nesmcawasn cnpaséa om ocu Oy (u na camoil ocu), ocmaemcsa 6e3
U3MeHeHUl, U IMa e Lacmdv 2padura omodpaxaemcs CuMMempuiHo
omuocumendvro ocu Oy.

Hanpuwmep, Ha pucyake 23 u B Tabsutie 4 (CTpoKa BOChMAast) ¢ UCTIOJIL30BAHUEM
BTOTO IpaBmIa H300pakeH rpaduk dyarmuny = 2| x |- 1.

y yl
y=1(x) y=r@;
'I
T |t y=2lx|-1
t'/ 0 -
; _L\[/1 x
i 2y 2
' Y
- y=2x-1)
—x 0 x x !
4
I'
Puc. 22 Puc. 23
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

3. Ilocrpoenne rpadura bpysrnuny =f (x—a).

@® [Inamocrpoenus rpaduka GyHKmun y = f (X — a) BEIOepeM KaK IepBYIO KOOPAU-
"HaTy Touku N sToro rpaduka 3HaueHue x + a. Torga rpadpur byHKIUU
y =1 (x—a)6yzmer cocTOATH U3 BCeX TOUEK /N KOOPAMHATHOM IIJIOCKOCTH C KOOP-
mpuHatamu (x + a; y) = (x+a; f (x+a—a)) = (x+a; f (x)), B To BpeMd Kak rpadpuk
dyarUn y = f (x) cocrout us Bcex Touek M ¢ koopguHatamu (x; f (x)).
Ecnu Trouka M nmeeT KOOPAMHATEHI (X; ), a Touka N — KOOPAUHATHI (X + a; Y),
TO IpeobpasoBaHUe ToOUeK (X; y) — (x + a; y) — dTO mapaIeIbHBIA ITePeHOC

Touku M Bmosb ocu Ox Ha @ efUHUIL (TO eCTh Ha BEKTOP (a; O) ).

ITockonbKy Kaskmas Touxka N rpadura GyHKIun y = f (X — a) mosydaeTcsa napa-
JIeILHBIM IIePEHOCOM HeK0TOopoii Touku M rpadukra y = f (x) Bgossb ocu Ox Ha
a eguHUI (puc. 24), To

I epagur pynryuu y = f (x — a) MoHHO nonywLumsv napanieibHum nepe-
Hocom zpapura pynkyuu y =f (x) 60oab ocu Ox na a edunuy,. O

Hanpumep, B TpeTbedl cTpoke Tabuuinpl 4 n3obpakeH rpad@uk QyHKIUN
y = (x— 2)?(BBINIOJIHEH TapajiebHBIN TepeHoc rpaduka y = x Ha +2 e TUHUIBI
BIOJIb ocu Ox) v rpad@uk QyHKIMY y = (x + 3)? (BBIOIHEH TapasIeIbHBIA IePeHoC
rpaduka y = x? Ha (—3) eguHUILI BAOJb ocu Ox).

4. ITocrpoenue rpadura pysrmuny =f (x) +b.

® TI'padux yarmumy = f (x)+ b COCTOUT U3 BeeX TOUeK A KOOPAMHATHOH ILIOCKO-
ctu ¢ KoopamHaramu (x; y) = (x; f (x) +b), arpadux pyaxrnuu y = f (x) cocTrout
u3 Bcex Touek M (x; f (x)).
Ho ecsiu Touka M mMeeT KOOPAWHATHI (X3 ), aTOUKA A — KoOpAMHATHI (x; y +b),
TO mpeobpasoBaHue Touek (x; y) — (x; y + b) — 5TO mapasebLHBIN ITIepeHoC

Touxku M Broas ocu Oy Ha b eguHUI, (TO €CTH HA BEKTOD (ﬁ))

ITockonbky Kakgaa Touka A rpadpuka pysrnun y = f (x) + b morydaercsa ma-
paJLIeIbHBIM IIEPEHOCOM HeKoTopoii Touku M rpadura y = f (x) Bgosas ocu Oy
Ha b equnuUI (puc. 25), To

y N y
~ /
&
o &
N ~ A
Yy a f(x)+b y=1(@x)+b
Q!"' Q) ~~~ A "¢
M,&' N S ,"
F@)|- : FOt—3 V y=f)
" i \‘ "
’ | N
'l : L4
0 x x + a ; 0 x x
Puc. 24 Puc. 25
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§ 1. [oBTOpPEHME 1 pacllMpeHMe CBeAeHWI O yHKLIMN

I epagur pynrkyuu y =f (x) + b MoixHO nOLYLUMb NAPANLENbHBLM NEPEHO-
com zpagura pynryuu y =f (x) 60oas ocu Oy na b edunuy. O

Hanpumep, B ueTBepTO# cTpOoKe TAOIUIBI 4 m300parkeH rpaduk QyHKIIUU
Yy = x? + 2 (BBIIOJIHEH TIapajIeIbHBIN ITepeHoc rpaduka y = x2 Ha +2 e AUHUIIBI
BIOJb ocu Oy) u rpad@uk QyHKImy Y = x2 — 1 (BBIIOIHEH TapaJlieIbHBIA TEPEHOC
rpaduka y = x2 ma (—1) Bgoas ocu Oy).

5. INocTpoenue rpadura pynrmuu y = kf (x).
® TI'padpux pysrmun y= Ef (x) (k > 0) cocTouT us Bcex Touek B (x; kf (x)), a rpa-
duk pysrmuu y = f (x) cocrout us Bcex Touek M (x; f (x)) (puc. 26).
Hagzosem npeobpasosarnuem pacmaxcenus 600oab ocu Oy ¢ koappuyuenmom k
(rme k > 0) Takoe mpeobpasoBaHue GUryps! F, Ipu KOTOPOM KasKasd ee TOUKa
(x; y) mepexonut B TOUKY (x; RY).
ITpeobpasoBanme pacraxenua Bnoab ocu Oy 3agaerca popmyramMu: x = Xx;
Yy = ky. 3t; popMyabI BEIpAXKAIOT KOOPAMHATEI (x'; y') Touku M’, B KOTOPYIO
nepexoaut Touka M (x; y) npu mpeoOpas3oBaHUM PACTSIKEHUs BI0Jb ocu Oy
(puc. 27). IIpu aTom npeobpa3oBaHUU IPOUCXOAUT PACTAKeHUEe oTpeska AM
B k pas, 1 B peayabTare Touka M mepexoaut B Touky M’. (3aMeTuM, 4TO HHOTAA
yKasaHHOe ITpeodpasoBaHre HAa3bIBAIOT PACTAKEHNUEM TOJIbKO Ipu k> 1, a ipu
0 <k <1 ero masnIBaror cacamuem 600ab ocu Oy B % pas.)
Kak Bugum, kamxgaa trouka B rpadukra pyknum y = kf (x) nonyuaerca us
Touku M npeobpasoBaHMEM pacTsaKeHuA BLoab ocu Oy. [Ipu aTom ob1iaa op-
Ma rpaduka He U3MEHAETCA: OH PACTATUBAETCA MU COKIMAaeTca BLoIb ocu Oy.
Hanpuwmep, ecnu rpadpuxom pyarnum y = f (x) 661712 mapaboa, To Iocje pac-
TSKEeHUA NN CoKaTUA rpaduK ocTaeTcs mapabosoii. [ToaTomy
epaguk pynkyuu y = k f (x) (k> 0) nonywaemcsa us zpagura pynkyuu
y =f (x) ezo pacmaxcenuem (npu k > 1 pacmasxcenue 6 k pa3) unu cruca-

muem (npu 0 <k <1 cmamue 6 % pa3) 6doav ocu Oy. O

Yy 17y
ky o M'(x';5y")
A
Y M (x; y)
A o
0 x x
Puc. 27
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

6. ITocrpoenue rpadura dpysrnuu y = f (ax).

® 15 mocrpoerns rpaduka dysrnun y = f (0x) (o0 > 0) BEIGepeM KaK IepBYIO

X
KoopaumHaTy Touku C aTOr0o rpadmuKa 3HaAUeHUe o Torma rpadpur QyHK-

nuuny =f (ox) 6ymer coctoATs m3 BcexXx Touek C C¢ KoopauMHATAMU

(%; y) =(§; f(oci)) =(§; f(x)), arpadpuk QyHKIuN y = f (X) — U3 BCEX TOUEK

M (x; f (x)) (puc. 28).

Haszosewm npeobpasosarnuem pacmsicenus 80076 ocu Ox ¢ KOIQPuyUeHmoMm o,
(rme o> 0) Takoe mpeobpasoBaHye GUTypHI F, pu KOTOPOM KarkJasd ee TOUKA
(x; y) mepexoquT B TOUKY (0OX; Y).

IIpeo6pasoBanme pacTakeHUA BAOJIb ocu Ox 3amaeTca GopMyaaMu: X = OL.X;
Yy = y. 9t; GopMyJIbI BEIpAKAIOT KOOpAUHATEL (x'; ') Touku M’, B KOTOPYIO
nepexonut Touka M(x; y) npu npeoOpas3oBaHUU PACTAKEHUA BIOJIBL ocu Ox
(puc. 29). IIpu sToM Tpeodpa3oBaHNY IPOUCKXOJUT PACTATUBAHMIE OTpesKka BM
B (0. pas, 1 B pesyabTare Touka M mepexonuT B TOUuKy M. (3aMeTuM, UTO MHOTIA

1
yKa3aHHOe IIpeoOpas3oBaHe HA3hIBAIOT PACTAKEeHUEM (B o pas) TOJIBKO IIpU

0 <o <1, anpu o> 1 ero HassIBaioT caxcamuem 80o0ab ocu Ox (B 0. pas)). Kak
BUAUM, Kaskaasa Touka C rpaduka Qysrnum y = f (ox) morydaerca usd Touxu M
rpadura QyHKIuU y = f (x) npeobpasoBaHUEM PACTAKEHUA BAOJIEL ocu Ox
(mrpu 9TOM O6ITIaA popMa rpaduka He usMeHAeTcs). [losToMy

epaguk pyrnryuu y = f (ox) (o0 > 0) noaywaemcea u3 epagura pynryuu
y = [ (x) ezo pacmasncenuem (npu 0 <o < 1 pacmascenue 6 1 pa3) unu
o

cacamuem (npu o.> 1 coxamue 6 0. pa3) 60onv ocu Ox.

Y| Uy

M (x; y) M (x';y')
>

~ Y@ S
RS B |
- / I :
RN | |
-, 1 I
A ) I
G M | |
X 1 1

\~ L L o

AN - 0 x ax X

Puc. 28 Puc. 29
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§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN

Mpumepb! pelueHvis 3agay

3amaua 1

Pemenue

3agaua 2

Pemenue

P IlocremoBaTesnbHO CTPOMM Ipaduim:
1. y=2x-2;

2. y=|2x-2|; \yk
2
0] 1 x
3. y=—]2x-2]|. yl
1
0 X
7
<

ITocTpoiiTe rpaduk GyHKIIUY Y =

35

x+3

KommenTapui

Mg moxxeM mocTpouTh rpaduk

byarmun y=71(x) =%. Torza rpadux

GyHKIINT
y=——=f (x+3)=f (x~(-3))
x+3
MOKHO IIOJIYYUTD IIapaJIIeIbHBIM Iepe-
HOCcOM rpaduka pyHruuum y= f (x)
BI0JIb ocu Ox Ha (—3) eIUHUIIHI (TO €CTh
BJIEBO).

IMocTpoiite rpaduk GyERIun Yy =—| 2x — 2 |.

KommenTapui

CocTaBuM IJIaH IIOCJIELOBATEIHHO-
ro mocTpoeHUuda rpauka 3ajaHHOU
GyHKIUN.

1. MpbI MOXKeM ITOCTPOUTh rpauK PyHK-
muu y = f (x) = 2x — 2 (upamasa).

2. 3aTeM MOJKHO HOCTPOUTH rpaduK
dysxnun y=(x)=|2x-2|=|f(x)|
(Boimme ocu Ox rpaduk y = 2x — 2
ocraercsa 0e3 M3MeHEHNII, a 4aCTh
rpadura HmKe ocu Ox orobparka-
eTCA CHMMETPUYHO OTHOCHUTEJIBHO
ocu Ox).

. ITocjie 5TOr0 MOYKHO IIOCTPOUTH I'Pa-

buk pyERIUE y=—|2x—2|=—¢ (x)
(cumMmeTpusa rpadpura GyHKIUN
Yy = ¢ (x) orHOCUTENBHO Ocu Ox ).



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

3amauya 3
Pemenue

P Banumem ypaBHeHHe 3aJaHHOIM
QYHKIOUU TaK:

y=y4-[x]=~(z[-4).

TlocreoBaTeIHHO CTPOUM IPADUKA:

il

E —(x4

\]
™

Bonpocbl Ansg KoHTpons

rpaduk QyHKIIUN:
Dy=-f(x);
YDy=1f(x)+c;
Ny=If )}

2)y=71(—x);
5)y=kf (x), ne k> 0;
8)yy=r(x).

36

Iocrpoiite rpaduk GyHKImE y=+/4—|x|.

KommenTapuit

CocraBuM ILJIaH TOCJIEJOBATEIHLHOTO
ToCTpoeHUA rpapuKa 3afanHON PyHK-
nuu. [[1a aToro ee TOAKOPEHHOE BbI-
paskeHme 3amUINIeM TaK, YTOOBI MOYKHO
OBLJIO MCIIOJIB30BATH IPEOOPaA30BAHUA
TpauUKOB, IIPe/ICTaBJIEHHbIE B TabuIIe 4:

y=y-(lx|-4).
. Mb1 MmosxeM mocTpouTh rpaduk QyH-

KU y=f(x)=\/; .

. 3aTeM MOXKHO IIOCTPOUTHL I'padur
byrrnun y =g (x)=v-x =f(-x)
(cumMmeTtpuda rpadura GyHKIUH f (X)
oTHOCHUTENBHO ocu OY).

. IlocJuie 5TOTr0 MOYKHO ITOCTPOUTH I'pa-
bur QyEKIIUN
y=0(x)=y-(x-4H=g(x-4)
(mapasnenbHbIN epeHoC rpaduka
dyuxnuu g (x) Broas ocu Ox Ha
4 emUHUIIBI).

. 3aTeM y:Ke MOKHO IIOCTPOUTH I'pa-
(uk 3amaHHON QyHKITUN

y=y-(x[-4)=0(x|)=y4-|x|
(cupaBa ot ocu Oy COOTBETCTBYIO-
mad yacTh rpaura QpyHKOUH
y = ¢ (x) ocraeTcsa 6e3 M3MeHEeHUI, 1
aTa JKe 4acTh 0ToOpaskaeTcd CHUM-
MEeTPUYHO OTHOCUTEIBHO ocu Oy).

. Hampumepax o0bsacHUTE, KaK 3 rpadura QyHKIun y = f (X) MOXKHO IIOJIYUUTH

y=17(x—a)
6)y =1 (ox), me o.> 0;



§ 1. [oBTOpPEHME 1 paclLMpeHMe CBeAEHWI O yHKLIMN

2%, O6ocHyIiTe reoMeTpUUECKIE IPe00Pa30BaHNA, C IOMOIIBI0 KOTOPBIX 13 Ipadu-
Ka QyHKIUHA Y = f (X) MOKHO ITOJTyYUTh I'Pa KM YKA3aHHBIX BHIIIE PYHKITUI.

YnpaxHeHus

IToctpoiite rpadmru pyHK U 11 cooTBeTcTBU (1-7):
1. Dy=|x-5]; 2)y=|x|-5; y=[lx[-5[ 4)|[y[=x-5.

s 3)y=[xY-9; 4 |y|=x°-9.

2
5

2. 19 y=x2-9; 2) y=|x*-9
3. 1) y=(x+1)"; 2y y=(x[+1)"; 3) y=(x+1)*-3; 4) y=|(x+1)*-3|.

1 .
|x|+2°

1
x+2

4. 1) y=—1; 2) y=

x+2

1
x+2°

; 3) y= 4%

yl=

2
x—-1

5.1) y=-2; 2)y=3-2; 3 y=-

6. 1) y=Vx-3; 2)y=vx-3; 3 y=\[x[-3; 4 y=[Vx-3
5%) y=|\/m—3 y|=Nx-3; 7)|y|=vVx-3.
7. 1) y=—x; 2)y=—Jx+4; 3) y=—|x|; 4) y=—Jx-1.

8. dynrnua y=f (x)3amana Ha npome:kyTKe [0;12] u umeer rpaduk, n3o0paKeH-
Hblil Ha pucyHKe 30, a. ITocTpoiite rpaduku GyHKIMA (1 cooTBeTcTBUM 9° 11 107):

1) y=—1 (x); 2y="1(-x); 3) y=|f @)|; Dy=r7(x;

P s

.
’

; 69)

Syy=2f () Byy=r@x;  Tyy=i@;  8)y=(1x);
9 yl=f@;  109|y|=f(x).

9. BrimonHuTe 3amaHna ynpaskHeHUA 8 1A GyHKIuu y = f (x), 3aJaHHOI HA IIPO-
mexyTKe [—14; 0], rpaduk KoTopoii n3obpaskeH Ha pucyuke 30, 0.

Yl Y]

A4
@

DO

[\

Puc. 30
37



m PAOVWAHHASA MEPA YTNOB

Tabnuma 5

1. TToHaATMe yrna

B reometpum

B TpuroHometpumn’

Yeon — reomerpuueckas purypa, 06-
pasoBaHHAadA ABYMA JIy4aMU, KOTOPhIE
BBIXOIAT U3 OJHOU TOUKH.

Yeon — durypa, ob6pasoBaHHA IIPU
TIOBOPOTE JIyuya Ha ILJIOCKOCTH OKOJIO
HaAYaJIbHOU TOUKMU.

B B / AOB obpasoBaH
/ AOB obpa3oBaH TIPU IIOBOPOTE
ayuamu OAu OB ayua OA
0 A lo) A 0K0JI0 TouKu O

2. \3mepeHue yrnos

MpamycHas Mepayrna (1°= % 4aCTb Pa3BEPHYTOro yrna)

KasxgoMy yTily CTaBUTCS B COOTBET-
cTBHe rpagycHaa Mmepa o, € [07; 180°].

Kaxxmomy yriry Kak (urype craBuTcsa
B COOTBETCTBUE YT'0J IIOBOPOTA, C II0-
MOIIIbI0 KOTOPOTO 00pasoBaH 3TOT

B
yroJi.
Yros moBopoTa oL € (— 00; + ©0),
ZAOB=p3=90°
(0] A
ZAOB =vy=-270"
£ AOB = 90° LAOB=¢=
=90°+ 360°= 450"
PaguaHHada Mepa yrna
1 paduan — WeHTPAIBHUHN YI0OJ, COOTBETCTBYIOIIU
Iyre, AJUHA KOTOPOI paBHA PASUYCy OKPYKHOCTH.
B

Z/ AOB =1 panx. 9to oduauaet, utro UAB=0A=R

Z AOC = 180°= 1t (paguaHn)

/ AOC — pa3BepHYTHIH.

o

180

1 _ T
=—— paguaH

1 paguan= % =57°

* IIpOouCXOKIeHNe U CMBICJ TePMUHA « TPUTOHOMETPUs» cM. Ha c. 139.



§ 2. PagmaHHaa mepa yrnos

Ob6bsicHeHUe N 000oCcHOBaHMe

1. Iouarue yraa. B Kypce reomeTpun yroj onpeaesieTcsi KAk reoMeTpuuecKast
durypa, o6pasoBaHHaAA JBYM JIyUaMu, KOTOPbIE BEIXOAAT U3 0qHOM TouKku. Ha-
upumep, yros AOB, n300pakeHHbII B IEPBOM IIYHKTe TaOJIUIILI 5, — 3TO yIOJI,
obpasoBauubIii tydamu OA u OB.

Y roa MOKHO pacCMaTPUBATh TAKIKe KaK Pe3yIbTaT IOBOPOTA JIy4a Ha IJI0CKO-
CTH OKOJIO HauaJabHOM Touku. Hanmpumep, moBopauuBas ayd OA oxkoso Touku O
OT HavaJbHOTO moJIoKeHUuA OA 1o KOHeUHOTO moJiokeHua OB, TaKkiKe IOJTyUYnuM
yron AOB. 3aMeTuM, UTO JOCTUYDL KOHEUHOTO MMo10:KeHnsT OB MOYKHO ITPU TOBOPO-
Te nyua OA Kak 10 4acoBOIi CTpeKe, TaK U IPOTUB Hee.

2. Usmepenue yrioB. [laHHBIE BHIIIE PA3JIUYHBIE OIPEIEICHUA YIJIa IPUBOJAT
K Pa3InYHOMY IIOHNMAaHUIO N3MEePeHNU YIJIOB.

B Kypce reomeTpuu Kaxk oM yIJIy COOTBETCTBYET €T0 2padycHas mepa, KoTopasi
MOJKeT HaXOAUTLCA TOJAbKO B mpeaenax or 0°qo 180°, u mosTomy, Hampumep, A
upamoro yriaa AOB (cMm. myHKT 2 TabJi. 5) eTo Mepa 3aIuChIBAETCSA OZHO3HAYHO:

ZAOB = 90" (1" —aT0 ﬁ YacTh PA3BEPHYTOIO yrja).

IIpu n3mepeHUY YTJIOB TOBOPOTA JOTOBOPUJINCH, UTO HAMIPABJIEHHE IIOBOPOTA
IIPOTUB YaCOBOM CTPEJIKU CUNTAETCS MOJOKUTEIHHBIM, a 10 YaCOBOM CTPEIKe —
OTpUIaTEeJIbHBIM.

ITosTomMy pu M3MepeHU U YIJIOB, 00Pa30BaHHBIX IIPYU ITIOBOPOTE JIyUa OKOJIO
HAYaJbHOI TOYKHW, MBI MOKEM ITIOJIYUUTHh KAK IIOJIOJKUTEJIbHbIEe, TAK 1 OTPUIlA-
TeJbHbIE 3HAUEHN YIJIOB ToBopoTa. Hanpumep, ecsiu yron AOB, B KOTOPOM JIyun
OA 1 OB ABIAIOTCS B3BAUMHO IEPHIEHINKYIAPHBIMHU, TOJYUYEH IIPU TOBOPOTE JIyUa
OA ua yros 90’ mpoTHB YaCcoOBOM CTPEJIKHU, TO 3HAUEHME yTJIa TOBOPoTa 3 (CM. cooT-
BeTCTBYIOIUI PUCYHOK B myHKTe 2 Tad. 5) paBuo +90° (miu mpocto 90°). Eciu
ToT %€ yroia AOB nonyuen mpu mosopoTe tyua OA Ha yrou 270° o uacoBoii cTpei-
Ke (TMIOHATHO, UTO MOJHBIA 000poT — 3T0 360°), TO 3HAUEHMeE yIJya ITOBOPOTA Y
paBHO (—270°). OroT %€ yros AOB MOXKHO HOJIYUYUTh TaKyKe Ipu moBopoTe ayda OA
IIPOTHUB 4acoBOM cTpeaku Ha 90" 1 elrfe Ha MOJHBIHM 000POT; B 9TOM CIydae 3HAUE-
Hue yrJia mosopora ¢ pasuo 90°+ 360°, To ects 450 u T. 1.

Bri6paB kak 3HaUeHUeE yIJIa IOBOPOTA TIPOM3BOJIbHOE OTPUIATEIHHOE MUJIH I10-
JIOXKUTEJIbHOE YHCJIO (TPagycoB), MBI BCer1a MOKeM MOBepHYTh iyu OA (1o yaco-
BOM CTpeJIKe UJIU IPOTUB Hee) U MMOJYUYUTH COOTBeTCTBYOIUM yron AOB. Takum
00pas3oM, BeJIMUMHA yIJIa TOBOPOTA (B IPagycax) MOKeT IPUHUMATD BCe eHCTBU-
TeJIbHBIE 3HAUEHUA OT —O0 0 +00,

[ nsaMepeHusa yryioB IPUHUMAIOT OIIPeleJIeHHBIH yroJI 3a efUHUITY U3Mepe-
HU U C ee TIOMOII[H0 UBMEPAOT APYTHe YIJIbL.

3a eIUHUITY U3MePeHUA MOKHO IPUHATD JJI000# yToJI, HaTpUMep, OAMH Ipayc

o 1
1)y— 1o A4CTb Pa3BEPHYTOTO yTJIA.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

B B rexHUKe 3a e TUHUITY UBMEPEHUS YT~
JIOB IPUHUMAIOT TTOJHBIH 060pOT (3aMe-

TUM, UTO 1 Tpagyc — aTO 1 YacThb II0JI-
1 pax 360
C A HOTO0 0OopoTa).

O R B MopexopacTBe 3a emMHUITY UBMEPEHUA

. 1
YTJIOB IPUHUMAOT PyMO, PABHBIH 3 Jac-

TH TTOJIHOTO 060opoTa.

B maTemaTuke u pusuke, Kpome rpa-
IYCHO#1 MepHI YTJIOB, NCIIOJIb3YeTCs TaK-
JKe paduanHas mepa yz2Jio08.

Ecsu paccMoTpeTs HEKOTOPYIO OKPYIKHOCTD, TO

Puc. 31

1 paduan —3T0 IEeHTPAJIBHUI yT0JI, COOTBETCTBYIONUIUII TyTe, TJIMHA KOTOPOI

PaBHaA paguycy OKpysKHOCTH.

Taxkum o6pasom, ecau yroa AOB paBeH ogHoM paguany (puc. 31), To 3T0 03HA-
yaet, uto UAB=0A=R.

YcTaHOBUM CBA3b MEXKAY PAAUAaHHON U I'PayCHON MepaMu yIJIOB.

IlearpansHomy passepayTomy yray AOC (puc. 31), pasaomy 180°, coorseT-
CTBYeT MOJIYyOKPYKHOCTb, TO €CTh AyTa, JJINHA KOTOPOi paBHA TR, a yriiy B 0quH
paguan — gyra aanHon R. Utak, paguannasa mepa yriaa 180° pasua % =n.Ta-
KuM o6pasom,

180°=m paguas.
W3 sTOT0 paBEHCTBA ITOJIyUaEM:

1°= % paguan

-

1 pagnan= % =57°|.

Mpumepbl pelLeHns 3apa4

Samaual BripasurTe B pafiaHax BeJIMUUHEI YTJIOB:
30%; 457 607; 90°; 270°; 360°.

o 1 o o
P ITockomwsky 30°— aT0 § JacTb yria 180", To u3 paBercTBa 180" = 1t (pan) moay-

yaeM, 4To 30° =§ (pax).

AHaJIOrMYHO MOYXHO BBIUNCIUTD 1 BeJINUNHEI APYyrux yrijos.

B ob11tem coryvuae yuuThiBaeM, 4To 1°= % pazuaH, Torga:

o M 45_T . 60°=_"_.60=" .
45 =180 45 1 (pam); 60 T80 60 3 (pam);

90°=7 (pam); 270°=2% (pam); 360°= 2x (paz). <
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§ 2. PagmaHHaa mepa yrnos

ITocKoMbKY pagaHHBEIMU MePAMU PACCMOTPEHHBIX YTJIOB IIPUXOAUTCS IT0JIH30-
BaThCA JOCTATOUHO YaCTO, 3aIIUIIIEM ITOJTyUeHHBIE PEe3YIbTATHI B BUIEe CIIPABOYHOI
TaOJINIIBI:

Tabauima 6

Yron . . . . . . X ]
BTpagycax 0 30 45 60 90 180° | 270° | 360
Yron 0 z z z z . 3n on

3ameuanue. Hale Bcero mpu 3anucu pagnanHO MephI YIJIOB HAUMEHOBA-
HUe eJUHUIBI U3MEPEeHUA «paguan» (UIu COKpaIeHHo pad) He numyt. Hanpu-

Mep, BMECTO paBeHCTBa 90° =g pazuas oumryT 90° =2 .

3agaua 2 BripasuTe B rpagycax BeJIUYNHBI YTJIOB: % ; % ; — 3 O.

1 .
> Hocrconb}cy 1o 2TO 7, YACTB YIIIa T, TO U3 PABEHCTBA T = 180" mosryuaem, uTO

3n

T ° 2n
To =18°. AHAJIOrMYHO MOJXHO BBIUNCJINUTD I BEJINYNHEI YIJIOB 3 uo .

o}

18
B ob11iem caryuae yuuTbiBaeM, uto 1 paguan = , TOTZa:

2n_2n 180" 1907 2R 38180550 55180 900 9g6e.
3 3 T 4 4 T n

Bonpocb! A KOHTPONS

1. O6bsacHUTe, KaK MOKHO OIIPeAeJUTDh YTOJI ¢ TIOMOIIBI0 ToBopoTa Jyda. Kak
IIPU TAKOM OTIPEIeJIEHNY U3MEPAIOTCS YIJIbI?

2. Kak BbI TOHMMaeTe TaKue yTBepikaenns: « Beanuuna yria pasaa 450 >, «Be-
JuumnHa yria pasHa (—225%)» ? I300pasure 5TU yIJIbL.

3. Kak MoxxHO ompeesuTs yroas 1°?

4. NaiiTe ompenenenue yriaB 1 paguas.

5. Uemy paBHa rpaJycHasa Mepa yrJja B T paguas ?

6. O0BbACHUTe Ha IPUMeEPaX, KaK 10 PaINaHHON Mepe yIJjia HalTH ero I'PpayCHYIo
Mepy 1 Hao0OPOT — II0 IPaAyCHOI Mepe yIJjia HaliTh eTo pafuaHHyI0 Mepy.

4



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

YnpaxHeHus
1°. 3o6pasuTe yroJ, o6pasdoBaHHbIi moBopoToM ryua OA okoso Touku O Ha:
1) 2707 2) -270°% 3) 7207 4) -90°;
5) 225°; 6) —45%; 7) 540°; 8) —1807;
9) 360°; 10) -60°.

2°, Yemy paBHBI yIJIBI IOBOPOTA, MOKA3aHHbIE HA PUCYHKe 327
3. BrIpasure B pafuaHHOM Mepe BeIUYUHBI YT JIOB:

17 225% 2°%) 36°; 3) 100°; 4) —2407;
5) —22,5%; 6) —150°.
4. Brrpasure B rpaJyCHO Mepe BEJIMUNHEI YTIJIOB:
1)3m; 2) 2, 3) -2 INCE
5 6
T 11w T
) ~1g; 6) =5 (0 Rt 8) 3.
5. C moMoIbi0 KaJbKyIATOpa (UIu TaOINIl) HAAUTE PaJUaHHbIe MePHI YTJI0B:
1) 27 2)132% 3) 43 4) 114",
6. CmoMo1bio KaJbKyJIATOpA (MIu TabInIT) HalifUTe IPagyCHbBIE MEPHI YIJIOB:
1) 0,5585; 2) 0,8098; 3) 3,1416; 4) 4,4454.
2 Y yi y
NiZEN VAN ZAN
1) 2) 3) 4)

Puc. 32
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TPUTOHOMETPUYECKUE OYHKLNN
YA N HACNOBOIro APFYMEHTA

1. OnpegeHe TPUrOHOMETPUHECKIX (DYHKLI

Tabauma 7

Yepes eIUHUYHYIO Yepes IPOU3BOJIHLHYIO Yepes IpAMOYTOJIbHBIN
OKPYsKHOCTD OKPYsKHOCTD TPEYTOJTbHUK
(R=1) (R— pamuyc OKPYKHOCT) (15T OCTPBIX YTJIOB)
| | B
______ P, (x5 y) -~ P, (x5 y)
| R/
o i 1 o i - y a
X X
0 F, 0 E,
o
A b C
-
sina=% sina =%
OpAuHATA TOUKU Pu R
-
cosa == cosoL=—
abcijucca TOUKH P, R
t _y_ sina _y _a
ga x cosa tga x tga b
ctgo =% =8¢ ctga== _b
g ol 4 sina g y ctga "

2. TpuroHomeTpu4eckme QyHKLNN HACIOBOIO apryMeHTa

sin (umcia o ) = sin (yria B o paguas )
cos (uucya o) = cos (yria B O paguaH )
tg (uucna o) = tg (yraa B o paguaH )

ctg (uucaa o) = ctg (yraa B oL paguan )
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

IIpomonx. Tabum. 7

3. JINHWN TaHTEeHCOB 1 KOTaHreCcoB

y ) vl
POL ’A(]w yA) C B(x ; 1)
1
P
P o
(04 10 - o N
0 * 0 x
AP — nunus rarrescos (AP, | Oy) CB — nunnsa xorarrescos (CB || Ox)
tga=y, — ctga=x,—
OPAMHATA COOTBETCTBYIOIIEH TOUKN abcImeca COOTBETCTBYIOIIEeH TOUKHT
JINHAY TAHTEHCOB JIMHAY KOTAHTEHCOB

O6bsACHeHUe N 0bocHOBaHMe

1. OmpenesneHue TpuroHoMeTpudeckux pyHrnuii. 13 Kypca reomeTpuu BaM us-
BECTHO OIIpe/IeJIeHNEe TPUTOHOMETPIUUECKUX (DYHKITNI OCTPOTO YIJIa B IPAMOYTOJIb-
HOM TpeyrosabHuKe. HamoMmHMM nx.

Cunycom ocTPOro yriia O B IPAMOYTOJIHFHOM TPEYTOJIbHUKE HA3hIBAETCA OTHO-

. a
IIeHre MIPOTUBOJIEKAIIeT0 KaTeTa K TMIOTeHy3e: sino=— (puc. 33).
c

EOCUHyCOJVl OCTPOTO yrJia O B IIPAMOYI'OJIBHOM TPEYTI'OJIbHUKE Ha3bIBaeTCHA OT-
b
HOIIIeHUe IIPUJIeKalllero KareTa K THIIoTeHy3e: Coso =—.
c

TarnzeHcoM OCTPOTO YIJIa O, B IPAMOYTOJLHOM TPEYT0JIbHNKE HA3BIBAETCA OT-
a
HOIIIeHVe IPOTUBOJIEKAIIEr0 KaTeTa K IPUJIeKAIeMy: tgo = e

Komamnezencom oCTPOTO yriia 0, B IPAMOYTOJIbHOM TPEYTOJbHUKE HA3bIBAETC
OTHOIIIEHUE IIPUJIEIKAIIeT0 KaTeTa K IIPOTUBOJIEXKAIIIEMY: ctg ol = L
a

B rypce reomerpuu 65110 000CHOBAHO, YTO CUHYC ¥ KOCUHYC OCTPOTO yTIJIa 3B~
CAT TOJIBKO OT BeJIMUMHEI yIJIa ¥ He 3aBUCAT OT AJINH CTOPOH TPEYTOJbHUKA U €TO
PaCIOJIOKEeHU s, TO €CTh CUHYC U KOCUHYC (a TaKUM 00pa3oM, U TAHTEHC, I KOTaH-
TeHC) ABJIAITCA QYHKIUAMY yIJja, KOTOPbIe HA3BIBAIOTCA MPUZOHOMempuye-
CKUMU QYHKUUAMU.

TaxoKe B Kypce TeOMEeTPUHU C UCIIOJIH30BAHNEM OKPYKHOCTY C IIEHTPOM B HaUaJIe
KOOpPAMHAT ObLI0 BBEIEHO OIIPeIeIeHE TPUTOHOMETPUUECKUX (DYHKITUI 11 YT~
aos ot 0° 10 180°. ITu ompeae/IeHrs MOYKHO IPUMEHNUTD AJIS HAaX 0K IeHIA TPUTO0-
HOMEeTPHUUECKUX PYHKIUH J1005IX yryioB. HamomHMM X (HO Tenmeps 6ymeM pac-
CMaTPUBATH JIO0bIE YIJIbI O OT —00 10 + O0).
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§ 3. TpuroHoMeTpuyeckmne yHKLUN Yria 1 YUCIOBOro apryMeHTa

B i yj
P, (x5 y) P, (x;y)
gl , o Yy Y : o
R/ i
¢ a ol o | PO
0 x Jp x 0 x 1 x
o
A b C
Puc. 33 Puc. 34 Puc. 35

BosbmeM oKpyKHOCTE paguyca R ¢ iieHTpoM B Hayase Koopauaat. 06o3Haunm
TOYKY OKPY>KHOCTH Ha ITOJIOXKUTETbHOM oryocu aberuce uepes P (puc. 34). Heob-
XOAMMBbIe HaM yIJIbI OyeM 00pa3oBhIBAaThL MOBOPOTOM paanyca OP oxoio Touku O.
ITycTs B pesysibTaTe MOBOPOTA Ha yroJi 0. 0KoJio Touku O paguyc OP  3aiimet moJo-
skerne OP_ (TOBOPAT, YTO IPM ITOBOPOTE Ha yroJ o paguyc OP  mepexonuT B pa-
mayc OP , a rouka P, mepexonut B Touky P ). Hamomunm, uto mpu o> 0 paguyc OP
TIOBOPAYMBAETCA IPOTUB YaCOBOM CTPEJIKY, a TP ¢ < ) — 110 YaCcOBOI CTPEJIKE.

IIycTs Touka P umeeT koopauHaTsl (x; y). Torma:

CUHYCOM Y2Jia O. HAa3bIBAETCA OTHOIIIeHNe OPANHATEI TOUKU Pa(x; Y) OKPYIKHO-

CTH K ee pafuycy: sino, = % ;

KOCUHYCOM Y2/1a 0. HA3bIBAETCA OTHOIIIEeHUE abCIucChl TOUKU P (x; y) OKpyx-

HOCTH K e€ PaJHIyCy: COSO.= % ;

MaH2zeHCcoM Y21a O, HA3BIBACTCA OTHOIICHNE OPAUHATHI TOUKH P (X} J) OKPY-

HOCTH K ee abciucce: tga =% (koHeuHO, Ipu X # 0);

KOMaH2eHCOM Y2/a 0. Ha3bIBAETCH OTHOIIEHUE a0CIUCChI TOUKH P_(X; J) OKDYsK-

HOCTH K ee opAnHaTe: ctgo==< (mpu y#0).
y

Kak u g5 TpuronoMeTpuiyecKux (GyHKITUH OCTPHIX YIJVIOB, 3HAUEHUA Sin o, Cos O,
tg o, ctg o 3aBUCAT TOJBKO OT BeJINUYUHEI YIJIa O, M HE 3aBUCAT OT paguyca R”.
Y 1106HO B3ATH R = 1, UTO ITO3BOJIUT HECKOJIBKO YIIPOCTUTD IIPUBE/IEHHBIE OIIPe/IeJie-
HUA TPUTOHOMETPUUYeCKUX PYHKITII.

OKpy:KHOCTH paguyca 1 ¢ eHTPOM B Hauajie KOOPAUHAT OyIeM Ha3bIBaTh e0u-
HUYHOU OKPYHCHOCMDBIO.

IIycTs mpm moBopoTe Ha yroa o. Touka P (1; 0) mepexoaurt B Toury P_(x; y) (TO
€CTh IIPY TOBOPOTE Ha yroJ o paguyc OP mepexonaurt B paguyc OP ) (puc. 35).

* 9TO cieyeT u3 TOro, YTO JBE KOHIEHTPUUECKUE OKPY/KHOCTUA FOMOTETUUYHEI (IEHTDP rOMOTe-
Tur — Touka O, a KoapPuUIueHT zomomemuu k — OTHOILIEHHE PALUYCOB 3TUX OKPYIKHOCTEIl),
TOTZIa U TOUKHU P Ha 9TUX OKPY’KHOCTAX TaKske OyAyT romoreTudHbl. Takum o6pa3om, npu mepexo-
Jle OT OJHO¥ OKPYKHOCTHU K JPYTO B OIIPeNeeHUAX TPUTOHOMETPUUECKUX (DYHKIIMU YNCIUTENH
¥ 3HAMEeHAaTeJb COOTBETCTBYIOIIEH ApoOU yMHOKAIOTCA Ha B, a 3HaUeHUe APOOU He M3MEeHdeTCd.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Cunycom yzna 0L Ha3bIBAaETCA OPAUHATA TOYKH P (X; y) eAMHUYHON OKPYKHOCTH:
sina=y.

Kocunycom yzna o naspisaerca abenuccea Touxu P (x; y) e TMHUYHOM OKPYKHOCTH:
cos OL=X.

Tanzencom yzna 0. Ha3bIBaeTCA OTHONIEHUE OPAMHATHI TOUKHU P (x; y) exunany-

sino

HOHU OKPYKHOCTH K ee aﬁcuncce TO €CTh OTHOILIIEHUEe —— cosa

Taxkwum o6pasom,

SImmo
tgo=
g COS

Komanzencom yz2/,ia 0. HA3bIBAETCA OTHOILIIEHNE aﬁcuuccm TOYKH Pa (x; y) ean-

COSOl
sino

HUYHOM OKPYKHOCTH K €e opanHaTe, TO eCThb OTHOIIIeHUue

Taxwum o6pasom,

ctgo =% (raesin o= 0) /.
sino

IIpumep Ilosb3ysch 3TUMU OLPEAEJIeHNAMY, HAlileM CUHYC, KOCUHYC, TaH-

2n
TeHC i KOTAHTEHC yIia —~ PajiaH.
P PaccMoTpuM eJUHIYHYIO OKPYKHOCTE (puc. 36). [Ipu mosopoTe Ha yro.n pa-
mayc OP, nepexonut B paguyc OP,, (a Touka P mepexonut B TOUKy P, ). Koop/:m-
k) k)

HATHI TOUKU P,, MOXKHO HaliTH, UCIIOJIb3Y s CBOMCTBA MPAMOYTOJIBHOTO TPEYTOJIh-
3

3

HUKa OAPZn (c yrmamu 60° u 30° u runmorenysoii 1): x=—0A=— AP2 -
Torga: sin== —y—\/g; 00323 =x=—%; th_; :::’;— \/g ctg —%. <

AHaJIoquo HAXOJsTCSA 3HAUEHUS CUHYCa, KOCUHYCAa, TAHTeHCa ¥ KOTaHTeHCa
YTIJIOB, YKa3aHHBIX B BEDXHEI CTPOKe TabIMIbL 8.
YrarkeM, 4TO TAKUM 00pa30M MOIKHO
y HaUTU TPUTOHOMeTpUUYeCcKUue QyHKIIUU
Py, TOJILKO HEKOTOPHIX yIJIoB. Tpuronomerpu-
yecKre (PYyHKIMU TPOU3BOJIBHOTO YTIJIa
OOBIUHO HAXO/SAT C TIOMOIIIBI0 KATbKYJIs-
TOpAa WU TAOJIUII.

W
ro[ss)

|—lo"c

<Y

2, Tpuronomerpuueckne GyHKIIUN YuC-
JIOBOTO apryMeHTa. BezieHHEBIE OIIpesieie-
HUA II03BOJIAIOT PACCMATPUBATE HE TOJIb-
KO TpUroHoMeTrpuieckre (QOyHKIIUN yIJIOB,
Puc. 36 au TpuroHoMerprieckue GyHKIIUN YUC-
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§ 3. TpuroHoMeTpuyeckmne yHKLUN Yria 1 YUCIOBOro apryMeHTa

Tabauma 8

IPagyCHl 0 30° 45° 60° 90° | 180° | 270° | 360°
o n n n n 3n
pasaHbl 0 6 1 3 P T 2 2
sin o 0 1 V2 | A 1 0 -1 0
2 2 2
cos o, 1 3 V2 1 0 -1 0 1
2 2 2
tg o 0 % 1 J3 — 0 — 0
ctg o — J3 1 V3 0 — 0 —
3

JIOBBIX apT'yYMEHTOB, €CJIM PACCMATPUBATEH TPUTOHOMETPHUUECKYE (DYHKITNY YMCJIa O
KaK COOTBETCTBYIOIIIVIe TPUTOHOMEeTPHYecKye PYHKITUY yria B 0. pasuaH. To ecTs:

CUHYC HUCna 0L — 3MO CUHYC Y2a 6 0. paduan;
KOCUHYC Yucna o — 3mo KOCUHYC yara 6 0. paduan.
. T K . 1
Hanpuwmep: sin = s1n(g pa;maH)z sin30° =5 (cM. TakKe yHKT 2 Tabua. 7).
3. JIuHUYM TAaHTE€HCOB M KOTAHTEHCOB. [[J1d perreHna HeKOTOPBIX 3344 I0JIe3HO
NMETh IIPpeJICTaBJI€EHNE O INHUAX TAHI'€HCOB 1 KOTAHTI'€HCOB.
® IIposesem uepes TOUKy P, e IMHIYHON OKPYKHOCTH IPAMYI0 AP |, TTapaiies-
"y ocu Oy (puc. 37). OTa IpsaMas Ha3bIBAETCA LIUHUCU MAHZEHCO8.

IIycts 00 — mpou3BOABbHOE YKCIO (MK YToJi), AJsi Koroporo coso #0. Torpa
Touka P He nesxut Ha ocu Oy u npamaa OP Tepecekaer JMHHUIO TAHTEHCOB
B Touke A. [TockonbKy npamas OP ITpOXOAUT Yepes Hauajio KOOPAWHAT, TO €€
ypaBHeHue umeeT Buj y = kx. Ho sra npsAaMas Ipoxoaut 4epes TOUKy P ¢ Koop-
nuHaTaMu (COS 03 Sin ), 3HAUNT, KOODAUHATEI TOUKH P yI0BIETBOPAIOT yPaB-
HeHHIO IpAMOH y = kX, TO ecTh

sin o= k cos 0. Orcroma b =22% = tga. vl
cos o

CrenosarenbHo, npamaa OP uwmeer P A (15 5,
ypaBHenue y = (tg o)x. IIpamaa AP,

umMeeT ypaBHeHue X = 1. YToObI HaiTH P
OPAMHATY TOYKU A, TOCTATOYHO B yPaB- & 10 -

nHenue npamoii OP moxcraBuThb x = 1. 0
ITomryuaem y, = tg o.. Takmm obGpasom,

manzenc yzaa (wucna) 0. — Imo
opdurama coomeéemcmaeyiouieil
MOYKU HA TUHUL MAHZEHCOE. ) Puc. 37
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Yl AHaJIOI‘I/I'-IHO BBOAUTCA 1 IIOHATUE JLU-
C B (xy3 1) HUU KomaHnzeHncos: 1o nupamasa CB
1 (puc. 38), KoTopas IPOXOIUT Yepes3 TOU-
P, Ky C (0; 1) efMHUYHOM OKPYKHOCTH T1a-
pamnenbHo ocu Ox.

0 ~ Ecau o — mpousBoibHOE YKCI0 (MIn
yroa), nasi koroporo sino#0 (To ecThb
rTouka P_He sexuT Ha ocu Ox), TO mpsa-
mas OP  miepeceKaeT IMHUIO KOTaHTeHCOB
Puc. 38 B HEKOTOPO¥ Touke B (x,; 1).

AHaJIOrMYHO BBIIIIEN3JIOMKEHHOMY 000-

CHOBBIBAETCAA, UTO X, = ctg 0/, Takmm 06pasom,

-

Komamnzenc yzaa (1ucna) 0. — 3mo abcyucca coomeemcmeyrouleli moixKu
Ha TUHUU KOMAHZEHCO8.

Bonpocbl Ansg KOHTpons

ChopmynupyiiTe opeieIeHUA TPUTOHOMETPUUECKIX (DYHKIIMI OCTPOTO yTJia
B IIPAMOYT'OJIBHOM TPEYTrOJIbHUKE.

ChopmynupyiiTe ompeseaeHNuA TPUTOHOMETPUUECKUX (PYHKITUI TPOU3BOJIb-
HOTI'O yrJja:

a) ICIOJB3Y OKPYIKHOCTD paguyca R ¢ e HTPOM B HauaJie KOOPUHAT;

0) UCTIO/IB3Y A EIUHUYHYIO OKPYKHOCTb.

Yo uMeloT B BUAY, KOT[a TOBOPAT O CUHYCe, KOCUHYCe, TAHTeHCe I KOTaHTeHCce
umcia o.?

YnpaxHeHus

ITocTpotiTe Ha EAMHUYHON OKPYIKHOCTHU TOUKY P _, B KOTOPYIO IEPEXOUT TOUKA
P (1; 0) exvHEMYHOY OKPYKHOCTH IPU IOBOPOTE HA YyroJ o.. B kako# koopau-
HaTHOY YeTBePTU HAXOAUTCA ToUKa P_B 3aganuax 3—6?

1) = 3m; 2) o= —4r; 3) a=";

__38m, _Ar, =In
4) a=-2; 5) 0= 6) 0="".
Haiigure smauenue sin o, cos o, tg o, ctg o (ecau OHU CYIIIECTBYIOT) IPH:
1) 0.=3m; 2) o= —4m; 3) o=—7;

_5_7'5. * =_5_TE. " =ﬂ
4)0c—2, 5% o Py 6" o e

Tlonnaysach opeiesieHeM CUHYCA M KOCUHYCA, C TOMOIIbI0 6 [UHUYHOM OKPY K-
HOCTHY YKAKUTE 3HAKH Sin O, 1 COS O, eCJIu:

_ s, __x, _sm,
1)a—5, 2) o X 3) o 6’
__2m, =T
4) o= 3 5) o 0
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§ 4. CBOWCTBaA TPUrOHOMETPUYECKMX (DYHKLIMIA

4. Ilonb3yACh INHNEH TAHT'€HCOB, YKaKITe 3HAK tg O, ecim:

1) o= 2) a=-2% 3) a=17%;
4) a=-1 5) o=>r.

5%, Iloab3ysach IMHNEN KOTAHTEHCOB, YKAXKNTE 3HAK ctg O, ecim:
D a=-T 2) o= 3) a=-11%;
4 o=1 5) a=—2r,

m CBOWCTBA TPUrOHOMETPUYECKUX DYHKLNNA

Tab6auma 9

1. 3HaKW TPUFOHOMETPUHECKMX (DYHKLI

sin o cos o tg o, ctg a

A D b
T & @

2. 4eTHOCTb M HEYEeTHOCTb

Kocunyc — wemnas pyuruus CuHnyc, maHzeHC U KOMAH2EHC —
HewemHbvle PYHKUUU

sin (—a) = —sin o

’ cos (—o) = cos oc‘

tg (—a)=—tga
ctg (—o)=—ctga
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PA3LENT 1. TpuroHom

eTpuyeckmne PyHKLUK

IIpogonx. Tabm. 9

3. MNeproan4HOCTb

f(x+T)=f(x

®ynxuus f (x) HaspIBaeTcd nepuoduieckoi ¢ nepuogom T # 0, ecau g
JI00BIX X U3 00JacTu onpeneaeHusa pynkuun yncaa (x + T) u (x — T) takke
MPUHAAJIESKAT 00/1aCTH ONIPe/IeIeHNS U BHIMOJHAETCS PABEHCTBO

—T)=f(x).

y = {x} — npobGHas yacTh YnCIa X

g

Yepes npoMeKyTKY IAUHOU T'
(ua ocu Ox) Buj rpauKa mepuogm-
4yecKOU (DYHKIIUU ITIOBTOPAETCA

4 5 X

LAvss

Ecau T — nepuog pyakiuu, o+ T,
+ 2T, £ 3T, ..., £ kT — Takxe
nepuonsl aToi pyurnum (k€ N)

sin (x + 2w) =sin x
cos (x +2w) =cos x

PynKyuu sin x u cos x
umerom nepuod T = 27

T=2n —
0011 TePUOJ AJIA BCEX

tg(x+m)=tgx
ctg(x+m)=ctgx

DPynryuu tg x

umerom nepuod T =1

byHKITUI]:
sin x, cos x, tg x, ctg x

uctg x

O6bsACHeHUe N 0bocHOBaHMe

1. 3HaKHu TPUrOHOMETPUUECKNX (DYHKIUIH JIETKO OIIPEIe/INTD, NCXO/Is 13 OIIPee-

JeHUs 9TUX QYHKIUH.

® Hanpuwmep, sin 0. — 5T0 OPAUHATA COOTBETCTBYIONIEH TOUKH P enuHu4HOI OK-
pysxHOocTH. IloaTOMY 3HaueHHe Sin oL OyJeT IOJOKUTETLHEIM, €CIU TOUKa P
HMeeT I0JI0KUTENbHYI0 ODAWHATY, a 3T0 OyIeT ToTa, KorAa TouKa P HaxoauT-
ca B I miu ITuersepru (puc. 39). Ecau Touka P, maxoxurcsa B IIT uan IV wersep-

TH, TO €€ OPAUHATA OTPUIIATEIbHA, 1 II

03TOMY sin o/ ToKeE OoTpuIitaTeJIeH.

AHaIOTUYHO, YUUTHIBAS, UTO COS 0L — 9TO aOCITNCCA COOTBETCTBYIOIIEH TOUKY P,
nosygaem, 970 cos 0. > 0 8 Iu IV uerseprax (abcrucca ToUuKu P MO0 ATETbHA)
u cos 0. < 0 Bo Il u IIT werBepTax (abcuucca Toukn P oTpunarenbHa) (puc. 40).

Y sino YY cosa Y4 tga,ctga
I|I II| I II|I
+ | + - | + - | +
0 X 0 + X + 0 _ X
III| IV III | IV III| IV
Puc. 39 Puc. 40 Puc. 41
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§ 4. CBOWCTBaA TPUrOHOMETPUYECKMX (DYHKLIMIA

IockombKy tgo =2 u ctgo=23% 10tgo,>0wuctgo>0ram, rmesin o ucos o
Cos O o

UMeIOT OIMHAKOBbIE 3BHAKM, TO ecTh B I 1 [I] ueTBepTax, tg <0 u ctg oo <0 ram,
The sin o, ¥ cos 0L UMeIOT pasHble 3HAKMU, TO ecTh Bo Il 1 IV yeTBepTax (puc. 41).

YeTHOCTH M HEUETHOCTh TPUTOHOMETPHIECKUX (DYHKITWIL.

YTo06HBI MCCIe0BATE TPUTOHOMETPUUECKYE (DYHKITNY HAa YeTHOCTH 1 HEUETHOCTD,
3aMeTHUM, YTO HA eIUHUYHOU OKPYKHOCTHU TOUKU Pam Pﬂ1 PAaCIIOJIOKEeHbI CUM-
MeTPUYHO OTHOCUTENbHO ocu Ox (puc. 42). CirenoBaTeIbHO, 9TU TOUKYU UMEIOT
OOWHAKOBBIE a0CIIVICCHI X IPOTUBOIIOIOMKHEBIE OPITUHATEI.

Torma cos(-0)=x, =x, =coso, sin(-o)=y, =-y, =-sino.

o

Taxum ob6pazom, cos x — yeTHaAA PyHKIIN, a Sin x — HeueTHAd.

Torzma tg(—o) _sin(-a) _-sino —tgoy ctg(-a)=

_ cos(-a) _ cosa
cos(-a)  cosa

—_— — =—ctgo.
sin(-o) -sina
ITosTomy tg x u ctg x — HeueTHBIE DYyHKIIUHU. ()

YeTHOCTH U HEUETHOCTb TPUTOHOMETPUYECKUX DYHKIIUY MOYKHO IPDUMEHATDH

I BBIUNCJIEHUA 3HAUEeHNI TPUTOHOMeTPUUYeCKUX QYHKIUI OTpULlaTeIbHBIX
yTJI0B (duceJr).
Hanpumep, P sin(—f) =—sin®=-1, cos (—f) =cos™ =ﬁ. <
6 6 2 4 4 2

3. IlepuoguuHOCTh TPUTOHOMETPHUECKUX (hyHKIUIE. MHOXKECTBO IPOIECCOB 1
SABJIEHUM, KOTOPHIEe IPOUCXOAAT B IPUPOJe U TEXHUKE, UMeIOT IIOBTOPAIOINUICS
xapakTep (Hanpumep, JBrKeHne 3eMiiu BOKPYT CoHIIa, TBUKEeHNE MaX0BUKA).
Il onmcaHuA IPOILECCOB TAKOTO POJA UCIOJL3YIOT TAK Ha3bIBaeMble II€PUOIU-
YyecKue (PyHKIUU.

®dynaknuda y = f (x) HazpIBaeTca nepuoduieckol ¢ mepuomom T # 0, ecoau nis
JT1000T0 X M3 00acTu onpeneaenusa pyHkmuu uncaa (x + T) u (x — T) Takke
MPUHAIJIEKAT 00IACTH ONIPeaeSIeHU S U BHITIOJTHIETCA PABEHCTBO
[x+T)=f(x—T)=f(x).

@ VuurweBag, uTO HA eAMHUYHOI OKPYKHOCTH uncaaM (yriaam) o 1 o, + 21k, The

k € Z, cooTBeTCTBYeT OZIHA U Ta Ke TouKa (puc. 43), moaydaem
sin (o + 2nk) == sin a, cos (o0 + 21k) = cos O..

Torma 2nk (k #0) aBasercs mepuogoM QYHKITUH Sin X 1 cos X.

Yl

Pa+2nk

a+27n R

Puc. 42 Puc. 43
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

IIpu k = 1 monyuaem, uto T = 21 — 9T0 mepuod GYHKIIUH Sin X u cos X.
HoxaxeM, YTO 3TU PYHKIIUU HE MOTYT NUMETh MEHBIITUH OO UTEIbHBIH ITe-
puox. UTobwI J0Ka3aTh, uTo T = 27T — HAUMEHBIITNH TOJ0KUTETbHBIHN ITIePUOT
KOocHmHYyca, TonycTum, uto T > 0 — mepuon pyHKITUU cos x. Tormga ais 1106010
3HAUYEHU X BRITOJHAETCA paBeHCTBO cos (x + T') = cos x. Baas x = 0, moxyuaem
cos T=1. Ho»aTo 03HauaeT, 4To Ha eIUHUYHON OKPYKHOCTHU ITPU ITIOBOPOTE HA
yroxn T Touka P cHOBa monagaet B Touky P, To ects T = 21k, rne k € Z. Takum
o6pasomM, J10001i Tepuo KOCUHYCca JOJIKeH ObITh KPaTHBIM 21, a 3HAYUUT,
27 — HAMMeHbIINIi 00K UTeIbHbII Iepuox Kocuryca. ()

Y1068 000CHOBATDH, UTO T = 2T — HAWUMEHBIITUH TOJOKUTEJTbHBINA TePUOT
byHKIUY sin x, ocTaTOYHO B paBeHCTBE Sin (x + 1) = sin X, KOTOPOE BBHITIOJIHA-

o T . T
eTCs AJIs JI00bIX 3HAUEHHUI X, B3ATL X = P ITonryuaem s1n(T +§) =1. Ho sto
O3HAauaerT, YTO IIpu HoBopoTe Ha yroa T + % Touka P momagaer 8 Toury A (0; 1)

(puc. 43), To ectb T +% = % + 21k, Taxum obpasom, T = 2nk. CiemoBaTenbHO,

J110001 TTepHO CUHYCA JOJIMKeH ObITh KPATHBIM 2T, 4 3HAUUT ,
27 — HaMMEeHBIIUI TTOJI0KUTEILHBIN ITePUOo cCuHyca.

Ecnu yuecTs, 4TO HA e IMHUYHON OKDPYIKHOCTH TOUKU P 1 P | ABIAIOTCA Nua-
MeTPaJIbLHO IPOTUBOIIOJIOMKHBIMU, TO STUM TOUKAM COOTBETCTBYET OTHA U Ta JKe
TOUKA Ha JUHUU TAHTEeHCOB (puc. 44) i Ha JWHUYU KOTAaHTeHCOB (puc. 45).
Tormatg (o +m)=tg o, ctg (0. +m)=ctg o, Takxe tg (0 + k) =1tg o, ctg (o +nk) =
= ctg o. To ecTs mepuogom QyHKIHN tg X U ctg x ABasaerca nk (k#0, ke Z).
HauMeHBIIUM MOJI0KUTEIHLHBIM IIEPUOAOM IJA byHKIUI tg x u ctg x apusa-
ercaT =mx.

Yro6bI JOKA3aTh 3TO, JOCTATOUHO B paBeHcTBe tg (x + T) = tg x B3aTh x = 0.
Torga monyuum tg T = 0. Takum obpasom, T = 1k, rae k € Z. Utak, 110001
TIePUOJ TAHTEHCA JOJIJKEeH OBITh KPATHBIM T, 8 3HAUUT, T — HAUMEHbIIINH IT0JI0-
SKUTEJbHBIN IEePUOJ TaHTeHca. AHAJIOTUYHO B COOTBETCTBYIOIIIEM PABEHCTBE

T
nJia ctg x TocTaToOYHO B3ATH X = O )

YT00BI UMETH IPEICTABICHUE O IOBEIEHUU 2PAPUKA NepUoduLecKoll QYHKUUL
y =1 (x), HAIOMHUM, YTO II0 OIIpeieieHnIo rpaduk GyHKIIuM Yy = f (X) cCOCTOUT

Yl
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§ 4. CBOWCTBaA TPUrOHOMETPUYECKMX (DYHKLIMIA

Ly
@) M ANM
Y —T | - 0 x T =xiT 2T 3T T x
Puc. 46

u3 Bcex ToueK M KOOpAMHATHOHU IJIOCKOCTH, KOTOPbIe NMEIOT KOOPAMHATHI
(x; y) = (x; f (x)). IlepBadg xoopauHATA 114 TOUEK rpadMKa BHIOMPAETCS TPOM3-
BOJILHO U3 00J1aCTH otipefesieHns GyHKI[nu. Boibepem Kak epByI0 KOOPAUHATY
sHaueHue x + T (uiu B 0000IIIeHHOM Buie — 3HaueHue X + k7T Ipu 1meioM 3Haue-
HUU k) 1 yuteM, uTo 1Jid nepuogudeckoil pyHrnmu f (x + T)=f (x —T)=f (x)
(B obmiem cayuae f (x + BT) = f (x)). Torga rpadpury pyaxnunm y = f (x) Oyzer
IPUHA/JIEXATh TaKXKe TouKa M | KOODAMHATHOM IIJIOCKOCTH C KOOPAMHATAMU:
x+T5y)=x+T;f(x+T)=(x+T; 71 (x)).

Toury M, (x+ T} f (x)) MOsKHO TOTyunTh 13 TOUKH M (x; [ (X)) mapaaerbHbIM
meperocoM BHoab ocu Ox Ha T exunur (puc. 46). B ob1iem cayuae TOUKY
M, (x+ET; f (x)) mosxHO mosryunThb u3 Touku M (x; f (x)) mapasrebHeIM Iepe-
HOCOM BIoJIb ocu Ox Ha kT enunuil. Takum o6pasom, uepes IpoMeKyToK T BU
rpaduKa IepuoauiecKoit QyHKIIUYU OyAeT MOBTOPATHCS. [109TOMY AJIs MOCTPO-
eHusd rpa(puKa nepuognIecKoi pyHxiuu ¢ mepuogom T 1ocTaTOYHO MOCTPO-
UTH rpauK Ha JI000M MpoMeKyTKe nauHoi T (HampuMep, Ha MTPOMEKYTKe
[0; T1), a moTOM MOJIy4eHHYIO IWHUIO ITapaJlIeIbHO IIePEeHeCTH BIIPaBO 1 BJIe-
BO BA0Jb ocu Ox Ha paccroanue kT, rae k — a1060e HaTypaJIbHOE YUCIO.

Mpumepbl pelueHvs 3agay

3amaua 1 ITonb3ysich mePUOAUYHOCTHIO, YeTHOCTHIO U HEUETHOCTHIO TPUTO-
HOMETPpUYECKUX (QDYHKIIMI, HAUAUTE:
.21 16 o
1) s1n7n; 2) cos (—405°); 3) tg?n; 4) ctg (—570°).
Pemenue KommenTapuit
.21 .
1 » s1n?7t = s1n(10n + g) = 1) YuursiBad, uTo 3HaUeHUE DYHKIIUN
sin x moBTOpPSETCA Uepes mepuos 21w,
= sin(5 - 2m+ g) = sing =1. < BBIZEJIUM B 3aJJaHHOM apryMeHTe

YNCJIO, KPaTHOEe Iepruony (To ecThb
107), a T0TOM BOCIIOJIB3yEMCSA PABEH-
cTBOM sin (o + 2nk) = sin o (k € Z).

2) P cos(—405°)=cos405° = 2) CHauasa yIUTHIBAEM Y€THOCTE KOCH-
J2 Hyca: cos (—0.) = cos 0, a [IOTOM €eT0 Iie-
=c0s(360°+45°) = cos45° = - < PHOLUYIHOCTE C TeprofoM 21 = 360"

cos (o + 360°) = cos a.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

16m _

3) p th—tg(5n+§):tg§:\/§. 4

4) P ctg (-5707) = —ctg 570" =
= —ctg (540" +30°) =
—ctg (180" 3+307) =

= —ctg 30°=—/3. <

3amauya 2°

3) DPYHKIMA TAHTEHC IEPUOIUIECKA C
TIePUOJIOM TT, TIOTOMY BBIZIEJISIEM B 3a-
MaHHOM apryMeHTe YHCJIO, KPAaTHOe
niepuoxy (To ecTb H7t), a IOTOM UCTIOJIb-
3yeM paBeHCTBO tg (o + k) = tg o.

4) Cmayaja yYuUTbIBaeM HEUYETHOCTbH
KoTaHTreHca: ctg (—o) =—ctg o, a mo-
TOM €TI0 IIEPUOAUYHOCTS C II€PUOJOM
n=180"

ctg (oo +180°- k) =ctg .

Hoxarxkure yrBep:xAeHne: ecau pyHrnuda y = f (x) nepmoguye-

ckas ¢ nepuogom T', ro pysknus y = Af (kx + b) rakixe nepumogu-

T
YyecKas ¢ MePHOIOM m (A, kB, b — HeroTOpHIe uncyaa u k # 0).

JlokxaszaTeabCTBO

> Tyers ¢ (x) =Af (kx + by u T,=—

Eb
Torma ¢ (x + T,) = Af (k(x + T)) +b) =

:Af(k(er%jerj:Af(kxiTer):

=Af(kx+bxT)=Af(kx+b)=0(x),
a 9TO U 03HAYaeT, 4TO PyHKIIUA
¢ (x)=Af (kx + b) umeeT nepuos

T
T, =-.<
Ll

KommenTapuit

ITo onpepesneHuio QyHKRIUA @ (X) =
= Af (kx + b) Oy et nepruoIuIecK o C me-

T
puogom T = 7|’ eCcJIH AJIsI JF000ro 3Ha-

YEHUS X U3 oénac'm OIIpesesIeHNs () 3HA-
YeHUS 9TON QYHKIUU B TOUKAX X U
x + T, paBHEI, TOeCTb @ (x + T,) = ¢ (x).
B x071e 000CHOBaHUSA YUUTHIBAETCS, UTO
T
R
||

k <0 paBHO k.ik

upu k > 0 paBHO k~%:T, a upu

—T. Tak:Ke yuTeHO,

uTo QyHKIUA f (X) 110 YCIOBUIO IEPUO-
audeckad ¢ mepuoaom T, 1 mosTomy
f(x, £T)=f(x,), rme x, = kx +b.

Wcnonb3yem yTBep:KIeHNEe, TOKAa3aHHOE B 3aaue 2, IJIs HAXO0MKIeH U IIePUO-

1) P ecnu pyukus sin x umeer nepuon T = 27, To PyHKIINA Sin 4X ©MeeT IIePUOJ

r

2) P ecau pyurnusa tg x umeer nepuon T = 1, To pyHKIUS tg i VIMEEeT IIEPUOT,

OB (DYHKITUH.
Hanpuwmep,
2n
T =—=
oy
T =2 _
1
4
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§ 4. CBOWCTBaA TPUrOHOMETPUYECKMX (DYHKLIMIA

1.

2.

3.

1.

2"

3.

4.

Yl

Bonpocbl Ang KOHTpons

a) HasoBuTe 3HAKU TPUTOHOMETPUUECKUX (DYHKIIUI B KAXKI0HU 13 KOOPAMHAT-
HBIX YeTBEPTEM.

6°) OGocHyiTe 3HAKY TPUTOHOMETPUUECKUX (DYHKIIN B KAXKI0M 13 KOOPAUHAT-
HBIX YeTBEPTEM.

a) Kaxwue us TpuronomMeTpuyecKux QyHKIINN ABJSIOTCA YeTHLIMU, a KaKue
HeueTHbIMU? [IpuBeanTE IPUMEPHI UCIIOJIB30BAHNA UETHOCTHY X HEUETHOCTH
JIJIA BEIYNCJIEHUA 3HAUEHN Y TPUTOHOMETPUUECKUX (DYHKITU.

6") OGoCcHYTe UeTHOCTD UJIU HEUETHOCTH COOTBETCTBYIOIUX TPUTOHOMETPH-
YeCKUX (PDYHKITUIA.

a) Kakas ¢pyHKIIUA HasbiBaeTcsa nepuognyeckoii? [IpuBegure mpuMepsl.

6") OGocHyiiTe IEPUOAUIHOCTE TPUTOHOMETPUUECKUX PYHKITUHN. Y KAXKUTe HAU-
MEHBIITUH MOJIOMKUTEJIbHBIN IePUO/T 1A CUHYyCa, KOCUHYCa, TAHTeHCa 1 KO-
TaHTeHCa U 000CHYHTE, UTO B KAXKIOM CJIyUae 3TOT IePUOJ TeACTBUTEIHLHO
ABJIAETCS HAMMEHBIITNM II0JIOKUTEIbHBIM II€PUOLOM.

YnpaxHeHus

ITonb3ysich mEPMOIMYHOCTHIO, YeTHOCTHIO I HEUETHOCTBIO TPUTOHOMETPUYECKOM
GyHKIIUY, HAWiUTE:

1) cos 1% 2) sin (-750°);  3) tg( 19“) 4) ctg 945°;

5) sin 22%; 6) cos (-3630);  7) ctg-17);  8) tg 600"

Cpenu naHHBIX QYHKIINN HaliAUTe IEPUOAUYECKUE U YKAIKUTEe HAaUMEeHbIT
TIOJIOXKUTEJIbHBIN ITePUOJ AJIA KarKI0M N3 HUX :

1) f(x)=x% 2)f(x)=sin2x; 3)f(x)=
Haiigure nepuon Kasxaou n3 TaHHBIX (PDYHKITU:

4) f (x) =tg 3x; 5)f(x)=3.

Dy=cos2x; 2)y=tgbx; 3)y=sini; 4)y=ctg3x; 5)y=cosZ,
3 5

Ha xasxmom s pucyuakos 47—50 npuBeseHa uacTb rpaduKa HEKOTOPOI ITepro-
Iudeckon pyukituu ¢ mepuonoM 1. [Tpomomxure rpaduk Ha orpeske [-2T; 3T1].

Yi Yl

NERS

=]
SIS S

(==}

Y
~_
®

Puc. 47 Puc. 48 Puc. 49
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CBOWCTBA ®YHKLUA CUHYCA, KOCUHYCA, TAHIEHCA
N KOTAHIFEHCA N X TPADUKHN

5.1. CBOMCTBA OYHKUNN y = sin x UEETPADUK
Tao6nuima 10

MpaduK yHKUMM y = sin x (cuHycomaa)

Ly
1 y=sinx
_21/\ 0 /
/ ,3_;5 -n _IE ll T 3_IT‘ on %
2 2 2 2
e B

CBounCTBa PyHKUMM y = sin x

1. O6nacmov onpedenenus: x € R (x — n1000e nefiCTBUTEIBLHOE YUCIIO).

D (sinx)=R

2. Odnacmp snaenuir:y € [1;1]. | E (sinx)=[-1;1]

3. ®ynkyusanevemuas: sin (—x)=-sin x
(epaguk cummempuyern OMHOCUMENbHO HAYALA KOOPOUHAM).

4. Oynkryus nepuoduieckas c IePUOLOM : sin (x + 2m) = sin x.

x=0, y=0,
y=0 Ox x=1k, ke Z

5. Touku nepeceuenus c ocamu koopdurnam: Oy {

6. IIpomexncymKu 3HAKONOCMOAHCMEA:

sinx>0npuxe (2rnk;n +2nk), ke Z
sinx <Qupu x € (x + 2nk; 2n + 2nk), ke Z

7. Ilpomexcymru 603pacmanus u yoovl6aHUs:

dysKus sin x Bo3pacTaer Ha KAKIOM U3 IPOMEKYTKOB

[—g +2nk; g+ 27'5k} , k€ Z, uyObIBaeT Ha KA I0M i3 IPOMEKYTKOB

[%+2ﬂ:k;3?”+2ﬂ:k], ke Z.

8. |Haubonvuree 3Havenue pynkyuu paBeo 1 mpu x =g+ 2nk, ke Z.

Haumenvuee snavenue pynkyuu pasao —1 mpu x = —g+ 2nk, ke Z.
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§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

Ob6bsicHeHUe N 000oCcHOBaHMe

OnuckiBasA cBOMCTBA PYHKITNI, MBI OyeM Uallle BCeTo BhIIeIATD TAKMe UX Xa-
paxkTepuctuku: 1) ob6yacTs onpeneaeHnsd; 2) 001aCTh 3BHAUEHUH; 3) YUeTHOCTD UJIT
HEUETHOCTD; 4) IEPUOIUIHOCTD; 5) TOUKY IIEPECeUeHNs C OCIMU KOOpAUHAT; 6) mpo-
MEXYTKHU 3HAKOIIOCTOAHCTBA; 7) IPOMEKYTKM BO3PACTAHNA 1 yOBIBAHNA 3 8) HAu-
0oJIbIllee M HAMMEHbIIlee 3HAUeHU S (PYHKITUN.

3ameuaHnue. AGCIIHCCH TOUEK ITepeceueHnsa rpaduka GyHKIIUYT ¢ ocbio Ox
(TO eCcTB Te BHAUEHUA aPTYMEHTA, IIPU KOTOPHIX (DYHKIINA PABHA HYJII0) HA3BIBAIOT
HYAAMU QYHKUUU.

HanomuuM, 4TO 3HaUeHNEe CUHYCA — 9TO OPAUHATA COOTBETCTBYIOIEH TOUKHT
eIMHUYHOM OKPYKHOCTH (puc. 51). [IocKOIBKY OpAUHATY MOMKHO HAUTH AJIA JII0-
00#1 TOUKU eJUHUYHOU OKPYIKHOCTHU, TO 001acmb onpedeneHus QyHKIUU
Yy = sin x — Bce gefiCTBUTEIbHBIE YKCJIa. ITO MOYKHO 3anucarhb Tak: D (sin x) = R.

IIJIH TOUEK eI[HHHqHOﬁ OKPYHOCTH OPAMHATEI IPDMHUMAIOT BCE SHAYEHUI OT
—1 no 1, TakuMm o6pasoMm, Ajd QyHKRIUU J = sin x o0racmv 3Havenuii: y € [-1; 1].
IATO MOXKHO 3aIMCATh TaK:

E (sin x) =[-1;1].

Kax Bugum, Haubonrvuiee 3HaveHUe PYHKIIUY Sin X paBHO efUHHUIE. ITO 3HA-

YeHUE JOCTUTAETCA TOJBKO TOTIa, KOT/Ia COOTBETCTBYIOIIEN TOUKON e TUHUYHON

T
OKPYKHOCTHU ABJIAETCA TOUKA A, TO €CTh IPU X = 5 +2nk, ke Z.

Haumenvuiee 3Hauenue PyHKIIUY Sin X paBHO MUHYC eIUHUIIE. ITO 3HAUEHUE
MTOCTUTAETCSA TOJHKO TOT/IA, KOTIa COOTBETCTBYIOINIEl TOUKOM eTUHUYHOM OKPY K-

HOCTH ABJIAETCA TOUKA B, TO eCTh IPA X = —%+2nk, ke Z.

Kax 6n1y10 mokasano B § 4, curyc — HeuemHuasa pyrHkyus: sin (—x) = —sin x,
09TOMY ee rpadMK CUMMETPUYEH OTHOCUTEIbHO Hauajia KOOPAUHAT.

B § 4 651510 060CHOBAHO TaKKe, UTO CUHYC — nepuoduieckaa GyHKIINA ¢ Han-
MEHBIITUM ITOJOKUTEIbHBIM mepuogom T = 27: sin (x + 27) = sin x, Takum obpa-
30M, Uepes IIPOMeKyTKY AAUHOM 21 Buj rpaduka PyHKIMy sin x moBTopserca. I1o-
STOMY IIPU ITOCTPOEHN Y rparKa 3Tol PYHKITUU JOCTATOYHO IIOCTPOUTH I'padUK HA
JII000M ITPOMEIKYTKE IIUHOM 2T, a TTOTOM IOJIY-

YEHHYIO JIMHUIO ITaPaJLJIeIbHO II€PEHECTH BIIPABO Z‘ A

U BJIeBO BIOJIb ocu Ox Ha paccroanue kT = 27k, ,

rae k — J1000e HaTypaabHOE YHCJIO. SIn X Py
YToOBI HAUTHU MOUKU Nepecewenus 2papura D C

QyHKYUU c 0ocamU KOOPOUHAM, HATIOMHUM, UYTO 0 1 ¢

Ha ocu Oy 3Hauenue x = (. Torga cooTBeTCTBY-

foriee 3Hauenue y = sin 0 = 0, To ecTh rpaduK

byHKIINY y = sin X TPOXOIUT Yepe3 HaUaJI0 KO- -1|B

OpIUHAT. Puc. 51

* IIpoMesKyTKM BO3pacTaHUsA U yObIBaHUS (DYHKIUU MHOTZAA ell[e Ha3blBAIOT IPOMEXYTKa-
MU MOHOTOHHOCTH (QYHKIIHH.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Ha ocu Ox 3uauenue y = 0. ITosTomy He0OXOqMMO HANTH TaKVe BHAUEHUS X, IPU
KOTOPBIX Sin X, TO eCTh OPAUHATA COOTBETCTBYIOIIEN TOUKY IUHUYHON OKPYKHOCTHU,
paBHa HYJI0. ITO OyIeT TOT[a ¥ TOJIBKO TOT/J|a, KOTJa Ha eIMHUYHONI OKPYKHOCTH
O0ynyT BeiOpaubl TouKu C unu D, To ecTh Ipu X =Tk, k € Z (cM. puc. 51).

ITpomencymru snaxonocmoarncmea. Kax 61510 o6ocHOBaHO B § 4, 3HaYeHUA
(GYHKIUU CUHYC IOJOMKUTEIbHEI (TO €CTh OPAMHATA COOTBETCTBYIOIEH TOUKHU
eIUHUYHON OKPYKHOCTHU moJoskuTesbHa) B I u II uerBepTax (puc. 52). Takum
obpasom, sin x > 0 mpu x € (0; ), a TaK!Ke, YIUTHIBAS IIEPUOJ, IPU BCEX
xe€ (2nk;n+2nk), ke Z.

3HaueHUA PYHKIINYU CUHYC OTPUIIATEIbHEI (TO €CTh OPJUHATA COOTBETCTBYIO-
el TOUKY eTUHUYHOMN OKPYsKHOCTH oTputiaTteabHa) B [II u IV ueTBepTax, moaTo-
My sinx <O0mnpux € (n+ 2nk; 2n+ 2nk), ke Z.

ITpomencymru 6o3pacmanus u YyooL6aAHUA.
® Vuurssas MePUOAUYHOCTh PYHKIMY sin x ¢ mepuogom T = 2T, JOCTATOUHO

HCCJIEeIOBATh €e Ha BO3pacTaHNe U yObIBaHNE Ha JJI000M IIPOMEKYTKE AJINHOMN

21, HaIpUMep Ha IPOMEeKYTKe [—%; %}

T, T

Ecnnu xe [_E’ E} (pumc. 53, a), To IpM yBeIMUeHNY apryMeHTa X (x,> Xx,) opau-
HaTa COOTBETCTBYIOIIEH TOUKM eIMHUYHOI OKPYKHOCTHY YBEJINUYNBaETCA (TO €CTh
sin x,> sin xl), cJIeJoBaTeJIbHO, HA DTOM IIPOMEKYTKe PYHKIUA Sin x Bo3pac-

TaeT. YYUTHIBAA MIEPUOAUYHOCTD DYHKITNY Sin X, fejiaeM BbIBOT, YTO OHA TaK-
T T
JKe Bo3pacTaeT Ha KasKIOM U3 IPOMEKYTKOB [_E +2mnk; 3 + an}, ke Z.

n, 3n
22
HaTa COOTBETCTBYIOIIEl TOUKY eIUHUYHO OKPY/KHOCTU YMeHbIaeTcs (TO eCThb
sin x,<sin x,), TakuM 06pa3oM, Ha 9TOM IPOMEXKYTKe PYHKIUA Sin X yObIBaeT.
YuuTbIBas IepuOAUYHOCTE (DYHKITUY Sin X, TeJaeM BbIBOI, UTO OHA TaKiKe YObI-

Ecanu xe [ } (puc. 53, 0), To Ipu yBeTWMUeHUHU apryMeHTa x (x,> x,) opau-

n . 3n @)
BaeT Ha KA JOM U3 IPOMEKYTKOB [E +2nk; > + 27‘]9} keZ.

IIpoBemeHHOE HCCIEIOBAHLE TTO3BOJIAET O00OCHOBAHHO ITIOCTPOUTE IrpaduK PyH-
KUY J = sin X. YUYUTHIBAA IePUOAUIHOCTD 3TOM PYyHKIUYU (¢ meprogom 21), KO-

Y . y
sin x,
II| I
P + + P sin x,
_|°_ /B ¢
IIT| IV
a
Puc. 52




§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

P, Y
1.5 P 1
P, <
4 PE
4
PE
8
P T T T 3 n T 3 T
0 02 2182 23  3r x
_1--
Puc. 54

CTATOYHO CHaUaJIa IOCTPOUTH I'pad)uK Ha JTIOO0M TPOMEIKYTKe INHOM 21T, HAaITPU-
Mep Ha mpoMe:kyTKe [—T; 7t]. 11 60J1ee TOUHOTO ITOCTPOEHU S TOUeK IpaduKa Boc-
T0JIb3yeMCA TeM, UTO BHAUEHUE CUHYCa — JTO OPANHATA COOTBETCTBYIOIEH TOUKHU
eIVUHUYHON OKPYKHOCTH. Ha prucyHKe 54 moKasaHo TocTpoeHMe rpadpura PyHK-
nuu y = sin x Ha npomekyTKe [0; T]. YUnThIBasg HeUeTHOCTL PYHKIIMU sin x (ee
rpaduK CHMMETPUUYEH OTHOCUTEIbHO Hauajaa KOOPAMHAT), IJIA IIOCTPOeHU I'pa-
duka Ha mpome:kyTKe [-T; 0] oToOpaskaeM MOJTyUYeHHYIO KPUBYIO CUMMETPUYHO
OTHOCHUTEJHLHO Havayia KoopauHAaT (puc. 55).

ITockonbKy MBI TOCTPOMIIY I'PAhUK HA yl
IPOMEKYyTKe AJUHOM 2T, TO, YUUTHIBAS 1
IEePUOAMYHOCTD CUHYca (C mepromom 21), _z
MIOBTOPSAEM BIJ TpaduKa Ha KaXK0M IPO- o ? . .
MEeXKYTKe IJIUHOH 27 (TO eCTh IIePEeHOCUM - T\ oz Tox
napaJjiesbHo rpaduk Brosb ocu Ox HaA - -1

21k, Tae k — 1ieJ10e Ymco).

Ilonyuaem rpaduk, KOTOPHIY HA3LIBA- Puc. 55
eTcsa curnycoudoil (puc. 56).

3ameuaHue. Tpuronomerpuueckue QyHKIIUY ITTPOKO IPUMEHAIOTCA B Ma-
TeMaTuKe, PusuKe u TexHuKe. Hanmpumep, MHOKECTBO IIPOIIECCOB, TAKUX KAaK KO-
JsebaHUs CTPYHBI, MAATHUKA, HANIPS)KEHNUs B I[N IePeMeHHOr'0 TOKa U T. II.,
OIMCHIBAIOTCA QYHKITNEH, KOTOpasa 3agaeTcs hopmyioii y =A sin (ox + ¢). Takue
TIPOILECCHI HABBIBAIOT 2APMOHULECKUMU KOLeOAHUAMU .

N
y=sinx
1__
/ _ﬁ -m ,Iﬂ EI T 3_IT‘ on ¥
2 2 2 2
-1+
Puc. 56



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

T'padur pysrnum y =A sin (0x + @) MOYKHO IIOJIYIUTD N3 CHHYCOUIBI I = sin x
CJKaTHeM MJIN PACTAYKEHUEM ee BIOJIb KOOPAMHATHBIX OCeH 1 apaJlyieIbHbIM IIepe-
HOcoM BIoJIb ocu Ox. Halrle Bcero rapMOHIYECKOe KolebaHme ABIAeTCA GYHKIIUeH
Bpemenu t. Torma oHO 3azaerca popmysnoit y = A sin (0t + @), rae A — aMIInTyna

2n
KosebaHmMA, ® — YacToTa, ¢ — HavasbHadA (asa, 5 — mepuox KoJie0aH!s.

5.2. CBOMCTBA ®YHKLUUUN y=cosx WEETPADUK
Taoauma 11

MpaduK PYHKUUN y = cos x (KOCUHYyCcomaa)

vk
/\ /l\ y=7\
2x  _3n x 4: 0 k3 T 3n 2n ¥
2 2 1 2 2

CBOWMCTBa PYHKLUN i = coSs X

1. O6nacts onpenenenusd: x € R (x — a1060e neficTBUTEIBHOE UNCJIIO).

D (cosx)=R

2. O6racmv 3Havernuil: y € [—1; 1]. ‘ E (cos x) =[—1;1] ‘

3. Pyuryusa wemnasa: cos (—x)=cosx
(rpaduK cuMMeTPUYEH OTHOCUTEIbHO ocu Oy).

4. Pynryus nepuodureckas c IepuoJoM : cos(x+2n)=cosx.

x=0 y=0,
5. Touku nepeceuernus c ocamu koopouram: Oy { ’

Ox x:gﬂck, keZ

y=1

6. Hpomewcymrcu 3HAKOnocmosaHcmea:

cos x > 0 mpu X€ (—g+2‘n:k;g+21ck), ke Z

cos x <0 mpu X€ (g+2ﬂ:k;%+2nk), ke Z

7. IIpomesxcymKu 603pacmanus U yobl8AHUA:

(YyHKIIMA coS X Bo3pacTaeT HA KaMKIAOM U3 MPOMEKYTKOB [Tt + 2xtk; 21t +
+ 2nk], k € Z, u yobIiBaeT Ha Kaska0M U3 IPOMEKYTKOB [2ntk; T + 2nk], k€ Z.

8.|Haubonvuree 3navenue pynrxyuu pasuo 1 npu x =2nk, k€ Z.
Haumenvuee snavenue pynryuu pasao —1lnpux=n+2nk, ke Z.
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§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

Ob6bsicHeHUe N 000oCcHOBaHMe

HamomuuMm, uTo 3HAUEHME KOCUHYCA — 3TO abCI[1CCa COOTBETCTBYIOIeH TOU-
KU eIUHUYHON OKPYKHOCTHU (puc. 57). [TocKombKy abciuecy MOMKHO HANTH s
J000¥ TOYKYM €IUHUYHON OKPYIKHOCTHU, TO 00/acmb onpedenenus GyHKIINN
Y = COS X — BCe IefiCTBUTEJIbHBIE YNCJIa. ITO MOYKHO 3aIINCATH TAK:

D (cosx)=R.

14 ToueK e IMHUYHOM OKPYKHOCTY aOCITUCCHI IPUHUMAIOT BCe BHAUEHNA OT —1
o 1, ciemoBaTenbHO, 001acmb 3HAYeHUl QyHKIMHT y = cos x: y € [—1; 1]. OTto
MOYKHO 3aIlCaTh TaK:

E (cos x) =[—1; 1].

Kax Bugum, Hauboavulee 3Havenue PyHKITUT COS X PABHO eIWHUIIE. ITO 3HAUE-
HIe [OCTUTAETCS TOJHKO TOT/Ia, KOT[a COOTBETCTBYIOIIeH TOUKOM e TMHUIHOM OK-
PYKHOCTH ABJISAETCA TOUKA A, TO eCTh IpU X = 21k, ke Z.

Haumenvuiee 3Havenue PyHKIINY COS X PABHO MUHYC eIUHUIIE. TO 3HAUEHE
JIOCTUTAeTCA TOJIbKO TOT/[a, KOT/Ia COOTBETCTBYIOIEH TOUKOM e TUHUYHO OKPYIK-
HOCTHU SIBJIAETCSA TOUKA B, ToecTbIpu X =N+ 2Nk, ke Z.

Kax 6n1y10 mOKazawno B § 4, KOCUHYC — YemHas QYHKUU: cos (— x) = cos x,
mo3TOMY ee Tpa)MK CHUMMEeTPUUEeH OTHOCUTEIbHO ocu Oy.

B § 4 66110 0600CHOBAHO TaKIKe, UTO KOCUHYC — nepuoduyeckad GYHKIUA C Hau-
MEHBIITUM ITOJIOXKUTEIbHBIM epuoaoM T = 21: cos (x + 21) = cos x. Takum o6pasom,
yepes IPOMEKYTKY INHOM 21 Buj rpadrKa PYHKIIUY COS X TTOBTOPAETCS.

Yr00b!I HAUTU MOYKU NepeceieHus epapura QYHKUUU ¢ 0CAMU KoopOuHam,
HaoMHUM, uTo Ha ocu Oy 3uHaueHue x = 0. Torza cooTBeTCTBYOIIIEE 3HAUECHUE
y=cos 0 = 1. Ha ocu Ox 3uauernue y = 0. [TosToMy HeoOX0AMMO HANUTU TaKue
3HAUEHUSA X, IPU KOTOPHIX COS X, TO €CTh a6CI1cCa COOTBETCTBYIOIIEl TOUKY e1-
HUYHOI OKPYKHOCTH OyIeT paBHA HYJII0. ITO OyAeT TOr[a U TOJhKO TOT/[a, KOT/Aa

HA eIUHUYHON OKPYKHOCTHY Oy Ay T BbIOpaHbl TouKYy C 1au D, TO eCTh IIPU X = % + Tk,
ke Z.

ITpomencymru snaxonocmoancmea. Kax 661510 o6ocHOBaHO B § 4, 3HaUEeHUA
(DYHKIUY KOCUHYC IIOJOXKUTEIBHEI (TO eCTh abCcIizicca COOTBETCTBYIOIEH TOU-
KU eIUHUYHON OKPYKHOCTHU moJioKuTeabHa) B I u IV uerBepTax (puc. 58). Cie-

y

A clh

L o1

| - |+
-1 L1 -
B O cosx JA ¢ oI Iv t

- 4

D
D Pyl Py
Puc. 57 Puc. 58
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

IOoBaTeJIbHO, cos X > 0 mpu xe (—%; %), a TaK’Ke, VUUTHIBAS IIEPUOJ, IIPU BCEX

xe (—§+2nk;§+2nk), ke Z.

3uaueHUA QYHKIIUYU KOCUHYC OTPUIIATEIBHEI (TO eCTh a0CIIIICCa COOTBETCTBYIO-

el TOYKY e IUHUYHOM OKPY KHOCTH oTpunaresbHa) Bo IT u ITT ueTBepTax, moaTo-

My cos x < 0 mpu X€ (§+2nk;3—2n+2nk), ke Z.

ITpomexncymru 6o3pacmanus u Yoovl6aAHUS.

YuursiBas mepuoguYHOCTb QyHKITNH cos X (T = 27), JoCTaTOUHO UCCIeI0BATD
ee Ha BO3pacTaHue u yObIBaHUE Ha JIIOOOM IPOMEKYTKe AJIUHOMN 27T, HAIPUMED
Ha mpomesxkyTke [0; 2.

Eciau x € [0; ] (puc. 59, a), To Ipu yBeauveHun aprymenTa x (x,> x,) abemucca
COOTBETCTBYIOIIEH TOUKU eJUHUYHON OKPYKHOCTU yMeHbIaeTcA (TO eCTh
€Os X, < COSX,), CIeIOBATeILHO, Ha 9TOM IIPOMEKYTKE (PYHKITHAA COS X yObIBAET.
YuuTbIBas IepuOAUYHOCTD (DYHKIINU COS X, IeJIaeM BBIBOJI, UTO OHA TaKiKe YObI-
BaeT Ha KayKIOM U3 IPOMEKYTKOB [2nk; T+ 2nk], ke Z.

Ecanm x € [n; 2n] (puc. 59, 6), To Ipu yBeInueHnH apryMenTa x (x,> x,) abemuc-
Ca COOTBETCTBYIOIIEH TOUKY e [UHUYHOM OKPY KHOCTH yBeJIUUInBaeTcA (TO eCTh
COS X,> COS X,), TAKUM 00pa3oM, Ha 9TOM IPOMEKYTKe QYHKIUA COS X BO3pac-
TaeT. YUYUTHIBaA MEPUOINIHOCTE QYHKIIUU COS X, AeJIaeM BBIBOJ, UTO OHA BO3-
pacTaeT TaKyke Ha KayKJOM I3 IPOMEKYTKOB [Tt + 2nk; 2nn + 2nk], ke Z. )

TIpoBeeHHOE UCCIIEIOBAHYE ITO3BOJISIET TOCTPOUTH IPaPUK QYHKIIUY J = COS X

QHAJIOTUYHO TOMY, KaK ObLI mocTpoeH rpaduk Gpyrrnuu y = sin x. Ho rpadur
(GYHKIIMH y = cOS X MOMKHO TaKKe IIOJTYUUTH C IIOMOIIIHI0O TeOMETPUIECKUX ITPe0D-
pasoBaHui rpaduka QyHKIIUYT y = Sin x, UCIOAb3Y s HGOPMYTY

sin(%Jr x) =cosx|.

91y popMysry MOKHO 060CHOBATH, HATPUMED, TaK. PACCMOTPUM e JUHUYHYIO

OKPYKHOCTB (puc. 60), ormetum Ha Helt Toukn A =P u B=P, , a Takxke
S+x

o

Yl Yy Y
P
xz ) B """ Cz
| 2, N4
F\e i | vy
! ; o COS X /71N\COS X; | x| o
-1\ cos x, [p cos x JP, ¢ -1 i i P, t D, 0 CiJ1 ¢
) Px
a 0 le ’
Puc. 59 Puc. 60
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§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

Ly
1 y=sinx

y=-cosXx

Puc. 61

abCIUCChI U OPAUHATHI 3TUX ToueK. Tak kak LAOB= %, TO IIPU ITIOBOPOTE TIPS~
moyronbHuKa OC AD, oxoso Touku O Ha yro g TIPOTUB YaCOBOM CTPEJIKY OH
nepeiigeT B npamoyroasauk OC,BD,. Ho rorna OD,=OD, u OC, = OC,. Cixe-
NOBaTeNbHO, sin(% + x) =y,=0C,=0C, =t, =cosx.

YrameM Taksxe POPMYJIbl, KOTOPBIE HAM IIOHALO0ATCS gajiee:

cos(%ntx):tB =-0D,=-0D, =y, =-sinx. Torzaa,

= =—ctgx. Takum o6pasom,

tg(%—f‘ x) =—ctgx|. O

. T
YuursiBad, 4TO COSX :s1n(x +5), rpaduk QYHKIIUU § = COS X MOYKHO IIOJIy-

yuTh 3 rpaduKa GyHKINY § = Sin X ero mapajieJbHBIM IePeHOCOM B0JIb ocu Ox

HaA (—%) (puc. 61). IlonyuennsIii rpaduK Ha3bIiBaeTcA Kocurycoudoil (puc. 62).




PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

5.3.CBONCTBA OYHKUUNN y =tg x MEETPADUK
Tabaumima 12

Mpaduk pyHKUMU y = tg x (TaHreHcomaa)
Y1

y=tgx

o)
R

CBOWCTBa PyHKUMN Yy =tg x

1. O6racmyv onpedenenus: D (tg x): x¢g+nk, ke Z |.

2. O6aacmv snavenuii:ye€ R. | E (tg x)=R

3. ®ynkyuanewemnan: tg (—x)=-tgx
(rpaduk cuMMeTpUYeH OTHOCUTEIHLHO Hauaia KOOPAWHAT).
4. ynryusa nepuoduieckas c IepUOLOM D tg(x+m)=tgx.

x=0, y=0,
5. Toukxu nepeceuernus c ocamu koopounam: Oy {y -0 Ox { x=mk, ke Z

6. IIpomexncymKu 3HAKONOCMOAHCMEA:

tg x>0 mpu xe (ﬂ:k;gﬂck), keZ

tg x <Ompu xe (—g+nk;nk), keZ

7. IIpomexcymru 603pacmanusi u yobl6AHUSA:

dbynrnusa tg x Bo3pacraer Ha KajKI0M M3 IPOMEIKYTKOB CBO€I1 06J1aCTH OII-

T T
penelieHus, TO eCTh Ha KajKI0M U3 IIPOMESKYTKOB (—5‘" Tk; ral nk), ke Z.

8. ’ Haub6onvuwezo u HaumerbuLezo 3naienull GyHKIuA He umeem. ‘

O6bsAcHeHUe 1 0bocHOoBaHMe

sinx

Hamomuuwm, uto tgx = . Takum obpasom, ob.racmuio onpedesenus GyHK-

CcCos X
nun y= tg x GyayT Bce 3HAUEHUsS apryMeHTa, IPU KOTOPBIX cos X # 0, To ecTh
T

2+1l:k, k € Z. 3toT pes3yabTaT MOXKHO

x¢%+nk, ke Z.Tlonyuaem D (tg x): x #
64



§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

TOJIYYUTH ¥ TeOMeTPUUEeCKr. SHaUeHe TAHTeHCa — 9TO OPANHATA COOTBETCTBYIO-
et rouku T Ha muHUYT TaHTeHCOB (puc. 63). IlockoabKy TouKu A 1 B e ITuHUIHON
OKpY:KHOCTHU JiesKaT Ha TPAMBIX OA 1 OB, mapajieJbHbIX JUHUYU TAHTE€HCOB, MBI

He CMO’KeM HaliTu 3HaueHUe TaHTeHca AJId X :%+nk, ke Z. lna Bcex Apyrux

3HAYEHUU apryMeHTa MbI MOYKeM HallTH COOTBETCTBYIOIYIO TOUKY Ha JUHUU TAH-

TeHCOB U ee opAuHATY — TaureHc. CiieJoBaTeJIbHO, BCE 3HAUCHUS X # g + Tk BXO-

AT B 00JIaCTh onIpeieteHuA QyHKIIUM y = tg x.

7151 TOUeK eTUHUYHON OKPY KHOCTHU (KOTOPBIE He COBIAAAIOT ¢ TouKamMu A u B)
OPAHATHI COOTBETCTBYIOIIIMX TOUEK HA INMHNY TAHT€HCOB IIDMHUMAIOT BCE SHAUYCHUA
0T —00 110 +20, IToaToMmy 00.1acmb 3HaveHuil QyHKIUN Y = tg x — Bce IelicTBUTeIbHbIE
umcsia, To ecTh Yy € R. 3ro moxxkuo 3anucats Tak: E (tg x) = R. Orcioga ciaengyer, 4To
HauboIbULE20 I HAUMEHbULe20 3HAYeHUl PYHKIINA tg X He LMeeT.

Kax 6n110 mokasaso B § 4, TaHreHC — HeyemHasa PyHKRIUA: tg (—x) = —tg x,
cJIeJ0BaTeJIbHO, ee rpa)K CUMMeTPUUYeH OTHOCUTEIHLHO HaUuaia KOOPAMHAT.

Taurenc — nepuoduueckasd PyHKIINUA C HAUMEHBIITUM ITOJIOMKUTEIbHBIM II€PH-
omom T =m: tg (x + ) = tg x (cm. § 4). ITosTomMy ITpu TOCTPOEHUU TpadUKa ITOM
(GYHKIINU JOCTATOYHO IOCTPOUTH I'Pad K HA JTI0OOM IIPOMEKYTKE IJIUHOMU TT, a 10~
TOM HOJIYUYEHHYIO JINHUIO ITIePeHECTHU ITapaJljieIbHO BIIPABO U BJIEBO B OJIb ocu Ox
Ha paccrosuusa kT =k, rae k — m1060e HATYpaJIbHOE YNCJTO.

YToOBI HAUTU MOYKU Nnepeceienus zpapura GYHKUUL ¢ ocamu Koopdunam,
HanmoMHUM, uTo Ha ocu Oy 3uHaueHue x = 0. Torza cooTBeTCTBYOIIIEE 3HAUECHUE
y =1tg 0=0, To ecTb rpad@uK QyHKIINY y = tg X IPOXOJUT Uepe3 HAUaI0 KOOPAMHAT.

Ha ocu Ox 3rauenue y = 0. ITosTomy HEOOXOAMMO HAUTH TAKKE 3HAUEHU A X,
IpU KOTOPBIX tg X, TO eCcTh OpAMHATA COOTBETCTBYIOIEN TOUKY JIUHUY TAHTEH-
COB, paBHA HYJIO. ITO OyIET TOTfa ¥ TOJIBKO TOTAA, KOT/Ia HA e TUHUYHON OKPYIK-
HOCTHU OyAyT BBIOpaHbI TOUKYU C uiau D, To ecTb Iipu X =k, ke Z.

ITpomencymru snaxonocmosancmea. Kax 661510 o06ocHOBaHO B § 4, 3HaUeHUA
(G YHKIINYT TAaHTEHC IOJIOKUTEJIbHEI (TO €CTh OPAMHATA COOTBETCTBYIOIIEH TOUKHU
JIMHUY TAHTE€HCOB moyIoKuTebHa) B I 1 111

yerBepTax. CienoBaTenbHo, tg x > 0 mpu Y
tg x T,
xe (0; %), aTaksKe, YIUTHIBAA IePUOJ, IPU P,
A
BCEX X € (nk;%+nk), ke Z.
x 1
Suauenusa QYHKIIUKA TAHTEHC OTPUILA- D 0 c

TeJbHBI (TO eCTh OPAUHATA COOTBETCTBYIO-
meﬁ TOYKHU JIMHUY TAHTI'€HCOB OTPUIIATEJIb-
Ha) BO [l u IV uerBeprax. Takum obpasom, P B

tg x <0mpu xe (—%+nk; nk), ke Z.

Puc. 63
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T,
v yi 3 Yl
tg x,
TE
tgx, P6 /
Xo e : i o
Xy o —g /10 X
0 1t T ) 2
g
T
3
Puc. 64 Puc. 65

ITpomencymru 6o3pacmanusi u YyooL6aAHUA.
@ VuursBas mepHOSUYHOCTE PYHKINY tg X (epuos T = 1), ZOCTATOUHO HCCIEN0-
BAaTh ee Ha BO3pacCTaHUe 1 yObIBaHNE Ha JIIOOOM ITPOMEIKYTKeE JJIMHOM T, HATIpU-

T T
Mep, Ha IPOMEKYTKe (_E’ E)' Eciu xe (—g; %) (puc. 64), TO IPK yBeTHYEHUH
aprymenTa x (x,> x,) OpAMHATA COOTBETCTBYIOIIEH TOUKY JTUHUU TAHT€HCOB
yBeanumBaerca (To ecThb tg x,> tg x,). Takum o6pasom, Ha TOM IIPOMEKYT-
Ke pyHKIUA tg x Bo3pacTaeT. YUUTHIBAA IEPUOAUUYHOCTh PYHKIIUA tg X, ne-

JaeM BBIBOJ, UTO OHA BO3PACTAeT TaKsKe HA KaKIOM M3 IIPOMEKYTKOB
(—§+nk;%+nk), ke Z. O

TIpoBenenHOe UCCIE[OBAHIS TIO3BOJIAET 000CHOBAHHO IIOCTPOUTDH rpaduK hyHK-
nuu y = tg x. YUuThIBad IepUOgNUYHOCTE 3TON PYHKIIUY (C IEPUOLOM 1), CHaUaJIa
nocTpouM rpaduK Ha JIIOO0OM IPOMEKYTKeE [UINHOM T, HarpuMep Ha TIPOMEKYTKe

T T
(_E; E)' Ilsis1 GoJiee TOUHOTO IMTOCTPOEHM A TOUEK rpadKa BOCIIOIb3YEeMCs TaKKe
TeM, YTO 3HaAY€HUEe TaHI'eHCa — 9TO OpauHaTa COOTBeTCTByIOIIIefI TOUKU JIUHUN
raHreHcos. Ha pucyHke 65 mokasano moctpoenue rpapuka QyHKmuu y = tg x

Ha IPOMEKYTKE (—%; %)

Y y=tgx

|w
B
|
a
|
[IE]
(=)
|3
a
w
B
R

Puc. 66
66



§ 5. CBoncTBa hyHKUMIA CUHYCa, KOCKHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

Hasee, yauThsIiBad IepPUOANYHOCTD TAHTEeHCA (C IEPUOJOM TT), TOBTOPAEM BU[
rpauKa HA KaKIO0M IPOMEKYTKe AJIUHOM T (TO eCTh HapaieJbHO IePeHOCUM
rpaduk BHoab ocu Ox Ha Tk, Tae k — 1ejoe Y1cio).

ITonyuaem rpaduk, IpuBeJeHHBIN HA PUCYHKE 66, KOTOPBII Ha3bIBAETCA MAH-
2eHcoudoil.

5.4. CBONICTBA OYHKUNN y = ctg x MEETPADUK
Tabauma 13

Mpadhuk hyHKUMN y = ctg x (koTaHreHcova)
Ly

y=ctgx

—-2n 3 -7

N
[SIE]

CBouncTBa PyHKUMN Yy = ctg x

1. O6racmyv onpedenenus: ]D (ctg x):x#mk, ke Z‘

2. O6aacmv 3navenuii:ye R. |E (ctg x)=R

3. ®ynkryus wemnasn: ctg (—x)=—-ctg x
(rpauk cuMMeTPUYEeH OTHOCUTEIBHO Hauaia KOOPAUHAT).

4. ®ynkryusa nepuoduieckas c IepuogoM : ctg(x+m)=ctg x.
y=0,

5. Touku nepeceuenus c ocamu koopdurnam: Oy Ox

x=§+nk, ke Z

6. IIpomexrcymru 3HAKONOCMOAHCMEA:

ctgx>0mpu xe (nk;gﬂck), ke Z

ctg x <O mpn x€ (§+nk;n+nk), ke Z

7. IIpomexcymru 603pacmanusi i YyooL6AHUSA:

dyHKIuA ctg x yObIBaeT Ha KasKIOM U3 IIPOMEKYTKOB CBOell 001acTu
omnpeaeIeHn s, TO €eCTh HA KaKI0M U3 IPOMEKYTKOB (Ttk; T + k), k € Z.

8 ’ Haub6onvwezo u HaumenbuLezo 3naienuli GyHKIUA He umeem.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

O6bsAicHeHUe 1 0bocHOoBaHMe

COS X

Tak kak ctgx = , TO 001acmuio onpedeseHus KOTaHTeHca OyAyT Bce 3HAUE-
X

HUA apTyMeHTa, IIPU KOTOPHIX sin x # 0, To ecThb x # Tk, k € Z. Takum ob6pasom,
D (ctgx):x#mk, ke Z.

ToT ske pesyabTaT MOKHO ITOJIYUYUTD, UCIIOJIb3Y s TeOMETPUUECKYIO MILITI0CTPA-
0. 3HaUeHre KOTaHTreHca — 9TOo a0CIlcca COOTBETCTBYIOIIEH TOUKY Ha JUHUT
KoTaHTeHCOB (puc. 67). [TockonbKy TouKu A 11 B e IMHUYHOM OKPY KHOCTH JIEXKAT HA
upambix OA u OB, napaiieJ bHbIX JUHUY KOTAHTEHCOB, MBI He MOKeM HaWTU 3HA-
ueHUe KOTaHTeHCa A X =k, k€ Z. [1y1a Ipyrux 3HaUeHn apryMeHTa MbI MOYKeM
HAUTU COOTBETCTBYIOIIYIO TOUKY Ha IMHUY KOTAHTEHCOB U ee abCIiuccy — KOTaH-
renc. IToaTomy Bce 3HAUEHUS X # Tk BXOAAT B 00JIaCTh ompegesieHus GyHKIIUN
y = ctg x.

71 TOUueK e IUHUYHOM OKPY KHOCTH (KOTOPbBIE HEe COBIIAAAIOT ¢ ToOuKaMu A u B)
abCIMCChI COOTBETCTBYIONINX TOUEK HA IMHUY KOTAHTEHCOB IPUHUMAOT BCe 3HA-
YeHUA OT —O0 10 + OO, TaKUM 00pa3oM, 00.1acmb 3HaUeHUl QyHKIUN iy = ctg x —
BCe IeHICTBUTEbLHEIE YNCJIA, TO eCTh y € R. 9T0 Mo:KkHO 3antmcaTh Tak: E (ctg x) = R.
W3 mpuBeIeHHBIX PACCYIKIEHUI TaKIKe BEITEKAET, UTO HAUOOAbULE20 U HAUMEHb-
wezo 3navenull pyHKImAa ctg x He MMeeT.

Kaxk 6n1y10 moKasamo B § 4, KoTaHTeHC — HeyemHasa QyHKIuA: ctg (—x)=—ctg x,
03TOMY ee rpa)MK CUMMeTPUUEeH OTHOCUTEIbHO Hauaaa KOOPUHAT.

Tawm :xe 661770 000CHOBAHO, UTO KOTAHTeHC — nepuoduieckas GyHKIIUA ¢ Ham-
MEHBIITUM ITOJOMKUTEeIbHBIM mepuoaoM T = 1: ctg (x + 1) = ctg x, mosToMy uepes
OPOMEKYTKU JJIMHOM Tt BU rpaduka GyHKIMM ctg X ToBTOpAETCA.

YT06bI HAUTH MOUKU Nepeceyerus epapura QYHKYUL ¢ 0CAMU KOOpOUHaAm,
HamoMHUM, uTo Ha ocu Oy 3Hauenue x = 0. Ho ctg 0 me cymecrByeT, 3HaUUT,
rpaduk QyHKIIUYM y = ctg X He mepecekaet ock Oy.

Ha ocu Ox 3nauenue y = 0. [TosToMy HE0OOXOAMMO HAWTHU TaKue 3BHAUEHUA X,
IPU KOTOPBIX ctg X, TO ecTh abcIrcca COOTBETCTBYIOIEH TOUK Y IMHUY KOTAHTeH-
COB, paBHA HYJI0. ITO OyIeT TOTZa U TOJbKO TOT[a, KOTZa HA e AUHUIHOMN OKPYIK-

HOCTH OynyT BuIOpaubl Touku C niu D, TO ecTh IpU x:£+nk, ke Z.
YAy p p 9

ITpomencymrxu 3HAKONOCMOAHCMEA.
Kaxk 6p1710 060cHOBaHO B § 4, 3HaUeHUA
(GYHKIIUY KOTAHTEHC MMOJOMKUTEJbHBI (TO
P, ecTh abCIiucca COOTBETCTBYIOMIEH TOUKYU
JUHUY KOTAHTEHCOB IOJIOKUTeNbHA) B |

x )\ - u IIT uerBepTax (puc. 68). Tormza ctg x > 0
B 0 A ctgx t
IOpH X€ (O; %) VunTHIBaA IEPUOL, IOIYYa-
x+mn
D eMm, uTo ctg x > 0 mpuBcex xe (nk; §+ nk),
Puc. 67 ke Z.
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§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

Puc. 68

3HaueHUA QYHKIINY KOTAHTEHC OTPUIIATEJIBHBI (TO €CTh a0CIIICCa COOTBETCTBY-
IOIed TOUKY JUHUY KOTAHTEeHCOB oTpunareabHa) Bo II u IV uerBeprax, Takum

o6pasom, ctg x < 0 mpu xe (§+nk; n+nk), ke Z.

Ilpomencymru 603pacmanus u yobl6AHUA.
YuuTeIBad IePUOANIHOCT MGYHKIUY ctg X (HAaMMEHbBININH TOJOMKUTEIbHBIH
nepuon T = M), TOCTAaTOYHO MCCIEeNOBATEL ee Ha BO3pacTanue u yObIBaHUE Ha

oy
1 chz (Qxl
Xy
X, t
0 ctgx, ctgx;
Puc. 69

JT000M ITPOMEIKYTKe IJIUHOM T, HarmpuMep Ha mpome:kyTKe (0; ).

Ecau x € (0; 7) (puc. 69), To mpu yBenmueHnu apryMenTa x (x,> x,) abcmucca
COOTBGTCTByIOLT.IGfI TOYKH JIMHNM KOTAHTE€HCOB YMEHbIIIAaeTCA (TO eCThb
ctg x, < ctg x,), cremoBaTeIbHO, Ha BTOM IIPOMEXKYTKe (DyHKIMA ctg X yObIBaeT.
YuureiBag nepuoguYHOCTh GYHKIIUY J = ctg x, lesaeM BBIBOJ, UTO OHA TaKKe

yOBIBaET Ha KaKJOM 13 IPOMEXKYTKOB (Tk; T+ k), ke Z.

ITpoBenenHoOe ucciiefoBaHMze IIO3BOIAET IIOCTPOUTE I'pad@uK QYHKIUN Y = ctg x
aHAJIOTUYHO TOMY, KaK ObLI mocTpoeH rpaduk pyurun y = tg x. Ho rpadux GpyHK-
uu Yy = ctg X MOXKHO ITOJTyYNTh TAKJKe C IIOMOIIbIO T€OMETPUUECKIX ITPe00Pa30OBaHUI

rpaduka pyarnuu y = tg x. [lo hopmysie, mpuBenenHo Ha C. 63, tg(g + x) =—ctgx,

TO ecTh ctgx =—tg (x + %) ITosromy rpaduk hyHKRIUY Y = ctg X MOYKHO IOJTYyUUTD U3

rpaduka GyHKIUHN y = tg X mapaieJbHBIM II€PEHOCOM BIOJIb ocu Ox Ha (—%) u

CUMMETPUUYHBIM OTOOpa’KeHeM OJIYUeHHOT0 rpaduKa oTHOCUTEeabHO ocu OX.

ITonyuaem rpaduk, KOTOPHII Ha3bIBaeTCA KomaHnzencoudoil (puc. 70).

Ly

y=ctgx

-2n

[SIE]

Puc. 70
69

INE]




PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Mpymepbl pelLeHns 3apa4

Samaual ITocTpotiTe rpad MK QYHKIINY U YKAXKUTE HYJIU PYHKITUY U ITPO-
MEeXKYTKU 3HAKOIOCTOAHCTBA: 1) y = 2 sin x; 2) y = sin 2x.

KommenTapuit

TI'padhuru Bcex JaHHBIX (QDYHKIIUI MOKHO IIOJIYUYUTH C IOMOIIIBIO F'eOMeTpUUe-
cKUX IpeobpasoBaHuii rpadpura Gyurmuu f (x)=sin x (tabi. 4). Takum o6pasom,
rpadUKOM KaKA0H 13 3TUX PYyHKIUI OyAeT CUHYCOUIa, MOJyUYeHHA IJIs:
1) y=2sin x =2 f (x) pacTraxenuem rpaduka y = sin x BgBoe BroJs ocu Oy;
2) y=sin 2x =f (2x) coraTtuem rpadmKa y = sin x BgBoe BIOJb ocu Ox.

Hynu pyHKIIUT — 5T0 abCIIUCChI TOUEK ITepeceuenns rpaduka ¢ ocbo Ox.

Yr06bI 3amrcaTh TPOMEKYTKYU 3HAKOTIOCTOSHCTBA (DYHKIUY, 3aMETHUM, UTO
dbyuKIUA y = 2sin x mepuoxguueckasa ¢ nepuonom T = 21, a pyHKIUA y = sin 2x

2 o
mepuogudecKasi ¢ mepuomom 1’ = ?n =1. ITosTOoMYy A5 KasK 10 (PYHKIIUY JOCTATOU-

HO BBIACHUTH HA OJHOM IIepUOJe, TAe 3HaUeHUA (PYHKIIUY II0JIOKUTEIbHEI (Tpa-
¢ux HaxoguTCAa BHIIIE ocu OX) U TZe OTPUIATENHHEI (Tpad)UK HAXONUTCS HUKE
ocu Ox), a IOTOM IIOJIyUeHHbIE IIPOMEKYTKY IOBTOPUTD Uepes IIEPUOI.
Pemenue
1) P I'padpur pynrnum y = 2 sin x moayyaem us rpaduka QyHKIUHA Y = Sin x
pacTs:KeHneM ero BABoe BLoJb ocu Oy.
Y
2 p

y=2sinx

Hynu pyuarnun: x =1k, ke Z.
IIpomesxyTku 3HAKOMOCTOAHCTBA: 2 sinx >0npuxe (2nk; n+ 2nk), ke Z;
2sinx<O0mpuxe (n+2nk; 2n+ 2nk), ke Z. <
2) P I'padpur Gyurmum y = sin 2x moayuaem us rpadpuka QyHKIUNA y = Sin x
cKaTureM ero BIBoe BHoJb ocu Ox.

y=sinx y=sin 2x




§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

Hynn pyarnun: xz%k, ke Z.

IIpomeskyTKM 3HAKOTOCTOAHCTBA: Sin 2x > 0 mpu x € (nk; %+ nk), ke Z;

sin 2x < 0 mpu xe (%+nk;n+nk), ke Z.<

3amaua 2 PacmososxuTe B mopAgKe BO3pacTaHUA UKCIA:
sin 1,9; sin3; sin(-1); sin(-1,5).
KommenTapui

J 71 pacmoioKeHUA TaHHBIX YNCeJI B MOPAIKe X BO3PACTAHUA BEIACHUM, Ka-
KUe 13 HUX IOJIOJKUTEJIbHEI, a KaKWe OTPUIlaTeJIbHEI, a 3aTeM CPABHUM MEKIY
00011 OTAEeHLHO MOJIOKUTEILHBIE UKCJIa U OTAeJTbHO OTPUIlATeIbHbIe, YUUThIBAA
M3BEeCTHBIE TPOMEIKYTKY BO3pACTAHNUA U yOLIBAHUA (PYHKITUY Sin x.

Pemenue
P Yucxa sin 1,9 u sin 3 DOI0XUTEIbHBI, TAK KaK TOUKHU P, ,u P, HaxonArcsa

Bo Il werBeptu. Yucnasin (—1) msin (—1,5) oTpunareabHbl, TaK KaK TOUKU P_|

un P,  HaxoparcaslV uersepru.

YuursiBas, uTo g <1,9<m, g < 3 < T muTO PYHKITNA Sin X HA TPOMEKYTKe [g, n]
yObIBaeT, u3 HepaBeHcTBa 1,9 < 3 mosryuaem sin 1,9 >sin 3.
Tax:xe —% <-1<0, —% <-1,5<0. ®yHKIUA Sin X HA TPOMEKYTKE [—E; 0

BO3pacTaeT. YunreiBad, uto —1 > —1,5, mosmyuaem sin (—1) > sin (—1,5).
Takum 06pazoM, B IOPALKE BOZPACTAHUA HTH UNCJIA PACIIOJIATAIOTCA TaK:
sin (—1,5), sin (-1), sin 3, sin 1,9. <

3agaua 3 IMocTpoiite rpaduk Gyarmun: 1)y =| sin x

;2)y=sin| x
KommenTapui
T'paduky faHHEBIX GYHKITIH MOMKHO IIOIYIUTH C IOMOIILI0 TeOMETPIIECKUX IIpe-
obpasoBanuii rpadura QyHKum f (x) = sin x. HamoMHENM cOOTBETCTBYIOIITNE IIPE-
o0pasoBaHUA:

1) y=|sinx|=|f (x) | — BBIme ocu Ox (1 Ha camoii ocu) rpaduK HYHKITNK § = sin x
ocTaeTcs 6e3 n3MeHeHH, YacThb rpadKa, PACIoNoXKeHHas HuxKe ocr Ox, 0TO-
6paskaeTcsa CHMMeTPUYHO OTHOCUTEeNbHO oc Ox;

2) y =sin |x|=f (| x|) — cmpasa ot ocu Oy (u Ha camoii ocu) rpapuK HYHKIIH
y = sin x ocraercs 6e3 M3MeHeHNIH, 1 5T 3Ke YacTb rpa(uKa 0TOGParKaeTcs CUM-
MeTPUYHO OTHOCHTEIHHO ocu Oy.

Pemenue
P Ilocrpoum cHavasa rpaguk GyHKmun y = f (x) = sin x:

oy
y=sinx

w
g
|
a
|
NEa T
—
f
a4
a
| -
\S)
a
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

1) y=|[sinx| =[f(x)|

Yl
y=|sin x|
1__
0
_zln 3;5 _r _IE i T 3_;5 21 x
2 2 2
-7 y=sinx <
2) y=sin|x|=f(x]
Yl
y=sinx ) y=sin| x|
0 /
-27 _ﬁ - ,IE ll T 3_IT‘ on ¥
2 2 2 2
-1+ <
3amaua 4 ITocTpoiiTe rpaduK QYHKITNYT U YKAKUTE IPOMEKYTKY ee yObIBa-
HUS U1 BO3PACTAHUSA:
1) y=cos(x—%); 2)y=-tgx.

KommenTapui
T'padurn gagHBIX QYHKITNI MOKHO IIOJIYYUTD C IIOMOIITHIO FeOMeTPHUUEeCKUX IIpe-
oOpasoBaHUIi rpaMKOB PYHKITUH:
1) f (x)=cos x;
2) ¢ (x)=1tg x. Torga nonyuaem rpaduKu QyHKITIII:

1) y= cos(x —%) =f (x - %) — IapaJuIeIbHBIM IepeHocoM Irpadura QyHKINH f (x)

T
BIOJb ocu Ox Ha  CAHHUIL
2) y=-tg x=—0 (x) — cummeTpueii rpadpuKa QyHKIUH @ (X) oTHOCUTETHLHO ocu Ox.
Yro05bI 3anCcaTh TPOMEKYTKY YOBIBAHUA 11 BOBPACTAHUA QYHKI[UNA, OTMETUM,
T
910 PyHKIUA Y= cos(x - 5) mepuoguueckad ¢ mepuogom T = 27, a QyHKIIUA

y=—tg x nepuoguveckasa c nepuogom T = . IlosTomy a1 KakmoN U3 QyHKITUN
IOCTAaTOYHO BBLIACHUTH HA OJHOM IIepHO/Jie, Te OHa yObIBaeT U T'le BO3pacTaer,
a 3aTeM IIOJIyUYeHHbIe IIPOMEeKYTKU IOBTOPUTD Yepe3 IIePUOL.

Pemenue
1) P I'padux pyHKRINYT § = cos(x—%) nojsiyuaeM u3 rpadpuka GQyHKIUN Y = COS X
mapaJjaeJbHBIM IIEPEeHOCOM BIOJIb ocu Ox Ha % eIVHUII.
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§ 5. CBoncTBa hyHKUMI CMHYCa, KOCMHYCA, TaHIeHca 1 KOTaHreHca 1 nx rpadukm

Y
1

@yHKNua yORIBAET HA KAMK/JOM U3 IPOMEXKYTKOB [%+2ﬂk;7—g+2ﬂk], ke Z,

¥ BO3pacTaeT Ha KasKJI0M U3 IIPOMEKYTKOB [—%+ 2nk; %+ 2nk} y ke Z. <

2) P I'padurk QyHKIuE y = —tg X MOTydYaeM CUMMETPUYHBIM OTOODAKEHUEM
rpadukra GyHKINN Yy = tg X OTHOCUTEJIbHO ocu Ox.

Y y=—-tgx

DyHKIUSA yObIBaeT HA KaXKIOM U3 ITPOMEKYTKOB (—% + Ttk %+ nk), ke Z.<

Bonpocbl Ang KOHTpons

1. a) IToctpotite rpaduk Gpyuknunm y = sin x. Ilonssysaces rpadurom, oxapaxTe-
pusyiiTe CBOMCTBA 3TOM (DYHKITUMN.
6") OGocHyiiTe cBOMCTBA QPYHKIINHA I = Sin x.
2. a) Ilocrpoiite rpaduk GpyHKIUY Yy = cos x. [loab3ysach rpadmKoM, oXxapaxkTe-
pusyiiTe CBOMCTBA 3TOM (DYHKITUMN.
6") OGocHyiiTe cBOMCTBA QGYHKIIUHU I = COS X.
3. a) Iloctpoiite rpaduk pyurnun y = tg x. [loapsysacs rpadmKomM, oXapaKTepu-
3yliTe cBOIiCTBA 3TOM (DYyHKIIUU.
6") OGocHy#iTe cBOMCTBA PYHKIIUM Y = tg X.
4. a) Ilocrpoiire rpaduk pyurmuu y = ctg x. [lons3yack rpadurom, oxapaxTe-
pusyiiTe CBOMCTBA 3TOM (DYHKITUMN.
6") OGocHyiiTe cBOlicTBa QYHKINHU J = ctg X.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

1.

10.

11.
12.

13.

YnpaxHeHus

ITonbsysack cBolicTBaMu PyHKIIUU Y = Sin X, CDAaBHUTe YUCJIA:

1°) sin 100" msin 130°;  2)sin 1° usin 1; 3% s‘m% U sin %
ITonbsysace cBolicTBaMUu (PYyHKIIUU [ = COS X, CDABHUTE UKCJIA:

o o o B 3n (3
1) cos 10" u cos 40; 2) cos (—2) u cos (—3); 39 oS —~ u cos rh

ITonbsysace cBoticTBamMu GyHKIUU y = tg X, CDAaBHUTe UUCJIA:

107 ,
9 b
ITonbsysack cBoiicTtBamMu pyHKIIUY Y = ctg X, CpaBHUTe UUCA:

1) tg 15° u tg 140°; 2) tg %" u tg 3) tg (-1,27) u tg (-0, 17).

13m,
Ey
Pacmoosiosxure unciia B IOPALKE NX BO3PACTAHUSA:
1) sin 3,3, sin 3,9, sin 1,2; 2) cos 0,3, cos 1,9, cos 1,2;
3)tg 0,7, tg (-1,3), tg 1,5; 4) ctg 0,5, ctg 2,9, ctg 1,1.

ITocTpotiTe rpadhuk GyHKIINYT 1 YKAKUTE HYJIU PYHKIIUYA U ITPOMEIKYTKY 3HA~
KomocToAaHcTBa (6—9).

1)ctg 3 mctg 5 2) ctg% u ctg 3) ctg (-1) m ctg (—1,2).

. 1) yzsin(x—g); 2%) yZS'lné; 38)y=sin(-x); 4°)y=-sinux;
5°)y =3 sin x; 6)y=—|sinx|; T)y=sinx +|sin x |.
1)y=cos(x+%); 2°) y = cos 3x; 3)y=cos(—x); 4)y=—cosx;
5)y =2 cos x; 6)y=|cos x|; 7Yy =cos x —|cos x|
1)y=tg(x-§); 2y=tg2x; y=tg(-x); Hy=tglxl; Dy=[tgxl.

. 1) yzctg(x+§); 2)y=ctg (-x); 38)y=-ctgx; 4)y=3ctgzx.

ITocTpoiiTe rpad@uK QYHKITNY U YKAKUATE TPOMEXKYTKY BO3PACTAHNSA 1 yOBIBA-
Huda pysrnun (10—13).
1Y y=sin3x; 2)y=3sinx; 3)y=sinx+1; 4% y=sin(2x+§).

1% y=cos§; 2)y=cosx—1; 38)y=cos|x|; 4 y=3cos(2x—§).
y=tgdx; 2)y=tgx+3; 3)y=—2tgx; 4Yy=tgx+|tgx|.

Dy=ctgls  2)y=-2ctgx; 3)y=|ctgx|; 4)y=ctgx+octg|xl.
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COOTHOLWEHNA MEXAY TPUTOHOMETPUYECKNMW
OYHKUNAMWN OAHOIrO APTYMEHTA

Tabnuma 14

2 2
xtyi=1 OCHOBHOE TPUrOHOMETPUHECKOe TOXAECTBO
|
1 in2o + cos?2o=1
P, (x: ) sin’a + cos* o
y ------ 1
al \1 tg _ sina
' > 1+tg2a=
0 x Po cosa g w0520
cos o
ctgo =
g sino
1+ctg2a=5inl2a
cosoL=x tga-ctga=1
sino=y

ObObsACHeHUe n 0b6ocHOBaHue

® Ha pucysxke B Tabauie 14 n3o6paskeHa eJUHIYHAL OKPYKHOCTD, TO €CTh OK-
PYsKHOCTB pasuyca 1 ¢ IleHTPOM B Hauajie KOOPAUHAT. ¥ pAaBHEHUE 9TOI OKPYIKHO-
cru umeet Bug x2 +y*=1.

ITycTs mpm moBopoTe Ha yroa o Touka P (1; 0) exuHUYHOM OKPYKHOCTH ITepe-
xoxut B TOUKY P_(x; y) (To eCTh IpU IOBOPOTE HA yToJ 0 paguyc OP nepexonur
B paguyc OP ). HanoMmuuM, 4TO CHHYCOM (. Ha3blBaeTcs opAnHaTa Touku P (x; y)
eIMHUYHOMN OKPYIKHOCTHU, TO €CTh Sin 0L =y, a KOCUHYCOM ¢/ Ha3bIBaeTcs abciucca
9TOM TOYKHU, TO €CTh €0S 0. = x. KoopauHaTh TOuKHu P yIOBJIETBOPAIOT yPABHEHUIO
OKPYIKHOCTHU, Toraa y? + x%= 1, ciemoBaTeabHO,

sing + cos’a=1.
9TO COOTHOIIEHYIE HABBIBAIOT 0CHOSHbLM MPUZOHOMEMPULECKUM MOHOeCMEOM.
HamomuuM Takxe, 4TO:

sinq cosa

= T ; ctga= in .
tgo po— (rme cos a = 0); ctg e (sin o #0)
Torpa tg a-ctg o= sna, Cf’sa =1, ToecTb
COosSOl SIno

tga- ctga=1(sina#01icos a#0).
C IIOMOIIBIO 3TUX COOTHOIIEHUH ¥ OCHOBHOT'O TPUTOHOMETPUUECKOT'0 TOMK Ie-
CTBA IIOJIy4YaeM:

in2 2 in2
1+tg2a:1+s1n2a:cos a+2s1n o _ 12 , TOecThb
cos“al cos“a cos“a
1
1+tg2o=
g o5’ o (cos o #0)
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Amasornuno mosrysaem: 1+ctg2o=1+

cos? o,

sin? o

_sin0+cos?o _

3 =——5—» TOECTb
sin“ o sin” o

2. _ 1 .
1+ctg a_smza (sin o # 0).

Mpumepbl pelLeHns 3apa4

3amaua 1

3Had 3HaUeHNEe OTHOM U3 TPUTOHOMETPUYECKUX (QYHKIIMI U UH-

TepBaJl, B KOTOPOM HAXOAUTC O, HAaliUTe 3HaUeHNEe TPEX OCTATb-
HBIX TPUTOHOMETPUUECKUX PYHKITUN:

1)sino =

Pemenue
1) » Uspasencrea sin?a +cos?o=1

mosyuaem: cos? oL = 1—sin? a.. Orcro-
4 2
ma cosla=1- (E) =—. ITocKoJIBKYy

90° < a0 < 180°, To cos . < 0, a 3HAa-

YUuT, COS 0 =— i=—§.
25 5
4
Topﬂa tga:smu :i:_é,
coso. 3 3
5
ctgo=8t=_3
sino 4

2) P U3 pasencrsa tg o, * ctg o= 1 mo-

aydaeM ctg o= % = 3. Iloacrasiisa-
go

3Ha-

€M B PaBEHCTBO 1+ tg2o = !
cos? o
yeHUe tg Ol u moTyuaeM:

1+== OTcioma coszoczi.
9 cos‘a 10
3
ITockoupky T < ?, Tocos <0,

(

sina=tgo - coso =

TOrZa COSOL =

2, 90" <0 <1803

76

_1 3n.
2)tgoc—3, n<o< >

KommenTapuit

1) PasenctBo sin? o+ cos? o =1 cBa-
3BIBAET Sin (L 1 COS (L ¥ TO3BOJIAET BBIPA-
3UTH OOHY U3 3TUX (PYHKIIUI yepes APpy-
ryro. Hampuwmep, cos? oo = 1 — sin? .

=++/1-sin?0. Yuursisad,

B KaKO YeTBEPTHU HAXOJAUTCA Ol, MBI MO-
JKeM OIPeIeINTh 3HAK, KOTOPBIHM HE00-
XOAMMO B3ATH B IIpaBOi yacTu (h)OPMYJIbI
(sT0 BHAK KOocuHYyca Bo Il ueTBepTH).
3Had sin o m cos O, HaAXOAUM

Torma cos o

Ccos Ot
u ctgo=
sin (X

Yraxem,

YTO MOCJIe HaXOXKAeHU tg oL 3HaUueHUe
ctg Ol MOYKHO TaKsKe HaliT! 13 COOTHO-
menud tg o ctgo=1.

2) PaBerctBo tg o * ctg o= 1 cBA3BI-
BaeT tg o uctg 0L u T03BOJIAET BBIPABUTH
OHY M3 3TUX (PYHKIIUHA uepes APYTYIO
KaK 00paTHYIO BeJINUUHY.

1
PasencrBo 1+tg?0=——— CBA3BI-
COos“ O

BaeT tg 0L 1 cOs 0L ¥ I03BOJISIET BEIPA3UTh
OIHY U3 9TUX (PYHKIINH depes JPYTYIO.

Hanpuwmep, cos?a = . Torgpa

1
1+tg2o

coso =+ |—1 . 3Has1, B KaKOi ueT-
1+tg2o

BEPTHU HAXOOUTCS 0., MBI MOYKEM OIIpee-



§ 6. COOTHOLLEHMS MexXy TPUTOHOMETPUYECKMMU (PYHKLMSMN OOHOMO apryMeHTa

JIUTDH 3HAK, KOTOPBIHA HEOOXOAMMO B3ATh
B ITpaBoOi yacTu (hOPMYJIBI (3TO 3HAK KO-
cunyca B IIIl ueTBepTH).

JJra Hax 0K IeHUA Sin oL MOYKHO BOC-
TOJIb30BATHCS COOTHOIIIEHEM

ino .
tgoc~cos0c=&~cosa=s1noc.
Ccos O

1-cos o

3amaua 2 YmupocTuTe BhIpaskeHTe P

Pemenue KommenTapui

st ipeoO6pasoBaHUs YUCIUTEIA

2 .2
> H%“:M:cosza, < JAaHHON APOOW M3 OCHOBHOTO TPHUIO-
tga  sin o HOMETPHUYECKOro TOXKAecTBa sin? o +
2 .
cos o + cos? =1 maxogum: 1- cos? o.=sin?o.

BaTeM, HCIIOJIB3ydA OIIpeneJieHre TaH-

sina
reHca: tgo= , VIPOIIlaeM IIOJIY-
Ccos O

YeHHYIO IP00b.

3amaua 3 YupocTture Bripaskenue sint oo — cos* oo + cos? .

KommenTapui

151 mpeo6pa3oBaHUs TPUTOHOMETPUYECKUX BEIPAMKEHN HAPALY C TPUTOHO-
MeTpudyecKuMu GOPMYIaMU UCIOIb3YIOT TaK ke anredbpandyecKkre (JOPMYJIbL, B UaC-
THOCTH, (DOPMYJIBI COKPAIIEeHHOT0 YMHOXKeH . Tak, Beipaskenue sin* o — cos? o
MOYKHO pacCMaTPUBAaTh KaK PasHOCTh KBaapaToB: (sin? a)? — (cos? a)?. Torga ero
MOYKHO PA3JIOKUTh Ha MHOKUATENH (Ha IPOU3BeJeHNe CYMMbI M PA3HOCTH Sin? oL 1
cos? o), a 3aTeM NPUMEHUTH OCHOBHOE TPUTOHOMETPUUYECKOE TOKIECTBO
sin? o+ cos?a=1.

Pemenue
P sin* o — cos? o+ cos? o= (sin? o + cos? a)(sin? o0 — cos?ar) + cos? o =
=1-(sin? o0 — cos?a) + cos? o = sin? ot — cos? o +cos? oo = sin? o, <

% Cth( T
| —<O<T.
3agaua 4 YupocTure BEIpasKeHUe tgo + ctgo mpu

KommenTapui

sina
CHavajya UCHOJB3yeM OoIlpelejieHre TaHTeHca W KOoTaHTeHca: tgo=——,
cos o

ctg 0.=22% amocJe npeoGpasoBaHus 3HAMEHATEJIS ;POOU — OCHOBHOE TPUTOHO-

sino
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

MeTPHYEeCKOoe TOMXKAeCTBO sin? oo + cos? o= 1, mqajiee yupoIaeM IoJIyYeHHYIO IPO0b.

B KoHIle yUUTbIBaeM, UT0 Va2 =|a|. Jl71s paCKPHITHA 3HAKA MOZY A HAXOTUM 3HAK
KOCHHYCA B 33JaHHOM IIPOMeXKYTKe U YIUTEIBaeM, uTo npu a < 0 3Hauenwe | a |=—a.

Pemenue

oS0, oS0, cos 0,
|__ctga sino - sino - sino.  _
P \tgo+ctga sina. | coso sin? o0+ cos? o, 1
coso.  sino, cos oL - sino cos o - sino

T
=+/cos?0. = | cosol| = —cosa, mocKoTbKY Bo IT ueTBepTH (E <o< n) cos . <0. <

2
sinot+cosa) -1
3amaua 5 JlokaKuTe TOKIECTBO % =2.
tg ocos® o

KommenTapui
Jlokaskem, 4TO JJeBad 4acTh paBeHCTBa paBHAa IIpaBoi. [ aToro B 3HamMeHaTe-

sino
Je ucnoabayem popmyiy tgo =
Cos o

, & BUUCJNUTEJEe BO3BEIEeM BhIPAKEHNE B CKOO-

Kax B KBaJpaT U UCIIOJab3yeM (popMy.ry sin o + cos? oo = 1. HamoMmuuM, 4TO moxcde-
CME0M HA3bLBACNCA PABCHCIME0, 8EPHOE NPU 8CeX JONYCMUMbLX 3HALCHUAX OYK8,
8x00auux 6 Hezo. I10sTOMY IaHHOE PABEHCTBO ABJIAETCA TOMKAECTBOM TOJIBKO IIPU
ycaoBuu tg o0 ucos o #0.

Pemenue

. 2 02 2 . . .
> (sina+coso)” -1  sino+coso+2sinocoso—1  1+2sinocoso—1 2 sinocoso
— = = = =

o sino 2 sinocos o sinocoso

tg o.cos cos2 o,
cos o

2= 2. Takum 06pa3om, JaHHOE PABEHCTBO ABJIAETCA TOKIECTBOM. <

3ameuaHue. [Ipu toKasaTesbCTBE TOMKAECTB UAIIle BCET'O UCIIOJIB3YIOT TAKUE

IpUeMBbI:

1) ¢ TOMOIIBIO TOXKAECTBEHHBIX IPe00pa3oBaHUil JOKA3bIBAIOT, UTO OJHA YACTD
paBeHCTBa paBHA APYTOi;

2) paccMaTpUBaIOT Pa3HOCTD JIEBOI U IPABOH YaCTeH TOMKAECTBA U JOKA3BIBAIOT,
YTO 9Ta PA3HOCTH PABHA HYJIIO (9TOT IPUEM UCIIOJIb3YIOT B TEX CIydasiX, KOTaa
IJIaHUPYyeTcA IPeodpa3oBLIBATH 00€ YaCTH TOXKIECTBA).

Bonpocbl Ansg KOHTpons

1. 3anuInuTe COOTHOIIIEHUE MEK/Y TPUTOHOMETPUUECKUMU (PYHKIUSAMU OLHOTO
apryMeHTa.

27, [IoKkaXuTe COOTHOIIIEHNE MEXKIY TPUTOHOMETPUUYECKUMU (PYHKIIUAMU OTHOTO
apryMeHTa.
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§ 6. COOTHOLLEHMS MexXy TPUTOHOMETPUYECKMMU (PYHKLMSMN OOHOMO apryMeHTa

YnpaxHeHus
1. CyimecTByeT Jiv YKCJIO ¢, OJHOBPEMEHHO YI0OBJIETBOPSIOIIEE YCIOBUIM:
o a1 D DR . T
1) sino=72, coso=-; 2%) sino.=—, coso=—; 3)sino.=0,7, coso.=0,3;
. 3 _5, .. _4 _T.
4) tgo=-, ctga=25 5) tgo=—, ctga =15 6) tgo=2+3, ctgoa=2-+3?
2. 3Hasa 3HaUeHUe OJHOII N3 TPUTOHOMETPUUYECKUX PYHKITUHN U MHTEPBAaJI, B KOTO-
POM COIEPIKUTCS O, BHIYUCJINTE 3HAUCHUS TPEX OCTAIBHLIX TPUTOHOMETPUYE-
CKUX QYyHKIIUN:
o s 12 .
1) sino=—22, 3—2"<oc<2n; 2) cos 0= 0,8, T<o<m;
_3 3n b
3) tgoc—E, n<oc<?; 4) ctga=—0,2,5<o¢<m
3. YmpocTure BhIpasKeHUe:
. < g 9 . o ctgasino,
1) 1-sin® o — cos? ; 2)(1-cos )+ (1+cosa); S)W
4")sin? o —tg o ctg o 5) sin* o0 +2 sin? o, cos? oL + cos* o3
tga ctga coso - tga
- ; —————ctgoicosoy
6) 1+tg2a  l+ctg?o’ 0 sin? o g ’
8) ( 1 +ctgoc)( 1 —ctgoc)' 9°) sinfo+costo -1,
sino sino ’ sin® o0+ cos® o -1’
o [1+si 1-si
10%) \/ sno —\/ sno mpu n<a<3r,
1-sina 1+sina 2
4. JIokaXuTe TOMKIEeCTBO:
o 1 . 1
1) ——-1=tg?0; 2°) ———1=ctg?o;
Ccos“ o sin® o
o . . ctgo Py
2 - 2=9. —==__=cos?0;
3’) (sin o + cos 0)? + (sin o0 — cos o)? = 2; 4) peo——— 3
1+tg2o 1 cos o 1+sino 2
= . + — .
5) 1-tg2o cos?a—sina’ 6) 1+sinoe  cosol coso’
2 2 2 2 2 2_ 2
7) ctg? oo — cos? oL = ctg? oL cos? o 8) (1+tga) +(1-tga) =i
) 3~y _ aind . ) 1—si 4. 4
9*) w:cosa—s]_na; 10*) M:ztgz ol

1+sinocosa

. 1
5%. 1) sBecTHO, 4TO Sin0l+cosol =3

cos*ol

. Hatizure sin o * cos O.

2) UzBecTHO, uTo tg o+ ctg oo = 2. Hatigure: a) tg? oo+ ctg? o; 6) tg® o+ ctgd o
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m OOPMYJIbl CTIOXXKEHNSA N NX CNEACTBUSA

7.1. ®OPMYIJibl CJIOXXEHUSA

Tabnuma 15

1. KOCMHYC pa3HoCTV U CYyMMbI

cos (ot — PB) =cos o cos P + sin a sin B

cos (o + PB) = cos o cos B —sin o sin B

2. CYHYC CYyMMbI 11 Pa3HOCTH

sin (a0 + ) = sin o cos B + cos a sin B

sin (o — B) = sin & cos B — cos a sin B

3. TaHreHC CyMMbI 1 Pa3HOCTU

t t tga—tg
tg(a"'ﬁ):—lf?;atggﬂﬂ tg(a—B)=w

O6bsAcHeHUe 1 0bocHOoBaHMe

1. KocuHyc pa3HOCTH ¥ CyMMBI.

® Y106s moyunTs hopMyry A1 cos (oL — B), cCHAUAIA PACCMOTPUM CJIydaii, KOr-
naou P HaxomaTesa B mpoMeskyTre [0; 1] u o > . Ha equHUUHOM OKPYKHOCTH
o6osHauuMm TOuKY P 1 PB u usobpasum Bexropsl OP, u OF, (puc. 71). 9tu
BEKTOPBI UMEIOT Te YK€ KOOPAUHATEHI, UTO U TOUKU Pa n PB’ TO €CTh:

yl OP, (cos a;sin o), OF; (cos [ sin ).

Py JuHBI (MOIYJIM) 3TUX BEKTOPOB PaB-

HbBI eIUHUIIE: |O_Pa|:1, O_PB|=1, a yroJ

a B \p MeXIy HUMU paBeH O — [ (To ecTh
- 4P OP;=0a-P).

Haiigem cransapHoe mpous3BegeHUE

=Y

BekTOpOB OP, u OF, ABYyMs criocobamu:

1) KaK cyMMy IPOM3BEIeHU OMHONMEH-
Puc. 71 HBIX KOOPAMHAT:
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§ 7. DopMynbl CIOXEHNS 1 X CIEACTBUS

OP, - OF, =cosa.-cos B +sina.-sin
2) Kak mpousBeeHne JIMH (MOIyJIel) BEKTOPOB Ha KOCUHYC YTJIa MEKAY HUMU:

CT%O_%=| O_Pa|| O_PB|-c0s4PaOPB=1-1-cos(a—|3)=cos(a—B).

Takwum o6pasom,

. (eY)
ITosnyuenHOE paBEHCTBO HA3BIBAIOT POPMY.LOLL KOCUHYca pa3dnocmu. CIOBECHO
ee MOXHO C(hDOpMYJINPOBATh TaK:

‘cos(a—ﬁ)=cosacos|3+sinocsin|3

KOCUHYC pa3nocmu 08Yx yzn06 (wucen) pagen npou3éedenuto KOCUHYca
nepeozo yzaa (1ucna) Ha KOCUHYC 6Mopozo niic npouséedenue CuRyca
nep6020 Ha CUHYC 6MOPO2O.

Y0651 000CHOBATE 3TY (POPMYJIIY B OOIIEM CIyUae, HAIOMHUM, UTO II0 OIIpPeJe-
JIEHUIO YTOJ MeKAY BeKTopamMu (£ PaOPB) MOJKeT OBITh TOJIBKO B IIpefeaax OT

0 1o 7. ITosToMy IpH 0. > B yrOJI MKy BEKTOPAMU O_Rx u OPB MOXKET PABHATHCSH
o — B (puc. 71), nau 21 — (0. — B) (puc. 72), niu IPUHUMATE 3HAYEHU ST, OTIIAY-
HbBIE OT ATUX 3HAUEHUN Ha ITeJI0e YKUCJI0 000poTOoB (TO ecTh HA 2Tk, Tae k € Z).
YuursIiBas NepUOANYHOCTS (C IIEPUOAOM 2TT) ¥ YeTHOCTH (PYHKITUY KOCUHYC, 10~
Jy4aeM, 4To B 1060M ciaydae cos £ P OP; = cos (0.~ B), Takum o6pasom, mpuBe-
JIeHHOe 000CHOBAHME OCTAETCS BEPHBIM JIJIs JIO0BIX 3HAUEHU oL 1 .

C momobio hopmyst (1) IeTKO BEIBECTU POPMYLY KOCUHYCA CYMMbL:
cos (o + B) = cos (0. — (—P)) = cos o cos (—P) + sin asin (—f) =
=cos 0. cos f — sin o sin B. Takum o6pasom,

) 2)

Kocunyc cymmot 06yx yz2n06 (wucen) paéen npou3éedeniio KOCUHYca nep-
6020 y2nia (Wucna) Ha KOCUHYC 6MOPO20 MUHYC NPou3éedernue CURYCa nep-
6020 Ha cunyc 6mopozo. O

‘ cos (o +PB)=cosacos P —sinasinf

2. CuHyC CyMMBI 1 PA3HOCTH.

BriBenem Temeps popmysibl cuHyca

CYMMBI ¥ CHHYCa Pa3HOCTH.

Cuauaza o opmye (1) mosyumm 1Ba i
TOJIE3HBIX COOTHOIIIeHU . A UMEHHO: Py

cos (g—(p):cos g cos (p+sin§sin(p:

=l

=0-cos ¢+1-sin ¢=sin @.
Ilepenuiiem mosydyeHHYO (QOPMYITY
cIpaBa HaJIeBO: o

sin@ = cos (%—(p). (3) Puc. 72
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Ecau noacraButs B hopmyy (3) ¢ =§— 0O, TO IOJIYUMM:
sin(g—oc)zcosoc. (4)
IIpumensasa popmyisi (3), (1) u (4), nmeem:

sin(oc+B):cos(§—(0c+B)):cos((§—oc)—B):

= cos(g - oc)cos B+ sin(% - oc)sin B =sin o.cos B +cos asin B. Taxum o6pazom,

‘sin(a+B)=sinacosB+cosasinB }. (5)

Cunyc cymmoL 06yx yz2n06 (Lucen) paéern npouidéedeHur0 CUHYCA nepe0zo
yana (1Lucna) Ha KOCUHYC 6MOPO20 NAIOC npou3éedenue KOCUHYyca nep-
6020 HA CUHYC 6MOPO2O.
s curyca pa3HOCTU IMEeM:
sin (o — B) = sin (o0 + (—P)) = sin o cos (—P) + cos a.sin (—B) =
= sin otcos B — cos o sin B. Takum oGpasom,

‘ sin(a—B)=sinacosB—cosasinB‘.

Cunyc pasnocmu 08Yx Y2106 pageH npou3éedeHuIo CURYCA nep60zo yzia
(1ucna) Ha KOCUHYC 6MOPO20 MUHYC NPOU3EedeHuUe KOCUHYCA NLepP6020
na cunyc émopozo. O

3. TaHreHc cyMMBI ¥ PA3HOCTH.
@ C nomormpbio hopMy.I CI0KeHNA AId cuHyca (5) 1 KocuHyca (2) IETKO HOIYIUTh
(bopmyJIBI CIIOMKEeHUA AJIs TAHTeHCA Uan KoTanreHca. Hampumep,

tg(a+p)= = .
g( B) cos(oi+PB)  cosacosP —sinosinp

Pasgenum dymeanuTeN b W 3HAMEHATEJDb IMOCIAEIHEH Apo0u Ha IIPOM3BeIeHNe
cos o cos P (rpu yesmoBuu, uTo cos o # 0 u cos B # 0 ) u momyumnm:

sin(o+B) _ sinocosP + cososinp

sinacosP . cosa sinf sino.  sinf
cosacosf cosocosf coso.  cosf tgo+tgp
= . = . Takum o6pasom,
cosocosf  sinosinf _sino. sinf  1-tgotgh
coso.cosf cosacosP coso. cosf

t t
tg(a+p)= 1 fttxg-'-oztgg[:‘[i )

Jlyis TaHTEeHCA PABHOCTU UMEEM

_R)= _B))= _teo+te(p) _ tga-tgp m G
tg(or~B)= tg 0+ (-B)) = ELE B = HEEER, Tazme oSpasonr,

_R)=_tgo—tgh
tg(x—P) 1+tgotgp |
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§ 7. DopMynbl CIOXEHNS 1 X CIEACTBUS

Mpumepb! pelueHvis 3agay

3amaua 1

Pemenue
1) P sin 15" =sin (45°-30") =
= sin 45° cos 30" —cos 45° sin 30° =

is B Nor

2 2 2 2 4
2) P cos 15" =cos (45" —30") =
= cos 45" cos 30° + sin 45" sin 30" =

V2 s 21 _Jeedz

2 2 2 2 4
3) P tg 15" =tg (45" - 30" =

b 55 _
ﬁ 3+\/§
3

_ tg45°—tg30° _ 1- 3

T 1+tg45°tg30°

1+1-

_ (3—‘/5)2 _12-6V3 _ o
e e

3amaua 2

Brorunciaure: 1) sin 15°; 2) cos15’; 3) tg 15°.

KommenTapui

TIpencraBum 15° Kak pasHOCTD:
15" =45"- 30",
a 3HAUeHUdA TDUTOHOMETPUUYECKUX (PyH-
Kiwmit yriios 45° u 30° b1 3Haem. IloaTo-
My, 3aIKcaB cuHyC 15° Kak cuHyc pas-
HOCTH, TIOJIyYMM 3HaueHue sin 15°. Aua-
JIOTUYHO HaligeM cos 15" utg 15°.
3amMeTuM, UTO JIs HAXOMKIEHUSA
tg 15° MOKHO MTPUMEHUTD TaK:Ke (Pop-
myay tgo=2%,
Ccos O
B sazanmm 3 mocsie monCcTaHOBKU

3-/3
3+\/§

yI00HO M30aBUTHCA OT UPPAIUOHAIBHO-

TaHI'€HCAa B JaHHOE BBIPaXEeHUe

CTU B 3HAMeHAaTeJie IPo0u, YTO 3HAUMU-
TEJBLHO YIIPOII[aeT OTBET.

cos(a+p)+sinasinf

YupocTture BEIpaskeHUue — .
cos (o —PB)—sinosinp

KommenTapui

s mpeoOpasoBaHMA YUCAUTENA U 3HAMEHATE A APOOU TPUMeHUM (DOPMYJIbI
KOCHHYCA CYMMBI I KOCHHYCA PA3HOCTHU U IIPUBEIEM II0JOOHbIE UJIEHBI.

Pemenne
cos(a+B)+sinasinB _ coscacosp—sinasinB+sinasinB _ cosocosp _ 4
cos(o.—P)-sinasin  cosocosP+sinosinp-sinasin  cosocosp
3amaua 3 Haiigure suaueHue BeIpaskeHusa cos 37° cos 23° —sin 37" sin 23°.

Pemenue

P cos 37°cos 23°—sin 37°cos 23°=

=cos(37°+23°)=cos 60° :%, <
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KommenTapui

HNcnonasdyem opmysy KocuHycCa

CYMMBI CIIpaBa HaJIeBO:

cos oL cos B —sin o sin B = cos (o + B).



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

3amaua 4 JlokasKnTe TOXKIAECTBO:

1) sino+coso = x/Esin(oc +§);

2) sino.—coso. = x/isin(oc —g).

KommenTapui
17151 0GOCHOBAHMSA 9TUX TOKAECTB JOKAMKEM, UTO UX MIPABbIe UACTH PABHBI Jie-
BBIM, IPUMeHAA (OPMYJIbI CHHYCA CYMMBL U CUHYCA PA3HOCTH:
sin (0. B) =sin a.cos B + cos o sin B.

JloxaszaTeabcTBa

1) » \/Esin(owg): \/E(sinoccos§+cosocsin§) :«/E(sinoc~%+cosoc~—2)=
=sino+cosoy <

2) » x/isin(oc—g)z x/i(sinoccosg—cosocsing)z ﬁ(sinou%—cosov%):
=sino—coso. <

Bonpocbl Ansg KOHTpons

1. 3anumuTe GOPMYJILI CIOKEHUA: a) KOCUHYC CYMMBI U KOCUHYC Pa3HOCTU;
0) CHHYC CYMMBI ¥ CHHYC Pa3HOCTH; B) TAaHT€HC CYMMBI 1 TAHTEHC Pa3HOCTHU.

2%, TlokaskuTe (POPMYJILI CIOMKEHUA: a) KOCUHYC CYMMBI U KOCHUHYC PasHOCTH;
0) CUHYC CYMMBI ¥ CHHYC Pa3HOCTH; B) TAaHT'€HC CYMMBI U TAHTEHC Pa3HOCTHU.

YnpaxHeHus

1. Brruuciaure:
1)sin 18°cos 17+ cos 13°sin 17°;  2)sin 16" cos 29° + sin 29" cos 16°;
3) sin 78" cos 18" —sin 18" cos 78°; 4)sin 63" cos 33" —sin 33° cos 63°;

5) cos 66° cos 6°+ sin 66° sin 6°; 6) cos 71° cos 26" + sin 71" sin 26°;
7) cos 20° cos 25° —sin 20" sin 25°; 8)cos 18" cos 12° —sin 18" sin 12°;
9 tg10°+ tg 35° 10 tg73°—tg 13° 1+ tg 67°tg 7°

) 1o tg 10°tg 35°° ) 1+ tg 73°tg 13°’ tg 67 —tg 7

2, Yupocture:
1°) sin 50 cos 30— cos Hosin 30 2) cos 40.cos 200+ sin 4o sin 20
3) sin (o0 —B) cos B+ cos (0. —P) sin B;  4) cos a.cos (o + B) + sin asin (o + B);

cos 7o.cos 40, + sin7ousin 4o sin 8o cos 20 — cos 8asin 2t

5) sinocos 20 + cososin20, 6) cos 20.cos 40, — sin 20.sin 4o’
.. tgdo+tg 3o | .. tgTo-tg2o |
) s 8) —————;

1-tg 40 tg 3o 1+tg 70 tg 200
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§ 7. DopMynbl CIOXEHNUS 1 X CIEACTBUS

sin(o+p)+sin(a-p), sin (o +B) —2sinocos P
sin(o+B)-sin(o-p)’ 10) cos(o.+PB) —2cosocosp’
3. CnomoIbio GOPMYJI CI0KEHNA BEIYUCIIUTE:
1)sin 75°; 2)cos 75%; 3)tg 75°; 4)sin 105°; 5)cos 105°; 6)tg 105°.
4. JIokaXuTe TOXKIEeCTBO:
1) sin (o0 + B) + sin (o0 — B) = 2 sin o cos B;
2) cos (o0 — PB) — cos (o0 + B) = 2 sin o sin B;

3) sin(a+ﬁ):tga+tgﬁ; 4)M:ctgﬁ—ctga.

cosacosf sinosinf3
5)sin(80° — o) —cos(60° —a)=—/3sino; 6)sin (30" — o) + sin (30" + o) = cos o;
7 tg(%n— oc)+tg o :tg(%—a)tg oa-1; 89 tg(a+§)—tg o= 1+tg(a+§)tg ol

o) V3 sino + 2005 (60° + ) _ctgos 107
2sin (60° +(x)—x/§cosoc

\/Ecosa—zcos(45° +a)
=tgo.
2sin (45° +a)—\/5sin(x

7.2. DOPMYJibl ,EI,BOVIHOFO APTYMEHTA
Tabnauima 16

sin 200 = 2 sin o cos o

cos 20 = cos?0 —sin?ae=1—- 2 sina0=2cos? o — 1

2tga

tg20 = 1 tg'o

O6bsACHeHUe N 00oCcHOBaHMe

® Y1065 mOTyunTE (hOPMYJIBI JBOITHOTO APTYMEHTA, JOCTATOUHO B (hOPMYJIaX CII0-
JKEHNA
sin (o + B) = sin o cos B+ cos o sin B,
cos (0. + B) = cos o cos f —sin o sin B,

t, t,
te(oB)= 200 fgﬁ

B3ATH B = 0. [Toyuum ToxIecTBAa:
sin 20.=sin o cos oL + cos o sin oo = 2 sin oL cos o, TO eCTh
sin 200 = 2 sin o cos O.
cos 200 = cos 0, cos 0. — sin o sin o0 = cos?o. — sin?ol, TO ecTh
cos 20 = cosZo — sinZoL.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

tgoa+tgo _ 2tgo

tg 200 = =
g 1-tgo-tgo 1—tg2u’ToeCTB
2tgo ~
tg 200=—">2". O
g 1-tg2o

U3 popmysisl cos 20, = cos? 0, — sin? 0, ICIOIb3Y I OCHOBHOE TPUTOHOMETPUYHOE
TOKIeCTBO cos?o + sin?0 = 1, MOYKHO MOJIYYUTh (DOPMYJIbI, KOTOPHIE II03BOJIAIOT
BBIPA3UTH COS 20l TOJIILKO Uepes Sin Ol MJIu TOJIBKO Yepes cos .

@ [leiicTBUTEIBHO, 13 OCHOBHOTO TPUTOHOMETPHUECKOTO TOMECTBA IOIyIaeM
sin?a.=1-cos?a, cos?a=1 —sin?a. Torga
cos 20, = cos?o — sin?o = cos?o. — (1— cos?a) = 2 cos?a — 1, To ecTh

cos 200 = 2 cos?a — 1. (1)
cos 200 = cos?o. —sin?o=1 —sin?0 — sin?o =1 — 2 sin®0l, TO ecThb
cos 20.=1 -2 sin?o.. O (2)
W3 popmy (1) 1 (2) MOIKHO TOTYUUTH CIIEACTBUA, KOTOPHIE TIOJIE3HO 3aIIOMHUTh:
Sinzazl—c;smx , cosz(x:1+c;s2(x )

IT; GopPMyYIbI HABLIBAIOT YOPMYIAMU NOHUNMCCHUS CTeNeHU.

X
Ecnu B mocaequux opmysiax 0o603HAUUTE 200 = X, TO €CTh O =3 TO MOYKHO
3anucaThb Takue (popMyJIbl:
. X X
1—cosx=2s1n?‘§, 1+cosx=2cos25. 3)
3ameTuM, 4T0 OPMYJIBI CHHYCA ¥ KOCUHYCA IBOMHOTO apIyMeHTa CIIPaBe/JIN-

BBI 1715 JIIOOBIX 3HAUEHUHM apryMeHTa, Tor1a Kak (hopMyJja TaHTeHca TBOMHOTO ap-
TYMeHTAa CIPaBeJINBa TOJBKO IJIA TeX 3HAUEHUN apTyMeHTa O, IJI KOTOPBIX OII-

penenensl tg oo 1 tg 20, TO €CTH TOJIBKO IIPU Ol # §+ nk u 200 # §+ Tk, rneke Z.

Heo6x0qmMo OTMETUTE, UTO, IOJyUeHHBIE (POPMYJIBI MOXKHO IPUMEHUTDH KaK
cjieBa HampaBoO, TaK W CIIpaBa HajleBo. Hampumep, BMeCTO BBIPAKEHUS
2 sin 3o cos 300 Mo:kHO 3anucaTh sin (2 3a)) = sin 60/, a BMeCTO BhIpaKeHUA
cos?1,50.— sin?1,50 sanucars cos 30.

Mpumepbl pelLeHns 3apa4

&5 2)sin15%cos 15",
Pemenue KommenTapui
B mepBoM 3a1aHU M JOCTATOUHO «y3-
HaTbh» IPABYIO 4aCTb (DOPMYJIBI KOCUHY-
ca IBOMHOTO apryMeHTa U1 3anucaTh pe-
=cost =2 < | synbrar. Bo BropoMm 3asanuu cienyer
4 o0paTUTh BHUMAaHUE Ha TO, YTO 3afaH-

T .
3amaua 1 Breramcsure: 1) cos? . sin?

2T _gin2Xo =
1) b cos g ~sin’g cos(Z 8)




§ 7. DopMynbl CIOXEHNS 1 X CIEACTBUS

2) psin 15°cos 15° = l .25in15°cos 15° = HO€ BBIPpAKEHUEe OTJII/I‘-IaeTCf'f oT HpaBOﬁ

2 4acTu (POPMYJIbI CHHYCA JBOMHOIO apry-

_ lsin(Z ) 150) _ lsin 30°= l. 4 MEHTa TOJBKO OTCYTCTBUEM ABONKU.

2 2 4 IToaTomy, ecsim 3TO BBIpAYKEeHUE YMHO-

JKUTH U pa3JieIUTh Ha 2, TO OHO He U3Me-
HUTCH, ¥ TOTAA 110 (hopMYyJIe IOy I M:

25in15°cos15° = sin(2-15°)=sin30° =2

1+ cos4a
3amaua 2 HokaKuTe TOKIECTBO —————
S.

P ctg 20.

KommenTapui

Hoxkaskem, 4TO JieBasd 4aCcTh TOKIEeCTBA PaBHA IIPaBoii. 3aMEeTHM, UTO B UMCJIU-
TeJjie JpOOU HaXOQUTCS BEIPpasKeHNe, KOTOPOe MOKHO HeIIOCPEeICTBEHHO ITpeodpa-
30BaTh 1Mo opmy.e (3). Ho mpumeHeHMe 9T0M (HOPMYJILI YMEHBIIIAET aPTYMEHT
BaBoe: 1+ cos 400 = 2 cos? 20.. HeaTebHO U B 3HAMeHAaTE € APOOY ITEPENTH K TO-
MY JKe apTyMeHTy 20.. 1151 9ToTo paccMOTPUM Sin 400 KaK CUHYC ABOMHOTO apryMeH-
Ta (OTHOCUTEJILHO apryMeHnTa 20.): sin 40 = sin (2 * 2a) = 2 sin 20 cos 201.

HJoraszaTeabCTBO

1+cosdo _ 2cos?20  cos2a
- =— =— =ctg2o. <
sin4o 2 sin2a.cos200  sin2o0
1+ sin2a

3amaua 3 CoxpaTure 1pobb 0520

KommenTapui

IIpeo6pa3oBeIBasA TPUTOHOMETPUYECKYE BEIPAIKEHNS, CJIEAYyeT IOMHUTD He TOJIb-
KO TPUT'OHOMETPUUYECKHE, HO U ajredpanueckue GopmyJisl. B uacTtHocTH, eciiu B
3HaMeHAaTeJle IPO0U MPUMEHUTh (POPMYJY KOCHHYCa IBOMHOIO apryMeHTa:
cos 20 = cos?o — sin? ¢, TO MOIyUNM BBIpAYKEeHNEe, KOTOPOE ABJIACTCA PA3HOCTHIO
KBaJpaToB COS Ol 1 sin ol Ero MoXKHO pas/IoKUTh Ha MHOMKUTEIN KaK [IPOU3BENeHIe
CYMMBI 1 PA3HOCTH COSOL 1 sino. YuurbsiBasg BUO BEIpAXEHNUA, IIOJTYUYCHHOT'O B 3HA-
MeHaTeJe, B UUCJIUTE e IIPeICTABUM BhIpaskeHue sin 200= 2 sin ol cos 0. KaK yaBO-
€HHOe IIpou3BeIeHne Sin oL Ha cos o.. Torma a1 moyueHnss KBaapaTa CyMMbI 9THX
BRIpasKEHNI HaM HeoOXo4uMa e1rfe cyMma sin? o + cos? 0, KOTOPYIO II0 OCHOBHOMY
TPUTOHOMETPUUYECKOMY TOMKIECTBY JaeT eIUHNILA, CTOSINAA B UUCIUTEIIE.

Pemenue
1+sin 200 sin® o +cos® o+ 2 sino.coso, (sin ot + cos or)? _ sina+cosa
cos 20, cos?o —sin® o (cosa + sina)(coso —sino)  coso —sino
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3amaua 4

1)sin 20;  2) cos 20

Pemenue
> sinZ(x:l—cosZ(x:l—z%, TO ecThb
.o 16
sin 0c-2—5. Taxum o6pasom,
. 4 .
smoc:g W s1n0c:—§.

YuureiBas, 4To o€ (32—n;2n), OJIy-

. 4
yaeM sino = 5 Torgma:

1) sin20=2sinocos o=

9 16 7
=% 25 25
24
3) tg20= sin20 _ —35 _ 24,
cos 20 —% 7’
4) ctg20=20520_T7 4
sin200 24

Bonpocbl Ansg KoHTpons

3) tg 20,

3
3Has, 4To cosoc:g U UTO O (3?“, Zn), BBIUKCJIUTE:

4) ctg 20.
KommenTapui

Yro0bI HAWTH 3HAUEHHUE Sin 20 O
dopmysie cuHyCca IBOMHOTO apryMeHTa
sin 20.= 2 sin oL cos 0, He00X0AUMO, KPO-
Me TaHHOTO 3HAUEHUA COS O, UMETD eIIle
¥ 3HAUEHUe Sin o, KOTOpoe JIETKO HaX0-
IUTCA C UCIOJb30BAHNEM OCHOBHOTO
TPUTOHOMETPUYECKOTO TOKIeCTBA:

sin?0, =1 — cos2a.

HamomuuM, 4TO O/ HaXOXKIEHUS
sin o caemyeT TakKe yIecTh 3HAK CUHY -
ca B 3aJaHHOM IIPOMeXyTKe (1o
ycaoBuio 0L HaxonuTcsa B IV ueTBepTH,
Tlle CHHYC OTPHUIIaTeJIeH).

3aMeTuM, YTO COS 200 MOYKHO HAUTH
TaKKe 1o (popmye

cos 200 =2 cos?a— 1,

He BBIYUCJIAL sin o, a ctg 200 — mo dop-
myze ctg 200 = t%’ TIO[CTABUB HAIIIEH-
g 200

HOoe 3HaueHUe tg 20.

1. 3anumure GopMyJIBI CHHYCA, KOCHHYCA U TAHTeHCA JBOMHOTO apTryMeHTa.
27, Dokaxure JOPMYJIBI CUHYCA, KOCHHYCA 1 TAHT'€HCA JBOMHOTO apT'yMeHTa.

YnpaxHeHus

1°. Beruucaure:
1) cos?215’ —sin?15";

4) (cos 75° — sin 75%)%; 5)

2) 2 sin = cos E;
8 8

3) (cos 15° + sin 15°)?;

ta ™
2tg15° gg
1-tg215°

; 6) —38 .
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Hoxakurte To:xIeCTBO (2—3).

A

10°.

11.

. Hatimure cos 20, eciiu

. . 1.
1) coszg— s1n2§ = oS X; 2) sin 5x cos 5x =, sin 10x;
3) (sin x + cos x)? =1 + sin 2x; 4) (sin x — cos x)? =1 — sin 2x.
i in 400 .
) su_lﬂzcosoccos&x; 2) &zsmacosZ(x;
4sino 4cosa

3) (ctg oo — tg o) sin 200 = 2 cos 201; 4) tgo+ctga= 2_.

. b
sin 20

ctg? o—-1

2 =
%) ctg 2o 2ctg o

YupocTuTe BeIpaxkeHue:

sin 20

1) ———sinoy 2°) cos?o. — cos 203
cos ol
sin 200 — 2sin o « C€OS 20.—sin 20
R ) e gy 22
coso—1 cos 4o

. 4 T
3Hasd, 4To Sind =5 X qTo OLE (5; n), BBIUHCJINTE:

1) sin 20 2) cos 20 3) tg 20 4) ctg 20.

5 3
3Has1, 4To CoS O, = BT N UTO OLE (n; ?n), BBIUMCJINTE:

1) sin 20 2) cos 20 3) tg 20 4) ctg 20.

3
3Had, uTo tg o =% N UTO OLE (n; ?n), BBIUMCJINTE:

1) sin 20 2) cos 20 3) tg 20 4) ctg 20.

4
3Hasd, 4YTo ctgocz—g M UTO O,€ (3?“, Zn), BBIUHCJINTE:
1) sin 20 2) cos 20 3) tg 20 4) ctg 20.
sino +3coso _ 3
sino —cosa
Haiigure HanGoIbIIee M HAUMEHbIIIee 3HAUEHIS BEIPAYKEHHSA coS 20.— | cos o |.
ITocTpotiTe rpaduk GyHKITIM:
. .4 4 s .
1) y =sin x cos x; 2)y=sin x—cos x; 3)y=1tg x sin 2x.
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7.3. ®OPMYIJibl NPUBEAEHUSA

Tabmnuma 17

Dopmynramu npusedeHus Ha3bIBAOT (POPMYJIBI, C IOMOIIbIO KOTOPHIX TPU-

ToOHOMeTpHYecKue QYHKIINY OT apTyMeHTOB Buja kn t ou (2k+ 1)% ta (ke Z)
IIPUBOLSAT K TPUTOHOMETPUUECKUM (DYHKIIUSIM OT apI'yMeHTa 0O

Anroputm

MNprmepsl

1. Ecau k uncay o0 npu6as-
aserca uncyao kx, k € Z (To ecth
YHCJI0, KOTOPOe N300paKkaeTcs
HA TOPH30HTAJHHOM JUAMeTpPe
eIUHUYHOH OKPYKHOCTH), TO
Ha3BaHUe 3aJJaHHOU (hyHKIUYU
He MeHSeTcsd, a eCJIu mpubdas-

aserca uyucao (2k+1)= (To

T
2
€CTh YHCJIO, KOTOpPOe m300pa-
JKaeTcCs HA BePTHUKAJIBLHOM Iua-
MeTpe eTMHUYHON OKPYSKHO-
CTH), TO Ha3BaHHE 3aJaHHOMN
(pyHKIIUM MEHAEeTCsa Ha COOT-
BeTCTBYHOIIee (CHHYC Ha KOCH-
HYC, KOCHHYC HA CHHYC, TAHT€HC
HAa KOTaHreC M KOTAHTeHC Ha
TaHTeHC).

2. 3HaK MOJIy4eHHOTO BhIPA-
SKeHHS OIIpeesieTcss 3HAKOM
HCXOJHOTO BBIPASKEHHS, €CIIHN
YCJIOBHO CUHUTATH YTOJ O OCT-
pbIM.

1. Yopocture mo hopMyaaM IPUBEIEHUA
tg(3n — o).

Ly
P tg(Bn—o)=—-tg a.<
P,

3n

=%

KommenTapui
HasBanue 3aanHOM QyHKIINY HE MEHSAETCA,
TOCKOJIbKY UHMCJIO 3T m300paskaeTcsa Ha To-
PUB0HTAJIBHOM JuaMeTpe (CJIeBa) eJUHIIHON
OKDPYsKHOCTHU. EC/IN yroJ O OCTPHIi, TO YTOJI
3t — o HaxoxuTca Bo Il ueTBepTH, TOe TaH-
TeHC OTPUIIATEJIeH, II09TOMY B IIPABO UacTu
(GOpPMYyIBI CTABUTCA 3BHAK «—».

2. Yuopocture cos (% + oc). .

P cos (32—n+06)= sina. <]

A
X :

M
\
L
R

KommenTapui z

HasBanue 3aganuoil QyHKIIUY MEHAETCH, 10~
3n
2
KaJbHOM AuaMeTpe (BHU3Y) eTUHUYHOM OK-
pysxkHOCTH. ECiim yroa o ocTphIil, TO yTOJI

3?“+ o. Haxoxgured B IV weTBeprH, rae xocu-

CKOJIBKY UMCJIO — M300pakaeTcs Ha BePTH-

HYC IOJIOXKUTEeJEeH, II09TOMY B IIPAaBOM 4aCTHU
(GOpMYyIBI CTABUTCA 3HAK «+».
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Ob6bsicHeHUe N 000oCcHOBaHMe

® dopmynbl c0KEHUA TO3BOIAIOT 060CHOBATEH (POPMYJIBI IPUBEIEHHA, IO KOTO-
PBIM TPUTOHOMETpUUYECKUe QYHKIINY OT apryMeHTOB Buza knt o u (2k + 1) X

T
X Ei 0. (kB € Z) IpUBOAAT K TPUTOHOMETPHUUECKUM QDYHKIIMAM OT apTyMeHTa 0.

PaccvoTpuM HECKOIBKO IPUMEPOB.
sin(r—a)=sinncosa—cosnsinaa=0-coso—(—1)*sino=sino;
cos(m+a)=cosmcoso—sinmwsina=(-1):coso—0-sin o =—cos o;

ctg(6n-o)=

cos(6m—a) __cosbmcoso +sinbxn sino. _ coso

sin(6n—-0) sin6rncosc —cos6n sina

—sino

ctga

(KOHEYHO, B IOCJIETHEM CJIyUae TOT JKe Pe3yIbTAaT MOYKHO IIOJIYUNUTD, NCIIOJIb-
3y IePUOJUYHOCTD ¥ HEUETHOCTH (DYHKITNY KOTAHTEHC);

sin(%— oc) = sin%cosoc - cos%sinoc =1-cosa—0-sino =cosoy

Tn

Ccos (— + 0o
2

)z cos 7—2”cosoc—sin 7—2”sinoc =0-coso.—(-1)-sin a.=sin o;

. (3m . 3n 3 .
sin{—+ o sm?cosowcos?sma

_ —cosol _

tg(ﬁ+oc): 2 =

3n 3n . 3n .
cos|\—+a cos?cosa—sm?sma

sina

= =—ctgo.

i aHaIM3a MOJyUYeHHBIX Pe3yIbTaTOB COCTABUM TAK Y0 TAOIUILY:

Tabanuima 18

HNsmenenue YeTBEpPTH 3HaK 3aJaHHON
Bup ITonyuennasa HasBauHuaA | (ecju YCJIOBHO | (PYHKIIUU B
apryMeHTa dopmysia 3a[aHHOM | CYUTATH YIOJ O | COOTBETCTBYIO-
byHKI N OCTDPBIM) el ueTBepTHU
sin(r—a)=sina HET I +
knto cos (n+ o) =-—cosa HeT 111 -
(ke Z)
ctg (6n—o)=—ctg o HeT v -
sin(% - oc) =cosa ecThb I +
2E+DZto - '
2 cos (— + oc) =sino ecTh v +
(ke Z) 2
3n _
tg ?+oc =—ctga ecThb v -
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AHAJIOrMYHO MOYKHO 000CHOBATD, YTO BO BCEX CIAYUYAAX TPUIOHOMETPUUECKUE

byHKIIMU OT apryMeHTOB Buga kn o u (2k + 1) %i 0. (k€ Z) MOXHO IPUBECTHU
K TPUTOHOMETPUUECKUM (PYHKIIUAM OT apTyMeHTa () II0 TAKOMY aJITOPUTMY:

ecnu K 4ucny @ npubaénsemca yucno kn, ke Z (mo ecmdv wucno, komopoe
u3obpascaemcs Ha 20pU3OHMANLbHOM duamempe eOUHULHOL OKPYHCHO-
cmu), mo Ha3éanue 3a0aAHHOU PYHKYUUL He MeHAemcs, a eciu npubasns-

T
emcavucno (2k+ 1) 3 (mo ecmb wucno, komopoe u3obpaxcaemcs Ha 6ep-

mukxanvHom duamempe eOUHULHOU OKPYHCHOCMU), MO HA36aAHUE 3A0aH-
HOU PYHKYUU MeHAemC A Ha cooméemcmeayioulee (CUHYC HA KOCUHYC, KOCU-
HYCHA CUHYC, MAH2ZEHC HA KOMAH2ZeHC U KOMAHZEHC HA MAH2EHC).

3HAK NONYUEeHHO020 6bLpaNeHUA Onpedeniemcsa 3HAKOM UCX00HO02Z0 6bL-
PAKHCEHUR, eCLU YCLOBHO CHUMAMD Y201 O OCMpPbLM.

B rabaure 19 npuBeneHb 0cHOB8HbLE hopmyabl npusedenus. Bee npyrue ciryuan
MOI'YT OBITH IIPUBEOECHBI K HUM C IIOMOIITBIO MCIIOJIB3OBAHUA IIEPUOJUYUYHOCTH COOT-

BETCTBYIOIIUX TPUTOHOMETPUYECKUX (DYHKITIIHA.
Tabnuima 19

5 T+o | t-o | 2n-a | Z+o o | Fig| F_g
2 2 2 2
sin x —sin o sin o —sin o cos o cos o —cos 0L | —cos O
cos x —cos 0. | —cos o cos o, —sin o sin o sin o —sin o
tg x tg o —tg a —tg a —ctg o ctg o —ctg o ctg o
ctg x ctg o —ctg o | —ctg o —tg o tg o —tg o tg o

T . o
YraskeM, uTO 110 (POPMyJIaM IIPUBEIEHUA COS (E - oc) =sin q, sm(g - oc) =cos 0,

ctg (% - oc) =tgo, tg (% - oc) = ctg o Ecim mocsie e (DOPMYJIBI 3aIIACATH CIIPABa Ha-

JIEBO, TO IIOJTYYMM ITI0JIE3HBIE€ COOTHOIIIEHM A, KOTOPbIE YaCTO HAa3bIBAIOT (])opmyﬂamu

0onosHuUmMeNbHbLX apeyMeHmos (apTyMeHTHI 0L 1 % — Ol JOTIOJTHAIOT APYT APYyTa A0 %) :

sinoc:cos(g—oc), cosoc:sin(g—oc),

tgoc:ctg(g—oc), ctgoc:tg(g—oc).

Hanpumep, sin 60° = cos (90—60°) = cos 30°; cos 89" =sin (90-89°) =sin 1°.
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Mpumepb! pelueHvis 3agay

3amaua 1

1) cos 210

Pemenue

2) tg %"

1) P cos 210°=cos(180°+30°) =

3amaua 2° JokasKuTe TOMKIECTBO

(n
cos(8n-a) s1n(5+(x)

tg(gﬂx) tg(n+o)

Borunciinre ¢ 1oMOIIb0 hOPMYJI IPUBEIEHUS:

KommenTapui

IIpescraBuM 3aJaHHEBIC APTYMEHTEI
TaK, YTOOBI MOYKHO OBLLIO IIPHMEHUTH
(popMmy I IpUBeIeHNS (TO €CTh BBIZEIAM
B apryMeHTe TaKue YaCTH, KOTOPbIe U300-
PasKAIOTCA HA TOPU30HTAIBHOM WJIU Bep-
TUKAJILHOM JHAMeTPe eJUHUYHON OK-
py:xuocTu). Hampuwmep, 210° = 180" +
+ 30°. KoHeuno, MOKHO IIPEACTABUTH
aprymenT ntak: 210°=270"— 60" u Tax-
sKe IPUMEHUTH (DOPMYJIBI IPUBEICHMIS.

—cos? (3—;— oc) =cos 20..

KommenTapui

IToxaxkeM, UTO JieBasi 4aCTh TOMKECTBA PaBHA ITpaBoii. CHaUaia NCI0Ib3yeM

q)OpMyJIBI IIPUBEOCHNA, a IIOTOM YIIPDOCTHUM IIOJIYYE€HHBIE€ BEIDAXEeHUd, IPUMEHAA
(opmyast: tg o - ctg o= 1 1 cos? oo — sin? o= cos 20, IIpu yIpoleHnn BEIPasKeHNI
cos (3n — o) u tg (T + ) MOKHO UCIIOJIH30BATh KaK HEIIOCPEACTBEHHO (hOPMYJIBI
IpuBeLeHNd, TaK U IePUOAUYHOCTD COOTBETCTBYIOIMUX QyHKuii. Hanpumep, yuu-
THIBAs, UTO MePUooM QYHKIIUY COS X SIBIAETCS 27T, IOJIyUaeM:
cos (3n—a)=cos (2n+ T — ) =cos (T — o) = —cos O.
Pemenue

—(—sinoc)2 =

>

(=
cos(37t—(x).sm(5+a)_ Osz(ﬁ— )_ (~cosa)-cosor
tg(E+a) tg(m+o) 2 (-ctga)- tgo
2
_ —cos®a

—sin2o=cos?a—sin?o =cos2a. <]

Bonpocb! A KOHTPONS

1. IIpoustrocTpupyiiTe HA IpUMepax NpuMeHeHNe (hopMyJi mpuBeaeHusa. O0bsac-
HUTe IOJyUeHHBIN pe3yJIbTarT.
27, lokaKuTe HECKOIBKO (DOPMYJI IPHBEJeHI.
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YnpaxHeHus
. Berumciaunre ¢ moMorbo (popmMyJI IPUBEIeHMS:
1) sin 240°; 2) tg 300°; 3) cos 330°; 4) ctg 3157
in, in(_11%), T, _8n
5)cos 3 6)sm( o ), 7 tg o 8) ctg( . )
. Berumcawnre:
1) cos 8° cos 37" — cos 82° cos 53°; 2) sin 68° sin 38° — sin 52° cos 112°.
. YpocTuTe BhIpaskeHUe: 5 5
. T T . . [om
) sin(n+a)cos(n- o) 2) sm(?—(x)cos(5+(x). 3 sm(3n+(x)sm( 5 (x).
’ tg(n-o) ’ sin (7 —-20) ’

3n
ey o)
ctg 5

tg(3—2n—cx)— cos (T —o)sin (3T + o)

—; 5)tgl - tg2° -tg3 ... tg87 - tg 88"+ tg 89".
(cos(8,5m—a)+sin(L,5n+a)) -1
. JoxaxxmTe TOXKECTBO:

1) 2 sin (90° + o) sin (180° + o) = —sin 20;; 2) ctg 20°-ctg 70" =1;

sin(n—Zu)—Zsin(g—u) . sin2(§+(x)—cosz((x—g) 1

3) =-2ctgo; 4") » (g+(x)—ctg2 (u_g) = sin®2o.

T Ly
cos|{ 5 —a|-sin’a

7.4. DOPMYIJibl CYMMbI N PA3BHOCTU OQHOUMEHHbIX

TPUTOHOMETPUYECKINX (DYHKLI,I/IVI. GdOPMYIJ1bl MPEOBPA30OBAHUSA
MPON3BEAEHNA TPUTOHOMETPUYECKUNX CDYHKLI,I/IVI B CYMMY
Taonuima 20

1. DOpPMYnbl CyMMBbI 1 pa3HOCTU TPUTOHOMETPUHECKUX (DYHKLMM

sina+sinﬁ=25ina;BcosaT_B sina—sinB=2sin“T_B cos“‘TJrl3
cos a+cos =2 cosmT+B cosmT_B cos a—cos p=—-2sin 2B gin QT_B
_sin(o+B) _ _ sin(a—B)
tgoc-’-th_cos(xcos[i tga th_cosmcosﬂ

2. Mpeobpa3oBaHve NPom3BeAEHUS TPUTOHOMETPUYECKMX (DYHKLII B CYMMY

sina sin p= %(cos(a—ﬁ)—cos(a+ﬁ))

cosa cos f =%(cos(a—B)+cos(a +B))

sina cos B =%(Sin(a—ﬁ)+sin(a+ﬁ))

94



§ 7. DopMynbl CIOXEHNS 1 X CIEACTBUS

[y

Ob6bsicHeHUe N 000oCcHOBaHMe

DopMyIBI CYMMBI 1 PA3HOCTH TPUTOHOMETPHUYECKUX (DYHKITHIA.
ITo popmyam cioskeHUa
sin (x + y) =sin x cos y + cos x sin y;
sin (x —y) =sin x cos y — cos x sin y.
CrJafbpIBas MOYJIEHHO 9TY PABEHCTBA, II0JIydaeM
sin (x + y) + sin (x —y) = 2 sin x cos y.
Ecau o603HaunTh

(1)

(2)
(3)

x+ty=aq,

x'_y::B’

o+ _o-f
5 Y=

Torma u3 paBeHcTBa (1) moyuaeM GopMyIry npeodpas3o6aHus CYMmMmbl CUHYCO8

6 npouseedenue:

TO, CKJIAABIBAA U BRIUUTAA paBeHcTBa (2) u (3), umeeM: x =

a+p a-B

sina+sinf =2 sin cos — = . 4)

CJ10BeCHO ee MOYKHO C(DOPMYJINPOBATH TAK:

Cymma cunycoeé 068Yyx apzymenmoeé paérHa Yy060eHHOMY NPOU36edeHUI0

CUHYCA NONYCYMMbL IMUX AP2Y MEHMO06 HA KOCUHYC UX OAYPA3HOCMU.
Ecau samenuTs B Qpopmyie (4) B Ha (—f) u yuecTh HEUETHOCTH CHHYCA:
sin (—f) = —sin B, To moxyuum popmyy:

sina—sin B=2sin aT_ﬂcos GT+B .

Pasnocmbs cunycoe 06yx apzy mennmos pasna yo060eHHOMY NPOU36e0eH1LI0
CUHYCA NONYPASHOCMU IMUX AP2Y MEHMO6 HA KOCUHYC UX NONYCY MMbL.

AHaNornuHo, CKJIaABIBAA IOUJIEHHO PABEHCTBA
cos (x +y)=cosx cosy —sin x siny,
cos (x —y)=cos xcosy +sin x siny,

()
(6)

(7)

ToJIyuaeM
cos(x+y)+cos(x—y)=2cosx cosy,

U, BBITTIOJTHAS 3aMeHbI (2) u (3), uMmeeM

+ -
cos a+cos B=2 cos 0‘Tﬁcoso‘TB .

Cymma kocunycoe 06yx apzy meLmoe paéna yd60eHHOMY NPOU36edeHUI0
KOCUHYCA NONYCY MMbL IMUX AP2Y MEHMOE HA KOCUHYC UX NOAYPA3HOCMU.

Ecan BeruecTs mousieHHO U3 paBeHCTBA (5) paBeHCTBO (6), TO TOTyIUM

(8)

cos(x+y)—cos(x—y)=-2sinxsiny.

. + . -
cos a.—cos B=-2sin “TBsm“—B .

Torga 2
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N

Pasnocmv kKocunycoeé 06Yx apzy meHmMo6 pasra: munyc 060lHoe npouséede-
HUe CUHYCA NOLYCYMMbL IMUX AP2Y MEHMO6 Ha CUHYC UX NOAYPA3HOCMU.

Ia o6ocHOBaHUA (hOPMYJIBI TPE0OPA30BAHUA CYMMBI (Pa3HOCTH) TAHTEHCOB
IOCTAaTOUYHO IPUMEHUTH OIIPeiesIeHNe TAHTeHCa U (DOPMYJIBI CIIOMKEeHUA:

sino 4 sinp _ sinocosP + cosasinB _ sin(o +B)

tgottgh= coso.  cosf cosocosf coso.cosp
Taxkum obpasom, __ sin(a+p)
tga-l_tgﬁ_cosu.cosB ' ®)

Ecau B popmyie (9) samenuTs 3 Ha (—) 1 yuecTh HEUETHOCTD TAHTEHCA
(tg (—P) = —tg B) m veTHOCTEL KOCHHYCcAa (cos (—f) = cos B), To monyunm

sin(o.—B)
coso.cosP |

tga-tgB= (10)

OrmetuMm, uto popmyJisl (9) u (10) cipaBeJIMBEI TOJIBKO TOTAA, Korzaa cos o #0
u cos p#0.)

IIpeo6pa3oBaHue MPON3BEIEHUS TPUTOHOMETPHUECKUX (QYHKIMI B CyMMY.
YEKasxeM, UTO B IIporiecce 060cHOBaHMA GOPMYJI IIpeobpasoBaHUA CyMMBI 1 pas-
HOCTY CUHYCOB U KOCUHYCOB B TPOM3BeAeHNe MbI (DAKTUUECKY ITOIYIUIN U (POP-
MYJIBI IPeo0Pa30BaHUA IPOM3BEEHNI TPUTOHOMETPUUECKUX (DYHKIINHI B CyM-
My. [leficTBUTEIBbHO, eCJIV pa3eIUTh 00e yacTu paBeHcTBa (1) Ha 2 1 3anmcaTh
IIOJIy9eHHOe PAaBEeHCTBO CIIPaBa HAJIEBO, TO IIOJIYUHM:

sinxcosy=%(sin(x—y)+sin(x+y)) . (11)
Amnayoruuso us popmyJsl (7) TOIyInuM

cosxcosy=%(cos(x—y)+cos(x+y)) , (12)
a us dopmysanl (8) (mocse memenus Ha —2) GOPMYTY

sinxsiny=%(cos(x—y)—cos(x+y)) . (13)

Samensis B popmysnax (11-13) sHauenne x Ha O, a y Ha [, moJyuyaeM 3amuch
aTuX GOPMYJI, IPUBeJeHHYI0 B Tabauie 20.

Mpumepbl pelLeHns 3apa4

3amaual IIpeoOpasyiiTe 3aJaHHYIO CYMMY UJIU PA3HOCTDH B IIPOU3BEIeHNIE U,
€CJIM BOBMOYKHO, yrpocture: 1) sin 75"+ sin 15°; 27) cos? o — cos? B.

KommenTapui

1) B mepBOM 3ajaHUU MOXKHO HEIOCPEACTBEHHO MPUMEHUTHL GOPMYIY

o+p o-p
COST, a II0TOM MCIIOJIB30BATh TA0JIMYHbIEC 3HAYCHU A

sin o+sin B =2sin
sin 45° u cos 30°.
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2) Bo BTOpPOM 3aJjaHun¥ BhIpaKkeHue cos? o — cos? f MOKHO pacCMOTPeTh KaK pas-
HOCTh KBaJPAaTOB U PA3JIOKUTDh €r0 HA MHOMKUTENH, a 3aTeM K KayKIOMY U3
TOJIyUYeHHBIX BHIPAKEHUN TPUMEHUTD (hOPMYJIbI TPeo0pasoBaHMs PASHOCTY MJIN
CYMMBI KOCUHYCOB B IIPOU3BeeHMe. [[JIs JabHeNIIIero yIpoIeHusi oIy IeH-
HOTO BBIPAYKEHUS UCIIOJIb3yeM (DOPMYJIy CHUHYCA [BONHOTO apryMeHTa:

2 sin()‘TJrﬁ cos aTﬂi: sin(o+f) i 2 sinOLT_[5 coS ozT—ﬁ: sin(o—B).

Pemenue

1) Psin75°+sin15°=2sin750+150 cos 750;150 = 2sin45°cos30°=2-72~73=§. <

2) P> cos2 o —cos2B=(coso —cos B)(coso+cos B) =

:—2sin°‘;rﬁ sina;ﬁ~200s a;ﬁ cos a;ﬁ: —sin(o+B)sin(o—B). <

3amaua 2 IIpeoGpasyiiTe B mpoussemenue sin o + cos P.

KommenTapui
Mps1 ymeeM 1peoOpa3oBhIBATE B IPOU3BEJEHIE CYMMY CUHYCOB UJIX KOCUHYCOB.
i mepexo/ia K TAKUM BBIPAYKEHUAM JOCTATOYHO BCIIOMHUTD, UTO

cos B= sin(%—ﬁ) (I/I.TII/I sin o= cos(%—(x)) .

Pemenue

T T
: : . (x _or,B “‘(5‘5)
> s1noc+cosB=s1noc+s1n(E—B)=2s1n 5 cos 5 =
zzsin(a__[5+ﬁ).cos(a_w_ﬁ)_<]
2 4 2 4

(sin8o. - sin 20 ) (cos 20 — cos8a.)

3amaua 3 YmupocTuTe BhIpaskeHme
1 - cos6o

KommenTapui
s yopoleHuA 3aaHHOM APO0M MOXKHO ITOIBITATHCA COKPATUTE €€ IS 9TOTO
IPeCTaBUM UYNCIUTEh U 3HAMEHATEJb B BU/[€ TPOU3BEIeHUT, KOTOPhIE COIepIKaT
OZMHAKOBBIE BEIpAKeHUA. B unciurese ucrnorbayeM GopMyabl IpeodpasoBaHU s
PaSHOCTU CHHYCOB M KOCHHYCOB B IIPOM3BeAeHUE (a TaKiKe HEUETHOCTb CHHYyCA:

. . o . xX
sin (—30))=—sin 30), a B 3HaMeHaTeJIe BOCIIOIb3yeMcA (popmy.roit 1— cos x =2 sin? 5
Pemenue

> (sin8a — sin 20 ) (cos 20t — cos 8ot ) _ 2sin8ocosbo- (—2)sin5osin(-3a) _
1-cos6a 2sin®3a.

=2coshosinbo=sin100 .<
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

. 1
3amaua 4’ HoxakuTe ToKIeCTBO 4 sin 70° —— =-2.
sin 10°
KommenTapuit
HoxaskeM, UTO JJeBasd YaCThb TOKIECTBA paBHa ITpaBoii. Ilocse mpuBeneHuA K 00-

1IeMy 3HaMeHATeJ0 IPeobpasyeM MPOn3BeieHre CUHYCOB B PASHOCTh KOCUHYCOB,

a moToM yurem, 4to cos 60° =%, acos 80" =sin 10" (mockoasry 80°+ 10° = 90°).
Pemenue

4. %(cos 60° - cos 80°) -1

> 4 sin 70°— 1 4sin70°sin10°-1 —
sin 10° sin 10° sin 10°
2.1 _2cos80°-1
_ TS _2c0s80° _-2sin10° _ o
sin 10° sin 10° sin 10°
3amaua 5° Hoxasxkure, uto eciu A, B, C — yTJIbl TPEYTOJIBHUKA, TO

. . . A B
sin A+sin B+sinC=4 cosEcosEcosg.

KommenTapui
Ecmu A, B, C — yrabl Tpeyroabuuka, T0A+B+C=n.TortaC=n—(A+ B), u
o popmysiam mpuBemerud sin (1 — (A + B)) = sin (A + B). ITocie mpeobpasoBaHuA
CYMMBI CUHYCOB Sin A + sin B B Ipon3BeieHIe 3aMeYaeM, UTo apryMeHT (A + B) BiBoe

A+B .
6oJbIlle, UeM apTryMeHT . 910 mo3BoJsAeT 3anucarh sin (A + B) mo dopmyie

o o . A+B
CHHYyCa JBOMHOTO apTyMeHTa 1 B IOJTYYeHHOI CyMMe BEIHECTH 3a CKOOKH 2 Sin g

a saTeM B CKOOKaxX mpeo6pasoBaTh CyMMY KOCHHYCOB B IIpousBeienue. [lasee ciie-

AyeT y4ecTb, YTO A—;B = % = g—% , U IIPUMEHUTH (POPMYJIbI IPUBEIeHU .

Pemenue

P VunrheiBas, uTo AyiA yrios Tpeyroasauka C =1t — (A + B), moayduaem
sin A+sin B+sin C=sin A+sin B+sin(n—(A+ B))=

. A+B A-B
=2 smT cos

+sin(A+B)= 2sinA;B cosA;BJrZsinA;B cosA;Bz

. . m- A B
=2sin =2sint C~2cos;cos;=

A+B A-B A+B
COS 2 +cos

. A B
=4 sin (E—g) COSACOSEZ 4COS£COS—COS =. <
2 2 2 2 2 2 2
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§ 7. DopMynbl CIOXEHNS 1 X CIEACTBUS

Bonpocbl Ang KOHTpons

1. 3anwumrure GopMyaIbl TPEOOPABOBAHUA CYMMBI I PASHOCTY CUHYCOB WJIN CYMMBbI
¥ Pa3HOCTY KOCUHYCOB B IpousBeieHne. [IprBeanTe mprMepsl IPUMEHEHUA STUX
dopmyI.

2%, Banumure POPMYJIBI TPEOOPA30BAHUS CYMMBbI ¥ PASHOCTH TAHT'eHCOB. IIpuBe-
IUTe IPUMEePHI IPUMEHEHUA 3TUX (hOPMYJI.

3*. MoxaxnuTe ()OPMYJIbI IPEOOPA30BAHNA CYMMBI ¥ PA3HOCTH TPUTOHOMETPUYE-
CKUX (DYHKITMI B IPOU3BEIEHIIE.

4. TIpuBennTe IpUMeEPHI IPUMEHEHUA (POPMYJI:

sinxcosy zé(sin(x— y)+sin(x+y)); cosxcosy zé(cos(x —y)+cos(x+y));
sinxsinyz%(cos(x— y)—cos(x+y)).
5%, lokaskuTe (popMyJIbl, IPUBELEHHLIE B BOIpOCe 4.

YnpaxHeHus

1. IIpeobpasyiiTe cyMMy (MU PABHOCTH) TPUTOHOMETPUYECKUX (DYHKIIUI B IIPO-
U3BeIeHNe U YIIPOCTHUTE:
1) cos 152° + cos 287 2°) cos 48’ — cos 127 3) cos 20° — sin 20°;
sin25° +sin 15°
sin25° —sin 15°°
7%) cos o, + cos 20, + cos 30, + cos 40,
2. JlokaKuUTe TOKAECTBO:

5% sin?0 —sin2B;  67)sin o+ sin 200+ sin 3o + sin 40,

oy Sin 75°+sin 15° \/’ oy Sino +sinf o+ cos 60, — cos100 .
R A 2 SIMOTSINP _ %70, — "~ =2sin 204
) cos 75° —cos 15° o 2) cos o+ cosf3 2’ 3) sin8a ’
sino.+ sinp cos ; (sin20 + sin6o) (cos 20t — cosbor) .
4) — — = ; 5) = sin4o;
sino.cos B + cosasin B co o+p 1- cos8a
2
. sino—cos B o - T « sino+sin3o+ sinbo +sinTo
6 . :tg( ﬁ——); ) =ctg2o.
coso—sin 2 4 cos 0. — cos 30 + cos 5o — cos Tt

3. IIpeobpasyiiTe BCyMMYy:
o o 0T 5, . o s o, T n
1) cos 45 cos 157; 2)sin 245 50 3)sin 20" sin 10°;  4) cos 10 085"
4. Brruuciaure:
1) 2 cos 20" - cos 40° — cos 20°; 2")4 sin 10"+ sin 50" - sin 70°.
57) Toxkaxkure, 4TO IPHU O, + B + Y= T BBIIOJIHSIETCS PABEHCTBO:

1) sino.—sin B+siny=4 sin%cos%sin%;

2) coso+cosP+cosy=1+4 sin% sin%sing.
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m rPA®UKN YPABHEHUA N HEPABEHCTB
C ABYMS NMEPEMEHHbBIMUA

Taoauma 21

1. ToctpoeHwne rpadpmkos pyHKUMM BUAA y=f(x)+ g (x)

Ecau nam useecmuut epagpurku pyurkyuit y = f(x) u y = g (x), mo ackus
epagura pyurxyuu y = f (x) + g (x) moxcro nocmpoums max: u3006pas3ums 6 00-
Holl cucmeme Koopdunam zpauru Qyrryuil f (x) u g (x), a nomom nocmpo-
Umbo UCKOMbLIL 2DAPUK 11O MOULKAM, BbLNOAHAL 015 KAH D020 3HAUeHUAL X (U3
obaacmu onpedenenus Qynryuu f (x) + g (x)) HeobxodumbvLle onepayuu ¢ om-
pe3xamu, uzobpaxcaowumu coomeememayruiue opounamat f (x) u g (x).

AHAN02UYLHO MONHCHO NOCMPOUMDb U CXeMAMULeCKUe ZPAPUKU QYHKULIL

1
=f(x)'g(xX)u y=—s.
y=f(x)-g(®¥)uy @
Mpumep KommeHTapum
IToctpoiite rpaduk pyHKIIIT ITocTpoum B ogHOII cucTeMe KOOp-

1 guHaT rpaduru QyHKIUi-caarae-
y=x2+=.
X

1
MBIX: J = x2u Y =— (Ha PUCYHKE OHU
X

IIOKa3aHbI HITPUXOBBIMU JII/IHI/IHMI/I).
Oas xaporo sHaueHusd x (Kpome
x = 0, KoTopoe He TPUHAIJIEIKUT 00-
JIaCTH OTIpeiesieHus 3aJaHHOM (PYHK-
nmuwu) cupasa ot ocu Oy mpubaBiigem
COOTBETCTBYIOII[MIE€ OTPE3KU — 3HaUe-
- Hua Qyaxnuil f (x) u g (x) (00e PyHK-
x MUY UMET ONMHAKOBbIe 3HAKHU),
cyeBa oT ocu Oy — BeruuTaeM (HyHK-
AU UMEIOT TPOTHUBOIOJI0KHbBIE 3HA-
ku). Ha pucyHsKe cuHel tuHMENH 1300~

paxeH rpaduk QyHKIINIY Y = X2 + L
X
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§ 8. TpaduKkm ypaBHEHUI 1 HEPABEHCTB C ABYMS NepeMeHHbIMY

IIpomomx. Taba. 21
2. [padmKm ypaBHEHMIN N HEPABEHCTB C ABYMS MEPEMEHHbIMM

Onpenenenue. 'pagpukom ypaenenusn (Hepasencmea) c 06y ma nepemen-
HbLMU X ¥ Y Ha3BIBAETCA MHOMKECTBO BCeX TOUYEK KOOPAWHATHOI IJIOCKOCTHI

¢ KoopauHaTaMmu (x; y), ITIe mapa yuced (x; y) IBJaseTCA pelieHueM COOTBeT-
CTBYIOIIET0 yPABHEHU .

pachmKm HEKOTOPbIX YpaBHEH WM 1 HEPABEHCTB

vl ;\@ yl > ]
y>1(x) Y

K
x<a
y<f(x)

Y4 yl yl
2 2 _— p2
x*>+y?=R x> +y?>R? x%+y? < R?
Tl Pl LS
"o‘ ~\ "¢‘ .
’ (S ’ A
/ k J X
—R R —R! \R —R1 \R
0 x ] 0 Tox \ 0 Dox
[} r; . ’
) G b ’
. * pJ .
~, e . ’
Sanhe=® Senfk==’

3. FeomeTpuyeckume npeobpaszoBaHus rpaduka ypaBHeHus F (x;y)=0

Mpeobpa3oBaHue Mpumep
yp -3+ @-27=1
F(x—a;y—b)=0 9
1
Ilapannenvuslii neperoc rpadura /
ypasrerua F (x;y)=0 —1k
na eéexmop n(a;b).
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

IIpomoax. Ta6ua. 21

Mpeobpa3oBaHue Mpumep

F(xly)=0 v, 2 y

YacTsh rpaduka ypaBHeHUS *=y
F (x;y)=0cnpasaom ocu Oy
(u Ha camoii ocu) ocmaemcs
0e3 uamenenuil, u ama xie
uacmo zpaura omoopara-
emcs CUMMempPULHO OMHOCU-
menvro ocu Oy.

YacTb rpadmka ypaBHEHUA
F (x; y) = 0 evrwe ocu Ox (u ly=1-=

1
Ha caMoii ocu) ocmaemcs 6e3
U3MeHeHUlL, U Ima de 4acmb -1 -1 1
epagukra omobpaxaemcs / 0 l\x \

CUMMEMPULHO OMHOCUMELb-
no ocu Ox. -1

O6bsACHeHUe 1 0bocHOBaHMe

1. ITocrpoenue rpaduros pysrmuii Buaa y =f (x) + g (x). Ecim nssectHs! rpadu-
Ku QyHKIuit y = f(x) u y = g (x), TO MOXKHO IIOCTPOUTH OPUEHTUPOBOUHBINA BU/

rpadura pysKIuny =f (x) + g (x), many =1 (x) - g (x), unu y =ﬁ. Il aToro

JIOCTATOYHO N300Pa3UTh B OHOI cucTeMe KOoOpauHAT rpaduku GyHKIui f (x) u
g (x), a TOTOM ITOCTPOUTH UCKOMBI IPaUK IO TOUKAM, BBITIOJIHAA AJI KaXKI0TO
3HaveHuA X (U3 00JIaCTHU OIpeiesIeHUA 3aJaHHON (PYHKITUM ) He0OXOAMMbIE OIlepa-
MUY HaJ OTpe3KaMu (Uau HaJ IJIUHAMU 3TUX OTPE3KOB), KOTOPhIEe N300pakaioT
COOTBETCTBYIOIIE OPAUHATEI QyHKIUI f (x) 11 g (x).

IIpumep nmocTpoernda rpadura GyHrnun sugay = f (x) + g (x) npuBezeH B Tab-

aurne 21, a rpaduka GQyHKIIUYT BUAA Y = — Ha c. 107 (B mociegHeM cayuae

1

£(x)
yIobHO cTpouTh rpadmku GyERIuiy =f (x)u y= ﬁ He B OJHOII cucTeMe KOop-
AUHAT, a B Pa3HbIX, PACIIOJIOJKEeHHBIX TAK, LITOGI)I UX OCH OPOANHAT HAXOOUJINCh HA
OIHOM MPAMOIL).

3ameTuM, 4TO TaKoi cocob mocTpoeHusd rpaduKka GyHKIIUM He Bcerza JaeT

BO3MOJKHOCTD OIIPE/IEJIUTh BCe XapaKTepHble 0COOEHHOCTH TTOBeJeHUA rpaduKa
(4acTo 3TO MOKHO CeJIaTh TOJAbKO B PE3YJIbTaTe CHeIUaJTbHOTO UCCIeL0BAHMS
byHKIIUM, KOTOpOoe OyAeT paccMOTPeHo B yuebHUKe a1 11 Kiracca), Ho BO MHOTHUX
cJydasix IpUBeIeHHbIH CII0CO0 ITO3BOJISIET TOJYUNTH OTIPEIeJIEHHOE IIPe/[CTaBIIe-
HUe 0 Bujie rpaduKa 3aJaHHON QYHKITUN.
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§ 8. TpaduKkm ypaBHEHUI 1 HEPABEHCTB C ABYMS NepeMeHHbIMY

Ly Uy @'.
y>f@ K%
& 0S| M.
x o
M ATy <@
f(x) __—' - '\}3 'O"
o"" / 0 x x
Pl o 4
o 0 x x i
'l
a 0

Puc. 73

2. I'paduku ypaBHeHUY M1 HEPABEHCTB ¢ AByMS NepeMeHHbIMHU. C IOHATHEM I'Da-
(uKa ypaBHEHU ¢ ABYMA IIePeMEeHHBIMU BB 03HAKOMUJINUCH B Kypce ajredpnl. AHa-
JIOTMYHO BBOAUTCS U TOHATHE I'pad)Ka HEPaBEeHCTBA ¢ IByMdA nepeMeHHbIMU. [1o-
9TOMY MOXKHO JaTh O0IIlee oIIpesieIeHNe 3TUX IPad)MKOB:

I'pagurom ypasnenusn (Hepaéencmeéa) c 06y ma nepemeHHbL MU X U Y Ha3bI-
BaeTCs MHOKECTBO BCeX TOUEK KOOPAWHATHON IJIOCKOCTH ¢ KOOPAMHATAMU
(x; y), roe mapa gucel (x; y) ABJIAETCS PellleHUEeM COOTBETCTBYIOIIEro ypas-
HeHUsI (HepaBeHCTBA).

Hna nmoctpoerusa rpadura HepaBeHcTBa Yy > f(x) (uwnu y < f (x)) mocTaTouyHO
uMeTh rpaduk GyHKIuU y = f (x). JeficTBUTEIBHO, IO ONIPEeAESIEHUI0 TPaPUK
dyuKIMN Yy = f () cocTouT 13 Bcex ToueK M KOOPAUHATHOM IIJIOCKOCTU C KOOPIH-
mHaramu (x; y) = (x; f (x)). Torma gusa xaxg0oro 3HAYEHUA X TOUKY, KOOPAMHATHI
KOTOPBIX YIOBJIETBOPAIOT HEPABEHCTBY ¥ > f (X), OyIyT HAXOAMTHCA BBIIIIE TOU-
Ku M (puc. 73, a), a TOUKU, KOOPAUHATHI KOTOPHIX YAOBIETBOPAIOT HEPABEHCTBY
y <f(x), 0ymyT HaxoxuThca HuKe Touku M (puc. 73, 6). Takum o6pasom,
rpaduk HepaBeHCTBA Y > f (X) COCTOUT 13 BCeX TOUEK KOOPIMHATHOMN IJIOCKO-
CTH, HaXoAAImuxcs BoIure rpadura pyaxmun y =f (x), a rpadukx HepaBeHcTBa
y < f (x) COCTOUT U3 BCE€X TOUEK EOOpIIP[HaTHOf[ IIJIOCKOCTH, HAXO0AAIINXCHA
amxe rpaduka dyaknuu y = f (x). O

Hamnpumep, Ha pucyHKe 74 nzobpakeH rpad)K HepaBeHCTBA I > X2, a Ha PUCYH-

Ke 75 — rpaduk HepaBeHcTBa y < x2. [IoCKOJIBKY TOUKH rpaduka y = x2 He Mpu-

y Y3
1 1
[l P
1 > X%
1 y n
1 n
1 1
1 1
1 1
1 I
1 1
1 7
A 4
A 4
A 4
A Y 4
S 4
§~ 'O .
0 X y < x? 0 X
Puc. 74 Puc. 75
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i B <1 |
H
1
1
1
:
0 2i x -1]10 x
:
1
L
Puc. 76 Puc. 77

Haje:xaT rpaduKy HepaBeHCTBa J > X2, To Ha mepBoM rpaduke mapabdosa y = x2
n300parkeHa MITPUXOBOM INHKEHN; a TAK KaK TOUKYU rpaduKa y = x2 mpuHaIexaT
rpad@uKy HepaBeHCTBA Y < X2, TO Ha BTOPOM rpaduke mapabosa y = x2 nsobpaskena
CILJIOIITHOM JUHUEN.

AmanoruyHo, ecau Ha KOOPAWHATHOM MJIOCKOCTH eCTh IPsAMad X = d, TO

rpacduKoM HepaBeHCTBA X > a OyayT BCe TOUYKM KOOPAMHATHOM IJIOCKOCTH,
HaXOoAsIIuecs CIIpaBa OT 3TOM NPAMOI, a rpad)MKOM HepaBeHCTBA X < a OymyT
BCe TOYKY KOOPAMHATHON MJIOCKOCTH, HAXOAANINECS cJIeBa OT 3TOU IPAMOI.

Hampuwmep, Ha pucyHKe 76 n3obpakeH rpaduk HepaBeHCTBa X > 2, a Ha PUCYH-
Ke 77 — rpauk HepaBeHCTBa X< —1.

OrMeTuM, UTO B TOM CJIy4Yae, KOTa Ha KOOPAUHATHOM MJIOCKOCTH eCTh U300pa-
JKeHme OKpysKHocTH X2 + y? = R, TO

rpaduxom HepaBeHcTBa X% + y2 < R2GyayT BCe TOUKY KOOPIMHATHOIM IIJIOCKO-

CTH, HAXOQALIUECS BHYTPH OKPYIKHOCTH, a rpadyuKoM HepaBeHceTBa X2 + y2 > R?

6yI[yT BCe TOUKHN ROOpJ.'[PIHaTHOﬁ IINIOCKOCTH, HAXO0OAIINECA BHE OKPYKHOCTH.
® [leiicTBUTENbHO, €CIU Ha KOOPAMHATHOM ILIOCKOCTUA PACCMOTPETHh TOUKY

M (x, y), To OM? = x2 + y? (O — mauaso xkoopauuar). Ecau x2 + y? = R? (rze

R > 0), ToOM?= R?, rakum o6paszom, OM = R — Touka M JIeKUT HA OKPYIKHO-

cTu paguyca R c meHTpoM B HavaJse KoopauHaT (puc. 78, a).

Y v Yl
M (x5 y)
. =T =Ty ’
M (x5 y) 0/‘ Ssy o/‘ ~
G N ' >
I' ‘\ l' ‘\
:' M (x5 y)y .,' 9
- 1 - H -
0 R x 5 0 1R X H 0 iR X
\‘ '] |‘ V'l
Ay " ‘ ,'
kS S . Re
o ’ N P
Senda==” DTS PR e
a 0 6
Puc. 78
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| I

yh 24 259 y\(x—1)2+(y—2)2<16
Xt Ty
l/' “‘\
H ' 2
Y 0 I x
. F
\Q '/ Q X
Puc. 79 Puc. 80

Ecau x2+ y? < R%, ro OM?< R?, rakum o6paszom, OM < R. To ecTb HEPABEHCTBY
x2 4+ y? < R? yIOBJIETBOPAIOT KOOPAUHATHI BCEX TOUEK (U TOJBKO 9TUX TOUEK),
KOTOPbIe HAXOATCS BHYTPU KPYTra, OrPAaHUUYEHHOTO OKPYKHOCTHIO paauyca R
C IIeHTPOM B HauaJjie KoopauHar (puc. 78, 0).
Ecau x%+ y? > R%, o OM?>R?, takum o6pasom, OM > R . To ecTb HEPaBEHCTBY
x2 + y?> R? y[IOBJIETBOPSIOT KOOPAUHATHI BCEX TOUEK (M TOJBKO STUX TOUEK), KOTO-
pbIe HaXOAATCS BHE KPyTa, OTPaHNYEHHOT0 OKPYKHOCTbBIO paguyca R (puc. 78, 8).
AHaJIOrMYHO, eCJIM Ha IIOCKOCTH €CTh N300pakeHne OKpykuocTH (x — a)? +
+ (y — b)? = R?, to rpapukom HepaBeHcTBa (x — a)? + (y — b)? < R? 6yayT Bce
TOYKY KOOPAUHATHON IIJIOCKOCTH, HAXOJAIINECA BHYTPU 3TOM OKPYKHOCTH,
a rpadukom HepaBeHcTBa (X —a)? + (y — b)? > R26GymyT BCe TOUKU KOOPAUHAT-
HO IJIOCKOCTH, HAXOAAIIecd BHe OKpYy'KHOCTH. Hanpumep, Ha pucyake 79
unzobparkeH rpaduk HepaBeHcTBa X2+ y2 > 9, a Ha pucyuke 80 — rpaduk Hepa-
BeHcTBa (x — 1)2+ (y — 2)2< 16.
TI'eomerpuueckne npeodpazoBanud rpaduka ypasaesuda F (x; y) =0.
ITo onpenenenuio rpa)K ypaBHEHU A
F(x;y)=0 (1)

cocrout u3 Bcex ToueK M (x; Y,) KOOPAUHATHON ILIIOCKOCTH,, KOOPAUHATEI (X,; Y,)
KOTODBIX SABJISTIOTCSA PEITEHUSIMU 3TOT0 yPaBHEHU . ITO 03HAUAET, UTO IIPU IO/~
CTaHOBKE Iapkl umucen (X,; J,) B JaHHOe ypaBHEHNe OHO 00paIaeTcsa B BEpHOe
YHCJIOBOE PABEHCTBO, TaKUM o0pasom, F (x.; y,) = 0 — BepHOe pPaBEHCTEO.
Paccmorpum Toury M, (x,+ a; y,+ b). Eciu KoopAWHATEI 9TO TOYKHU IOACTA-
BUTDH B YPaBHEHUE

F(x-a;y—-b)=0, (2) yl
TO TOJYyYWUM BepHOEe pPaBEHCTBO
F (x;; y,) = 0. [TosToMy KOOPAUHATEI
TOYKU M, ABASIOTCA PENIeHUSMU Y%
ypaBHeHus (2), sHaunuT, TouKa M,
OPpUHALJIEKUT IrpaduKy YPaBHEHUA
F(x—a;y—-0b)=0. 0 >
Toury M, (x,+ a; y,+ b) moxxHO mOITY-
uuTh U3 TOUKU M (X; y,) Tapaiiennb- Puc. 81
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

HBIM IIepeHocoM ee Ha BeKTop 7n(a; b). IlocKonbKY Kaxgas Touka M , Tpadura
ypaBHeHusa F (x — a; y — b) = 0 mosryuaerca us Touku M rpaduka ypaBHeHUA

F (x; y) = 0 napaJLieIbHBIM IepeHOCOM ee Ha BekTop n(a; b) (puc. 81), To 1 Bech
I epagur ypasuenuaF (x —a; y —b)=0 mosxino norywumos uszpagura ypas-

nenua F (x; y)=0napannenvnoimnepenocom ezo na éekmop n (a; b).

® 11 ob6ocroBaBuA cBA3U Mesxkay rpadukamu F (x; y)=0u F (| x |; y) = 0 mocra-
TOYHO 3aMeTHUTh, uTo rpu x > 0 ypaBuerue F (| x |; y) = 0 coBmagaer c ypaBHeHIEM
F(x; y) =0, rakum 06pa3oM, COBIAAIOT U
ux rpaduru cupasa ot ocu Oy 1 HA camoit
% ocu. [Tyers Touka M (x; y,) (toe x,>0) —
M, M OHA M3 O0IIUX TOUYEK 3TUX rpaduKoB. Tor-
na F (x,;y,) =0 — BepHOE paBEHCTBO.
Paccmorpum Toury M, (—x,; y,). Eciu ko-
OPAMHATHI ATOI TOUKU ITOICTABUTH B YPaB-
nenve F (| x |; y) = 0 u yuecrs, uro x, >0,
TO TIOJTy4unM paBeHcTBo F (x; y,) = 0. Ilo-
BTOMY KOODAMHATEI TOUKU M| ABIAIOTCA
peleHMAMU ypaBHEHUA F (| x |; y) =0, sHaunt, rouka M, npuHaANEKAT rpadu-
KY 9TOT0 ypaBHEHUA. Y UMTHIBAS, YTO TOUKU M 1 M| CHMMEeTPUYHBI OTHOCUTEIIb-
HO ocu Oy (puc. 82):
2pagux ypasnenua F (| x |;y) =0 mosxicno nonywums us zpagura ypasnenus
F (x; y) =0 caedyrowum obpasom: wacms zpagura ypasnenus F (x;y) =0
cnpaéa om ocu Oy (u Ha camot ocu) ocmaemcs 6e3 u3dmeHeHull, U Ima xce
wacmo zpagura omobpasicaemes cummempuiio omruocumenvho ocu Oy.

Amnamornyao 060CHOBBIBAETCSA, UTO

dnanocmpoenus zpagura ypasuenua F (x;| y [)=0wacmo zpadura ypas-
Henusa F (x;y) =0 6vture ocu Ox (u na camoii ocu) ocmaemcs 6e3 u3mene-
HU, U IMa jce 1acmsb zpagura omoobparcaemcs CumMmMempuiLo OMmHoOCU-
menwvHo ocu Ox.

B rabsurne 21 npuBeeHBI IPOCTEHNINTNE IPUMEDPHI UCIIOJIb30BAHUA T€OMETPH -
yecKUX MpeobpasoBaHuil rpaKOB YpaBHEHU. Y KadaHHbIe COOTHOIIIEHU S ITPU-
XOJUTCS IPUMEHSATH B 3JJaHUAX TUTA: TIOCTPOUTH rpadUK YPaBHEHUA NJIU Hepa-
BEHCTBA UJIN U300PasuTh Ha KOOPAMHATHON IIJIOCKOCTY MHOKECTBO TOUEK, KOOP-
IUHATHI KOTOPBIX YAOBJIETBOPAIOT 3aJaHHOMY YPABHEHUIO (HEPaBEHCTRY).

Mpumepbl pelLeHns 3apa4

oy

=Y

-x, [0 x,

Puc. 82

3amaual ITocTpoiiTe rpaduk GyHKRIUT Y = 2 o
Pemenue KomMmenTapuit
P x2—9=0npux == 3. IlosTomy 00- ITocTpoum aBE cuCTEMBI KOOPAMHAT
JIACTB OTIpeleNIeHNA 3afaHHo0il pyH- | TaK, YTOOBI OCH OPAMHAT OBLIN y HUX
KIIWH: Ha OHOM mpAMoi. B Tex Toukax, rue

106



§ 8. TpaduKkm ypaBHEHUI 1 HEPABEHCTB C ABYMS NepeMeHHbIMY

x2—9#0, T0ecTb x # T 3.

Y

—

[y

o! W=
ol

_1.

3agaua 2

TOYEK, KOOPAMHATHI KOTOPBIX YAOBJIETBOPAIOT CICTEME {

Pemenue
P BamamHasa cucTeMa paBHOCHILHA CHU-

y< —x2,
creMe {y S x—9.

W306pasum mMTPUXOBKOM rpapurm
HEPaBEHCTB CUCTEMHI (IIEPBOTO — BeP-
TUKAJBHON MITPUXOBKOM, BTOPOTO —
TOPU30HTAJIBHOM):

]

<
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dyurmua f (x) = x? — 9 paBHa HYJIO
(x =t 3), He cymiecTByeT rpaduka

1 1
HKIIUUA y=————=——— llOo3TOM
byrrnum y @) o y

IIPOBEIeM Uepe3 9TU TOUKY BEPTUKAIb-
HbIE IPSIMbIE, KOTOPHIE He TIePeCeKatoT

rpaduk QyHKRIUY Y = 1 _ Barem A
f(x)

KasKJ0T0 3HAUEHU X pasaeaum 1 Ha co-
OTBETCTBYIOIlee 3HAUEHUE OPANHATHI
f (x) (mcmosB3y s TO, UTO OPAUHATHI [ (X)
oTMeUeHbI Ha BepxHeM rpaduke). Ha
PUCYHKe CUHeN JuHMel n3obpakeH
pesyJiasTar rpaduk QYHKIOUHA

y= ([1J151 HOCTPOEH M HTOrO Ir'pa-

x2-9°

¢ura macmrab no ocam Ox u Oy BeI-
OpaH pa3HBI.)

ITorasKkuTe IITPUXOBKOM HA KOOPAUHATHOMU IIJIOCKOCTU MHOKECTBO

x2+y<O0,
x—y<2.
KommenTapui

Tlepenuiiiem 3aJaHHYIO CUCTEMY TaK,
YyTOOBI OBIIIO YIO00OHO M300pakaTh rpa-
(GUKYU TaHHBIX HEPABEHCTB (TO €CTh 3a-
IUIIeM HepaBeHCTBa B Bue i > f (x) uin
Yy <f (x)). MHO:XECTBO TOUEK , KOOPAWHA-
ThI KOTOPBIX YAOBJIETBOPAIOT HEPABEH-
CTBY y < —x2, ABJIsieTCA 00beIMHEHNEM
TOYEK mapabosbl Yy = —x2 U TOUeK KOoOop-



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

4
I IQ)
g 7

j—
==’
4

Torma MHOKECTBO TOUEK, KOOPIUHA-
THI KOTOPBIX YIOBJETBOPSIOT CUCTEME,
OyIeT TaKuM:

L4
yl R
A
4

0 et o
22 x

4

4
A2
'0
4
'o' y=—Xx 2
O"
‘ <

3amaua 3

OIUHATHOU IIJIOCKOCTU, HAXOAAIIUXCS
HIKe IapadoJIbl (Ha PUCYHKE 9TO MHOKe-
CTBO 0003HAUEHO BEPTUKAJIBHON IITPU-
XOBKOI1). MHOKECTBO TOUEK, KOOpAUHA-
ThI KOTOPBIX YIOBJIETBOPAIOT HEPABEH-
CTBY J > X — 2, COCTOUT U3 TOUEK KOOPAU-
HATHOI IIJTOCKOCTH , HAXOSIITITX CsI BBITITE
IpAMOi iy = x — 2 (Ha PUCYHKE 3TO MHO-
JKeCTBO 0003HAUEHO NOPU30HTAJILHOMN
IITPUXOBKOI).

Cucreme HEPABEHCTB YAOBJIETBOPA-
IOT KOOPAMHATEI T€X WU TOJIBKO Te€X TO-
UeK, KOTOphIe IPUHAJIe KT Ilepeceyue-
HUIO MHOJKECTB TOUEK, 3aJaHHbIX KarK-
IBIM 13 HEPABEHCTB JAHHOM CUCTeMBbI (Ha
PUCYHKE IIepeceueHUI0 MHOXKECTB COOT-
BETCTBYeT Ta 00JI1aCTh, T IIITPUXOBKU
HAJIOXKUJINCH OHA Ha IPYTYIO).

3aMeTuM, YTO B IIOJOOHBIX 38 aHN-
AX MOYXHO He BBIIIOJIHATH IIPOMEKYTOYU-
HBIX PUCYHKOB, & Cpa3y IITPUXOBATH UC-
KOMO€ MHOYKECTBO TOUEK KOOPAMHATHOMN
IIJIOCKOCTH (BBIIIE MPAMOR Y = X — 2
U HUKe mapaboJibl iy = —x2 BMecTe ¢ TOH
YacThIO Mapabosbl, KOTOpad JIEXKUT
BBIITIE TPSAMOL).

ITocrpoiite rpaduk ypasHerus | x —y | + 2| x+y |= x +6.

OpuenTtup

Kpbleaemcsa 00HO3HALHO.

Jnsa ynpoujenus 8blpajiceHus ¢ HeCKOJLbKUMU MOOYAAMU ¢ O8Y M NepeMeHHbl-
MU MOHNCHO HATUMU HYAU NOOMOOYLbHBLX 8bLPANCEHULL (MO ecmb NPUPABHAMY
ux K HYJio ) u pa3dbumsv obaacms onpedeseHus paccMampueaemozo 6blpaice-
HUS HA HeCKOJLbKO Yacmell, 8 Kax 00l U3 KOMOPbLX 3HAK KA} 0020 MOOYLa pac-

Wcnonb3ysa sTOT OPUEHTHD, IOJTyYaeM NAAH PeuleHUa IpuMepa.

IIpupaBHAEM K HYJIIO IOOMOAYJIbHBIE BEIpaskeHnA X — Yy = 0 (oTcroma y = x) u
x +y=0 (orcioga y = — x ). [Ipameie y = x u y = —x pa3bUBAIOT KOOPIUHATHYIO
TJIOCKOCTh Ha UeThIpe 00aacTu. B Karkmoit us sTux obacteii 3HaK KayKI0TO MO -
JISl paCKPBIBAETCA OOHO3HAUHO, IIOCJIE TPE00PAB0BAHNA IOJIYUEHHOT'O PABEHCTBA
CTPOUM COOTBETCTBYIONTYIO YaCTh I'pahKa 3aJaHHOTO YPABHEHUA.

Pemenue
P 1. O06macts onpenenenusi: x€ R,y e R.
2.x-y=0mpuy=x;x+y=0mnpuy=—x.
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§ 8. [paduKkm ypaBHEHUI 1 HEPABEHCTB C ABYMS NepeMeHHbIMU

3. IIpawmsble y = x Yy = —x pa3dMBAIOT KOOPAUHATHYIO IJIOCKOCTD Ha YETHIPE YaCTH,
B KaJK[0I M3 KOTOPHIX 0003HAUEHBI 3HAKY IIE€PBOTO ¥ BTOPOTO ITOAMOYIBHBIX
BeIpasKeHU! (puc. 83, a). (Byzem cunraTh, 4TO KaKgasa 001acTb 6epeTcsa BMec-
Te ¢ JIy4aMU, KOTOPHIE ee OTPAHNUMBAIOT. ) [{eACTBUTEIFHO, €CJIU TOUKY HAaXO0-
IATcd B obsiacTu I uny Ha ee rpaHUIle, TO UX KOOPAUHATHI YIOBIETBOPSAIOT CHC-

> x, x-y<0

’

Torma
x+y=0.
B obJtacTu I mepBoe TOAMOIY TbHOE BBIPAKEHNE OTPUIIATEIBHO, 8 BTOPOE — II0-
JIO’KUTEJBHO, IIOATOMY HAaHHOE ypaBHeHUe uMeeT BuI —(x —y) + 2(x + y) =
=x + 6. Orcioga y = 2. CrpouM Ty yacTh rpaduka 3Toit QyHKIIUU, KOTOPAd
HaxoauTcs B obsactu I (puc. 83, 0).

TeMe HEPaABE€HCTB {

=
KOTOPYIO MOJXHO 3aIlMCAaTh TaK:
y=-x,

0,
0.

Taxwum o6pasom, B obsactu Il manHOe ypaBHeHUE nMeeT Bufg — (x —y) — 2(x +y) =
= x+6.0rcromay =—-4x — 6. CrpouM Ty yacTsb rpaduKa 3Tol GyHKIIUU, KOTO-
pasa maxomgurtcs B oosactu I1.

-y

<
X+y<

Y=
Amangoruuno ajis Touek odsactu I1: < TO eCTh
y X

x-y=0,
TO eCTh U3 JaH-
x+y<0

’

Eciu rouku HaxogsaTceda B oosactu 111, To {
Yy

HOTO ypaBHeHud moaydaem (x —y) — 2(x + y) = x +6. Orcioga y=—-x—2.

w | o

’

0
u3 JaH-
0

’

\VARVY

< x—
Eciu rouku maxongarca B odaactu IV, To TO €CTh y
y>-—x, x+y

HOTO ypaBHeHuA umeeM (x — y) + 2(x +y)=x + 6. Orcroqay = —2x + 6.
OKoHUATeILHBIN B rpad)iKa yPaBHEeHHU IPUBEeH Ha pucyHEKe 83, 6. <

III(+; —)

a 0



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Bonpocb! Ansg KoHTpons

. O6bacHUTe HA TpUMepax, Kak MOMKHO, uMed rpaduky QyHKuuil y = f (x) u

y = g (x), moctpouts scKu3 rpadpura QyHKnum y = f (x) + g (x) u QyHKIUN

-1
i)

. Uro Ha3bIBaeTCs rpaMKoOM ypaBHEHHUA ¢ IBYMA MepeMeHHbIMU? UTo Ha3bIBa-

eTca rpad)mKoM HepaBeHCTBA ¢ ABYyMdA nepeMeHHbIMU ? [IpuBeiuTe IPUMEDHI.

. Kaxk, 3Haa rpadpuk pynrnun y = f (x), mocTpouTs rpadmK HepaBeHCTBA I > f (X)

u HepaBeHcTBa Y < f (x)? [IpuBenuTe IpUMeEpHI.

. Kaxk, snaa rpaduk ypasuenusda F (x; y) =0, MOKHO TOCTPOUTH I'pad) MK ypaBHE-

sua F (x —a; y— b)=0u ypasuernnuii F (|x|; y) =0u F (x; |y |) = 0? IIpusenuTe
IPIMeEDEHI.

. O6ocHyTiTe IpaBUia reOMEeTPUUECKUX IIpeodpa3oBanmii rpaduKa ypaBHEHU A

F (x; y) = 0 gna nonyuenHua rpadurkos ypaBHeHUuii F(x —a; y — b) = 0,
F(xl;9)=0,F (x;|y)=0

. O0bacHUTe Ha TpUMepe, KaK MOKHO HAUTH HAa KOOPAUHATHOH MJIOCKOCTH MHO-

JKEeCTBO TOUEK, KOOPAMHATHI KOTOPHBIX YAOBJIETBOPAIOT CICTEME HEPABEHCTB
C IBYyMd II€epeMEeHHBIMU.

YnpaxHeHus

. ITocTpotiTe sackms rpaura QyHKIIUNA:

) y=x+l; gy y=x-L gy y=x'+1; gy y=x2-1
X X X X
. ITocTpoiiTe rpaduK ypaBHEHUA:
1 |yl=x-2; 2) |y|=x*-x; 3) |x[=-y?
4) |x|+y[=2; 5) |x|-|yl=2

. IToctpotiTe rpaduk HepaBeHCTBA:

)y>ax2-3; 2) y<; 3) x2 + y? < 25;
4) (x— 2+ (y +3)2> 4.

ITokaxkuTe MITPUXOBKOL HA KOOPAWHATHOH IIJIOCKOCTH MHOXKECTBO TOUEK, KO-
OPAUHATHI KOTOPHIX YIOBJIETBOPAIOT CUCTEME:

x2+y? <4, x2+y? 209, y<b—ux2, yss-x
1) {y>x' 2) {x2+ 2 < 95, 3) {y<—x' 4) 1y = x,
’ ’ ’ y<2x+4.
. ITocTpoiiTe rpauK ypaBHEHUA:
D|x-yl-lx+y|=y+38; 2) [x-2y|+|2x-y|=2-y;

3)|8x+y|+|x-y|=4

10



METO4 MATEMATUYECKOW UHAYKUNN

IIpu pelteHnry MaTeMaTUUYECKUX 3a/[a4 MHOT/Ia BOSHUKAET MMOTPEOHOCTH 000CHO-
BaTh, UTO OIIPeIeJIEHHOE CBOMCTBO BHIIIOJHAETCA JJIF IPOU3BOJIHHOTO HATYPAJIb-

HOroucJjan.

IIpoBepuTh JaHHOE CBOMCTBO AJIS KAXKAOTO HATYPAJIBHOTO YKCJIa MBI HEe MO-
JKeM — MX KOJIMUeCcTBO OecKoHeuHOo. [IpuxoauTcs paccykKaaTh Tak: 1) 4 MOTy IIpo-
BEPUTH, UTO TO CBOWCTBO BBIMOJHAETCA TPU 12 = 1; 2) 4 MOTYy OKa3aTh, UTO IJIA

Tabanuma 22

CxeMa qOKas3aTeJbCTBA YTBEPIK-
IEeHUH C IIOMOII[BI0 MEeTOLA
MaTeMaTU4YeCKON WHIYKIITUN

ITpumep

1. IIposepsiem, BHITIOTHAET-
s JIU IaHHOE YTBEPIKIeHUe
npu n = 1 (uHOT A HAUWHA-
0T C L = D).

2. IIpednonazaem, 4To 3a-
JTAHHOE YTBEPIKAeHIe CIIpa-
BeAJUBO mpu n = k, vae
k > 1 (apyroii BapuautT —
mpun < k).

3. Joxasvieaem (onmpasacs
Ha IPeJII0JI0MKeHIe) cIpa-
BeIJINBOCTH HAIIIETO YTBEP-
Kaenuaunpun==~k+1.

4. Ienaem 68v1600, UTO fAHHOE
YTBEPIKIeHVe CIIPABEIINBO
[IJLS TIO0OTO HATYPATBHOTO
yucaa n (gaa Jamoboro
n = p).

IToxkaxkuTe, 4TO AJIs II0OOOTO HATYPATBHOTO 1

1-2+2-3+...+n(n+1)=%n(n+1)(n+2).

s ymobcTBa 3anucy 0003HAUUM
S=1-2+2-3+...+n(n+1).

. IIpu n =1 paBeHCTBO BBIMIOJIHAETCS:

1-2=§-1-2-3, 10 ecTh 2 = 2.

. IIpegmosaraem, 4To 3agaHHOE PABEHCTBO

BepHOTIpU =k, THe k> 1, To ecTh
S,=1-2+2-3+...+k(k+1)=

=%k(k+1)(k+2). (1)

. JlokasxkeM, UTO PABEHCTBO BBIMIOJIHAETCA U

npun =k + 1, To ecTb fOKaKeM, UTO
S,.1=1-2+2-3+...+k(k+1)+

+(k+1)(k+2):%(k+1)(k+2)(k+3).

YuureiBad, uto S, = S,+ (k+ 1)(k +2), n
moACcTaBIAA S, n3 paBeHCTBa (1), momydyaem

S,., :%k(k+1)(k+2)+(k+1)(k+2) =
:%(k+1)(k +2)(k+3),

YTO 1 TPe6OBAJIOCH JOKA3ATh.

. Urak, 3ajaHHOEe PABEHCTBO BEPHO JJIS JIFO-

60T0 HATYPAJIBHOTO 1. <

m



PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

KaiKIoTo0 CJIeIYyIONIeTro 3HAUeHU A 71 OHO TOXKe BBITIOHAETCA, TAKUM 00pasoM, CBOII-
CTBO OyIEeT BBITIOJTHATHCA /I KayKI0TO CIEIYIONero YK1cia, HaunHaA C e TUHUIIHI,
TO eCTh JJIA BCeX HATyPAJTbHBIX UNCEJI.

Taxoii crtocob paccy:XKIeHUH IPY JOKAa3aTeIbCTBE MAaTEMAaTUYECKUX YTBEPIK e~
HU Ha3bIBaeTCA Memodom mamemamuieckoil undyxyuu. OH ABIAETCA OLHUM U3
YHUBePCAJIbLHBIX METOMOB N0KAa3aTeIbCTBA MaTeMaTUUECKUX YTBeP/KIEHUI, B KO-
TOPBIX COAEPIKATCSA CIOBA «JJIs JIIOOOTO HATYPAJIBHOTO 72» (BOBMOIKHO, He chopMy-
JUPOBAHHBIE IBHO). [loKa3aTeIbCTBO C ITOMOIIIBIO 9TOT'0 METOIa BCeTIa COCTOUT U3
IBYX BTaIOB:

1) Havano uHOYKYUL: TPOBEPAETCSA, BHIIIOJTHAETCA JIX PACCMATPUBAEMOE YTBEPIK-
meHue npun=1;
2) uHdyKmueHbvLil nepexod: KOKA3BIBAETCA, UTO €CJIN JAHHOE YTBEPIKJeHUE BhI-

HOJIHSETCS IJIs £, TO OHO BBIIIOJIHAETC U Ajda k +1.

Takum o6pas3om, Hauas ¢ . = 1, MBI Ha OCHOBAHUY TOKA3aHHOT0 UHAYKTUBHOTO
mepexoja ImoJaydaeM, YTo cQOPMYIUPOBAHHOE YTBEPIKAEHYE CIIPABEIINBO U JJIs
n=2,3, ..., TOeCTb JJisd JI0O0T0 HATyPaJIbHOTO 7.

Ha npakTuke 3TOT MeTO yIOOHO IPUMEHATH II0 CXeMe, IPUBEIEeHHOH B Tab-
auiie 22.

Mpumepbl pelLeHns 3apa4

3amaua 1 Ioxaskute, uto 10" — 9n — 1 genurca Ha 81 mpu Tr060M HATY-
pPaJIbHOM 7.

KommenTapui

ITockosnbKy yTBEDIKIeHNE HEOOXOAMMO T0KA3aTh AJIs JII000T0 HaTyPaJILHOTO 71,
TO MICIIOJIB3YEeM METOJ MaTeMaTUUYeCKOM MHAYKIINH II0 CXeMe, IIPUBEIeHHO B Ta0JI1-
ne 22. [Ipy BLIIOJTHEHUY THAYKTUBHOTO ITepexoa (oT n=k k n =k + 1) mpeacraBum
BHIpaKeHUe, MOJyUYeHHOe IpU 1 = k + 1, KaK CyMMYy JBYX BBIPAK€HUI: TOTO, UTO
TOJIYYMJIU IIPU 1. = k, U eI1le OTHOT'0 BhIPasKeHU A, KOTopoe AeauTcs Ha 81.

JlokxaszaTeabCTBO

1. P> IIpoBepseM, BEINIOJIHAETCA JIU JaHHOE yTBepskaeHnenpun = 1. Eciun =1,
IaHHOe BhIpaskeHUMe paBHO 0, To ecTh gesutcd Ha 81. Takum o6pasom, faHHOE
CBOMCTBO BHIOJIHAETCATpU n = 1.

2. Tlpenmosaraem, 4To faHHOE YTBEPIKIeHNE BBITIOJTHAETCS IIPU 1L = k, TO €CTh UTO
10* — 9k — 1 genurca na 81.

3. JloxaskeM, UTO JaHHOE YTBEP KAeHe BhITIOJTHACTCA n Ipu n =k + 1, To ecTh 4UTO
101 - 9(k + 1) — 1 genurcsa Ha 81.

1071 -9(k+1)-1=10"-10-9£-9-1=10(10* -9k — 1) + 81k.
BripaskeHre B CKOOKaxX — 9TO 3HAUEHWE 3aJJaHHOIO BHIPAKEHUA IpU 11 = k,
KOTOpOE M0 IIPEIOJI0KEeHNI0 MHAYKIIUY neauTtcs Ha 81. CiegoBaTeIbHO, Kak-
Ioe ciaraeMoe IocJIeqHel CyMMEbI geauTcsa Ha 81, Torga u Besi cyMMa, TO €CTh
10# — 9(k + 1) — 1, genurca na 81. Takum o6pa3oM, JaHHOE YTBEPKICHNIE
BBITTONIHAETCAUTIpU N =k + 1.

4. CinemosarenbHo, 10" —9n — 1 genurca Ha 81 mpu 1:000M HATYPATBHOM 71, <]

12



§ 9. MeTo, MaTeMaTNU4eCKOW HAYKLMN

3amaua 2 Ioxasxure, uro 2" >2n+1,eciu n>3,ne N.
KommenTapui

ITockoMBbKY yTBEPIKIeHNE TOJIMKHO BEITONHATLCA, HAUNHAA C 1 = 3, TO IIPOBEP-
Ky IPOBOIMM MMEHHO JJIS 9TOT0 YMcJja. 3alnChIBasa IPEAI0IoKeHe MHAYKITUHT,
yI0OHO BOCIIOJB30BATHCS TEM, UTO IIO OIIPeAeJeHUI0 MOHATUA «00JbIe» a > b
TOTJla ¥ TOJIBKO TOTAa, Koraa a — b > 0. JlokasbiBas HepaBeHCTBo ipu n =k + 1,
CHOBA HCIIOJIB3YEeM TO Ke OIlpe/iesieHre U ToKa3biBaeM, UTO PABHOCTH MEXK Y eT0
JIeBOY 1 ITPABOM YACTAMU ITOJIOKUTEIbHA.

HJoraszaTeabCTBO

1. IIpu n =3 nosyuaem 23> 2+ 3+ 1, To ecTb 8 > 7 — BepHOE HepaBeHCTBO. Takum
obpasom, mpu n = 3 faHHOe HePABEHCTBO BLITOJIHAETCA.
2. Ilpepmosiaraem, 4TO JaHHOE HEPABEHCTBO BBINIOJIHAETCA Ipu 11 = k (T e k > 3):
2F> 2k + 1, To ecTh
2k -2k —-1>0. (1)
3. loxakeM, UTO TaHHOE HEPABEHCTBO BBLIMOJIHAETCA U Ipu 1 = k + 1, TO ecTh
OoKaxkeM, uro 21 > 2(k + 1) + 1.
Paccmorpum pasuocts: 291 - (2(B+1)+1)=2F-2-2k -3 =
=2(2"-2k-1)+2k-1>0
(TOCKOJIbKY BBIpaKeHUE B CKOOKaX 110 HepaBeHCTBY (1) MOJI0KUTEIBHO U TP
k > 3 Beipaskenme 2k — 1 Taxske mosokurenbHo). CiemoBarenbHo, 21 >
>2(k+ 1)+ 1, To ecTh JaHHOE HEPABEHCTBO BHINOJNHAeTCA U Ipun=~Fk + 1.
4. Utak, faHHOe HEPABEHCTBO BBITIOJIHAETCS IIPU BCEX HATYPATBHBIX 11 2> 3.

YnpaxHeHus

JokasKuTe ¢ TOMOIIBIO MeTOJa MaTeMaTuuecKoi mHayKiuu (1—12).
1 1 1 n
— .= )
12 23 n(nel) nel IIpU BCeX HATYPaNbHEIX i (n € N)
S - L =
1.5 59 (4n-3)(4n+1) 4n+1

n?(n +1)2
4

1.

2. romene N.

3. 13+2843%+...+n8= ,TAene N.

4. 1~2~3+2-3~4+...+n(n+1)(n+2):in(n+1)(n+2)(n+3), rene N.

5. IIpousBemenue 1+ 2+ 3 +... - n obosHauaercd n! (uuraerca: «n paKTopuas»).
Horaxure,uro 1l - 11+2-2!+...+n-nl=Mn+1)!-1,rnene N.

6.4">Tn—-5,ecimune N.

7. 2">n3, eciun > 10.

8. Hoxaxxure, uto 9" — 8n — 1 menurca Ha 16 mpu JT1000M HATYypPaJbHOM .
9. Hoxkaxxkure, uto 5"+ 5+ 3" — 3 mesnuTcA Ha 8 IpU JI0O0OM HATYPATHLHOM 71.
10. Toxkaxxure, uto 7" + 3" — 2 menuTcsda Ha 8 WpHU JIOOOM HATYPAJTbHOM 7.
11. IOoxasxute, uro 233 — Tn + 41 genurces Ha 49 mpu 11060M HATYPAILHOM 71.

— — — — — Qn _
12. [loxkaxkwnre, uroKorgaa, =2,a,=8,a ,=4a  —3a ,r0a =38"—1,rmenec N.
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MHOIO4YJIEHbI OT OAHOW MEPEMEHHOW
U AENCTBUA HAQ HUMW

10.1. ONPEAENEHUE MHOIOYIEHOB OT OAHOWN NEPEMEHHON
N NX TOXXKAECTBEHHOE PABEHCTBO

PaccMoTpuM 0HOUIEH 1 MHOTOUJIEH, KOTOPbhIE 3aBUCST TOJHKO OT OJHO mepe-
MeHHOH, HaIIpUMep, OT IepeMeHHOH’ X.

ITo omrpenesieHmIo OAHOUIEHA UKCcIa 1 OYKBEI (B HAIIIEM cJIyuyae omgHa OyKBa — X)
B HEM CBA3AHBI TOJIBKO IBYMSA I[EfICTBHHMH — YMHOMXE€HHUEM U BO3BEJIEHNEM B HA-
TypaJbHYIO cTeneHb. Eciu B 9TOM OfHOUIeHE TPOM3BeIeHIe BCeX UMCeJI 3aINCaTh
nepe]; OYKBOIi, a IpOU3BeieHNe BCeX CTeIeHel OyKBbhI 3aTNCATh KaK IEJIYI0 HeOT-
pHUIlaTeIbHYIO CTEIIeHb 9TOM OYKBHI (TO €CTh 3aNIMCATEH OAHOUJIEH B CTAHAAPTHOM
BUZE), TO MOJYUYNM BBIDAKEHUE BUAA aX", TIe @ — HeKoTopoe uyucio. [TosTromy
00HOUIeH 0m 00HOU nepemMenH Ol X — 9Mmo vipaicenue 6uda ax”, 20e a — HEeKOmo-
poe wucao, n — yesoe HeompuyameJnwvHoe yucao. Ecau a # 0, To mokasaTeab cTe-
IIeHU 7 IePeMeHHON X Ha3bIBAeTCA Cmenenvio o0nouaena. Hanpumep, 25x% — ox-

. 2 .
HOUJIEH IIIeCTOM CTeIIeH N, gxz — OJHOYJIEH BTOPOI crenenu. Eciiu oqHOUIeH SB-

JIsieTCA YUCJIOM, He PABHBIM HYJIIO, TO €70 CTeIIeHb CUNTAETCA PABHOM HYJIIO. a4
00HOYIeHa, 3a0anH020 Yucaom 0, nonamue cmenenu He onpedensemcs (IIOCKOIb-
Ky0=0-x=0-x2=0"-x3..).

ITo omrpegesieHMI0 MHOTOUJIEH OT OJTHOY IIEPEMEHHOM X — 9TO CyMMa OTHOYJIEe-
HOB OT OJJHOU TepeMeHHOI x. [loaTomy

MHO20U1E€HOM O 00HOU NepeMeHHOl X HA3bl6aemca 6blpacenue 6uda
fx)=ax"+a,_x"'+..+tax*+ax+a, (1)
20e koIppuyuenmoLa ,a, _,,...,a, — HeKOMOPbLE HUCAA.

Ecnua, #0, To 3TOT MHOTOUJIEH HA3LIBAIOT MHOZ0ULEHOM N-il CMeneHu OT epe-
MeHHOU x. [Ipu aTOM uiieH a x" Ha3bIBAIOT CIMAPULUM LILEHOM MHOzZoUAeHa [(X),
YHUCJIO A, — KOIPPUUUEHMOM NPU CIAPULEM LIeHe, 8 UIEH A, — C80000HbLM HLile-
Hom. Hammpumep, 5x% — 2x + 1 — MHOTOUJIEH TPEThel CTEIeH!, Y KOTOPOT'0 CBOGOI-
HBIH 4JIeH paBeH 1, a Koa(hDUIMEHT IpU cTapIIeM UIeHe PaBeH 5.

3ameTuM, UTO MHOTA HyMePaInio Ko3(hGUIIMEeHTOB MHOTOUYJIeHA HAUMHAIOT C Ha-
yvaJjia 3anmcu BeIpaskeHusd (1), u Torga o0uii Bug MHOToWIeHa f () 3BaIIiChIBAOT TaK:

— -1
f(x)y=bx"+bx""'+...+b _x+b,
rae by, b, ..., b, — HEKOTOpLIE YKCIIA.
Teopemal. Odnounenst ax",20ea+0,ubx™, 20eb+#0, moxdecmeenrno
paénvL mozda u monvko mozda, kozdaa=bun=m.

O0dnounen ax™ moixcdecmeernHo paéer HY N0 moz0a u MonbKo mozoa, Koz-
daa=0.

@ IlocKOIBKY PaBEHCTBO OZHOUJIEHOB
ax"=bx™ (2)
BBIIIOJIHSETCS [IPY BCeX 3HAUEHUAX X (II0 YCJIOBHUIO OTH OJHOUIEHBI TOYKIECTBEHHO
PaBHBI), TO, IOACTABJIAA B 9TO PABEHCTBO X = 1, moay4uaeM, uto a = b. Cokparas
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§ 10. MHoro4neHb! OT OJIHOV NepeMeHHON 1 AeNCTBUS Ha, HAMMN

00e yacTu paBeHcTBa (2) Ha a (Txe a # 0 mo ycIo0Buio), morydaem X" = x™. [Ipu x = 2
u3 sToro paBeHcTBa uMeeM: 2" = 2™, [Tockoabry 2" =2-2-...-2, 22" =2-2-...-2,
n pas m pas
TO paBeHCTBO 2" = 2" BO3MOIKHO TOJIBKO TOTIa, Korga n = m. Takum o0pasom, 13
TOYKIECTBEHHOTO paBeHCcTBa ax” = bx™ (a# 0, b # 0) mosyuaem, uroa =bun =m.
Ecau usBectHo, uTo ax" = 0 11 Bcex x, To npu x = 1 moamyuaem a = 0. IToaTomy
OIHOUJIEH aX" TOKeCTBeHHO paBeH Hyio tpu a = 0 (Torga ax"=0 - x*=0%).
Hanee m060i ogrouseH Buga 0 « x" 6ymem 3ameHATH Ha 0.
Teopema?l. Ecru mnozounenf (x) moadecmeenro pagen nynto (mo ecmov
npuHumMaem Hyneévle 3HLAULEHUA NPU 6CEX 3HALEHUAX X), MO 6Ce €20 KO-
PuyuenmuoL paéHbL HYLIO.
@ 11 noxasaTeIbCTBA HCIOIb3YEM METOJ MATeMATHIeCKOH NHAYKITII.
IIycrs f(x)=a x"+a, x" '+..+ax+a,=0.
IIpu n =0 umeem f (x) = a,= 0, mosTomy a, = 0. To eCThb B 9TOM CITydae yTBEPK-
JIeHVEe TeOPEMBbI BBIIIOJIHSIETC.
IIpenmonoxum, 4TO IpHU 1 = k 9TO YyTBEPIKIEHNE TAKKE BLIIOJIHIETCA: eCJII
MHOTOWIeH a, X" +a,  x*~'+...+a x+ a ToxnecTsenHo pasex 0, To

a,=a, =..=a =a,=0.
HoxkaskeM, UTO JTaHHOE YTBEpKJeHNre BrInoHAeTcA uipu =k + 1. IIycTs
— kE+1 k =
fx)=a,, x**'+ax*+..+ax+a,=0. 3)

ITockoabKy paBeHCTBO (3) BBITIOJHAETCS IPU BCeX 3HAUEHUAX X, TO, IIOJICTAaB-

JIAA B 9TO paBeHCTBO X = 0, mosyuaem, uro a,= 0. Torma pasercrso (3) obparia-

eTca B clefylolee paBeHCTBO: a, ., X" '+ a, x* + ... + a,x = 0. Berrecem x

B JIEBO1 YaCTU 9TOTO paBEHCTBA 32 CKOOKHU U MOJIYUNM

x(a, x*+ax"*'+..+a)=0. 4)

PasencTBO (4) 10JIKHO BBITIOJIIHATHCS IPYU BCEX BHAUEHUAX X. [[JIA TOTO YTOOHI

OHO BBIMIOJTHAJIOCH IPpU X # 0, TOJIYKHO BBITTOJHATHCS TOXKIECTBO

a, x"+tax*'+..+a =0.

B seBoit yacTu 9TOTO TOK/[ECTBA CTOUT MHOTOUJIEH CO CTEIIeHAMY IIePeMeHHO

ot x° 110 x"*.Torma o IPeamoIOKEeHII0 NHAYKIIUY BCE €0 KO3(P(MUITNEeHTHI PaB-

HBIHYJO: @, , =a, = ..=a, = 0. Ho MBI Tak:xe foKazanu, uto a, = 0, mosTomy

HAIIle YTBEP K IeHNe BEIIOJIHAeTCA 1 mpu n = k + 1. Takum o6pasom, yTBepsKIe-

HIe TeOPeMbI CIIPABEAJIUBO IJIs JI000TO I[eJIOTO HEOTPUI[ATEIbHOTO 11, TO €CTh

N5 BceX MHOTOUJIeHOB.

MHorouieH, y KOTOPOro Bce K03t (M UIIueHTHI PABHBI HYJII0, 00BIYHO HA3BIBAIOT
HYLe6blLM MHOZOUIEHOM, WIN HY Lb-MHO2Z04LeHoM, 1 0003HauaroT 0 (x) miau nmpoc-
10 0 (mockoanKy 0 (x) = 0).

Teopewma 3. Ecau 0éa muozounenaf (x)u g (x) mosdecmeernno paensl,
mo onu coénadarom (Mo ecmbsv ux cmenernu 00UHAK06bL U KOIPHuyuenmot
npu 00UHAKOEbLX CeNneHAX PAGHBL).

* 3HAYKOM = 0603HAUEHO TOKAECTBEHHOE PABEHCTBO MHOTOYJIEHOB.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

® IIycrs MuEOrOUNEH f (X) = ax"+a ,x"'+..+a,x*+ax+a,aMHOTOUIEH
g(x)=bx"+b, _x" '+ ..+bx*+bx+ b, PaccmoTpuM MHOTOUTEH
f (x) — g (x). IlockonbKy MHOTOUJIEHHI f (X) 1 g (X) IO YCIOBUIO TOXKIECTBEHHO
paBHBI, TO MHOTOUWIEH f (x) — g (x) ToxxgecTBeHHO paBeH 0. Takum o6pasom, Bce
ero Koa(p(punueHThI PAaBHBI HYJIIO.
Hof(x)—g((x)=(a,—b)+(a,—b)x+(a,—b)x*+....
Torpaa,—b,=0,a,-b,=0,a,-b,=0,....0Orcrogaa,=b,a,=b,,a,=b,,....
Kak Bugum, ecaiu [OIIyCTUTD, YTO ¥ KAKOTO-TO U3 ABYX JaHHBIX MHOTOUYJIEHOB
CTeTeHb BRIIIE, UeM Y BTOPOTO MHOTOUJIeHa (HampuMep, 1 60JIbIIIe 1), TO Koad-
(unreHTH paszHOCTU Oy AYT paBHLI HyJ10. [losToMy, HaunHas ¢ (m + 1)-To HO-
Mepa, Bce Koo PuIuenTs! a, Takske OyAyT PaBHBI HyJT10. T0 eCThb 1efCTBUTE N b-
HO, MHOTOUJIEHH! [ (x) 11 g (X) UMeIOT OfMHAKOBYIO CTEIIEHb U COOTBETCTBEHHO
paBHBIe KOB(D(MUITIEHTH IIPK OAMHAKOBEIX CTelIeHAX. ()

Teopema 3 ABIsIETCA OCHOBAHUEM TaK Ha3bIBAEMOT'0 METO/Ia HEOIIPEeJIeHHBIX
KoaunmenToB. IlokaskeMm ero npuMeHeHUE Ha CJIELYIOIIEM ITPUMeDpe.

IIpumep Hoxaxure, uTo BeIpaskenue (x + 2)(x + 4)(x + 6)(x + 8) + 16
SIBJISETCSA IOJHBIM KBa[PaTOM.

P TamHOe BEIpasKeHUe MOKeT ObITh 3aITMCAHO B BUIe MHOT'OUYJIeHA YeTBEPTOH cTe-
II€HU, IIO3TOMY OHO MOKeT OBITH IOJHBIM KBaapaToOM TOJIBKO MHOTOYJIEHA BTOpOfI
cremenu Buga ax?+ bx + ¢ (a #0).

ITonyuaem ToxxmeCcTBO:

(x+ 2)(x + 4)(x + 6)(x + 8) + 16 = (ax? + bx + ¢)2 (5)

PackpriBaa CKOOKY B JIEBOY 11 IPABOU YACTAX 3TOTO TOXKJECTBA U IPUPABHUBAA
K09(G(PUIIMEHTHI IPY OJUHAKOBLIX CTEIIEHAX X, II0JIy4aeM CUCTEMY PAaBEHCTB. ITOT
aTal perreHnd ya00H0 0hOPMIATH B CIEIYIOIEM BUIE:

x* 1=a?

x? 2+4+6+8=2ab

x? 2:4+2-6+2-8+4:6+4-8+6-8=02+ 2ac

xt 2:4-6+2:-4:-8+2:6:8+4:6:-8=2bc

x0 2:4:6:-8+ 16 =¢?

W3 mepBoro paBeHcTBa moaydaema =1 uama =—1.

IIpu a = 1 us BTOpOTO paBeHCcTBa MMeeM b = 10, a us Tperbero — ¢ = 20. Kax
BUIUM, IPU 9TUX 3HAYEHUIX @, b U ¢ IOCIeIHNE IBA PABEHCTBA TAK K€ BBIIIOJIHSI-
forcsa. CremoBaTenbHO, TOMXKIECTBO (5) BuImosHAeTcA pu a = 1, b = 10, ¢ = 20
(aHAJOTMYHO MOJKHO TaKiKe moayunutba =—1, b=-10, c =-20).

Taxum o6pasom, (x + 2)(x + 4)(x + 6)(x+8) + 16 = (x2 + 10x + 20)2. <
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§ 10. MHoro4neHb! OT OJIHOV NepeMeHHON 1 AeNCTBUS Ha, HAMMN

YnpaxHeHus

1. 3uasa, uro MmHOTOUJEHEI [ (X) U & (X) TOXKAECTBEHHO PABHBI, HAWIAUTe 3HAUCHUE
KoadduImeHTos a, b, ¢, d:
1)f(x)=2x2-(3-a)x+b,g(x)=cx®+2dx?+ x + 5;
2)f(x)=(@a+1)x3+2,g(x)=3x3+bx2+(c—1)x+d.

2. HaiiguTe Taxkue uncia a, b, ¢, 4To0bI fanHoe paBeHcTBO a(x?—1) +b (x — 2) +
+ ¢ (x + 2) = 2 BLINOJHAJIOCH IIPU JIOOBIX 3HAUEHUAX X.

3. JIoKaKuTe TOMKIEeCTBO:

Dx-Dx+D(x2-—x+1)(x2+x+1)=x-1;
2) 1+x* =(1+xvV2+22)(1-xvV2 +x2).

4. Jloka:xure, 4TO JaHHOE BhIPpasKeHUE IBJIAETCS IOJTHLIM KBaAPAaTOM:

D (x—1)(x—2)(x—3)(x—4)+1;
2) (x + a)(x + 2a)(x + 3a)(x + 4a) + a*.

5. Hatigure Takue a u b, YT0OBI TPU JIOOBIX 3HAUEHUAX X BBITOJHAIOCH PABEH-

crBO: 3x* +4x3+8x2+3x+2=(3x2+ ax+ 1)(x*+ x + b).

. IIUITTNT T nu b —
6. 3a e ayirebpa ecrcyfo;xpo6 TP

a
3x-1 X a2

KaK CyMMY IBYX ajredopaunue-

CcKUX npobeii BUaA

10.2. AEACTBUSA HAQ MHOIOYNIEHAMMW.
AENEHWNE MHOIO4YJIEHA HA MHOIOYJIEH C OCTATKOM

CiioskeHre ¥ YMHOKEHIEe MHOTOUJIEHOB OT O/JHOM ITePeMEHHOI BBITIOJTHSIETCS C
TIOMOIITHIO U3BECTHBIX IPABIJI CJIOKEHUS U YMHOYKEHIA MHOTOUJIeHOB. B pesyiib-
TaTe BBIIIOJITHEHU A rZ(eI';'ICTBI/II‘/'I CJIOKEeHUA NJIN YMHOMEeHNUd HaJ MHOTOUJIeHaMN
OT OLHOII IepeMeHHOH Bcera IIojiydiaeM MHOTOUJIeH OT TO JKe IepeMeHHOM.

W3 onpeseiennsi IpouM3BeeHUA IBYX MHOTOUJIEHOB BBITEKAET, UTO CIMAPWLLL
ujeH npouseedenus 08Yyx MHO204IEHO6 PABCH NPOU3EE0CHUI0 CIAPULUX YJIeHO08
MHOMCUMeaell, a c60000HbLIL YJleH NPoU36edeHUs PA8eH NPOU36e0eHUI0 CB0000HbLX
ujeH08 MHoXcumedaeil. Omcioda noryiaem, 4¥mo cmenensb nPou3gedenus 08Yx MHO-
20UJleH06 PABHA CYMMe Cmenenell MHoXcumeJiell.

IIpu ciosKeHUr MHOTOYJIEHOB OJHOI CTETIEHH IT0JIyuaeM MHOTOUJIEH 9TOM JKe
CTEeIIeHU, XOTA NHOI'Ta MOYKHO IIOJIYUYUTh MHOT'OYJIEH MeHbIIeH CTeIeHN.

Hampuwmep, 2x% - 5x2+3x+ 1+ (—2x3+5x2+x+5)=4x+ 6.

HpI/I CJIOKEeHNY MHOTOYJIEHOB Pa3HbIX cTeleHei BCerga mojgy4daeM MHOT'OUYJIEeH,
CTemeHb KOTOPOTO PaBHA 00JIbIIIEeH CTEeIIeHN CJIaraeMoro.

Hanpuwmep, (3x%—5x + 7) + (x2+ 2x + 1) = 3x® + x2 — 3x + 8.

IeneHre MHOTOUIEHA HA MHOTOUJIEH OIIPEIEIAETCA AaHAJIOTUYHO JeJIEHUIO I1e-
JabIxX ynces. HamoMHUM, UTO YMCJI0 @ AeauTtcsd Ha uucyio b (b #0), ecau cyIiecTByeT
Takoe YnCJo ¢, 4Toa=>= - q.

Onpenenenue. MHorouwreH A (x) meaurtcsa Ha MHOToOWIeH B (x) (toe B (x) —
He HyJIeBOIl MHOTOUJI€H), €CJIH CYIIeCTBYeT TaK0il MHOTOUWIeH @ (x), uTO

A (x) =B (x)*Q (x).
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Kax u 114 messIx uncesi, onepanud feJeHUs MHOTOUJIeHA HA MHOT'OUJIEH BhI-
TIOJIHAEeTCA He BcerZa, I09TOMY BO MHOKECTBe MHOI'0UJIeHOB BBOLUTCS OllepaIius
OeneHus c ocmamkom. F'oBopAT, 4TO

MHOTOUJIeH A (x) meauTcs Ha MHOTo4JIeH B (x) (rme B (x) — He HyJIeBOii MHO-

TOUYJIEH) C OCTATKOM, €CJIM CYIIIeCTBYeT TaKas apa MHOTOWIeHOB @ (x) u R (x),

uyt0o A (x) =B (x)*Q (x) + R (x), mpuuem cTeneHb octaTka R (x) MeHbIIIe cTe-

nmeHu geautenada B (x) (B 9Tom cayuae MmHOrousieH @ (x) Ha3bIBaeTcsAa HenoJ-

HblM 4ACTMHbLM.)

Hanpumep, mocKoabKy x2 — 5x + 2 = (x2 — 5)x + 2, To mpu Je/IeHuY MHOTOUJIeHA
x3 — bx + 2 Ha MHOTrOUJIeH X2 — b IIOJIyYaeM HEeIIOJIHOe YaCTHOE X 1 OCTATOK 2.

I/IHOI‘I[a JeJieHre MHOIrouJieHa Ha MHOTOUYJIeH y,Z[O6HO BBIIIOJIHATH «YyTOJIKOM »,
KaK U leJIeHe MHOTO3HAYHBIX YKCEJI, II0JIb3YACH CIEAYIOIIUM AJITOPUTMOM:

ITpu denenuu mHO2041€HO08 OM 00HOIL NePeMeHHOl nepemernnovle 8 0eAUMOM U
6 desiumedJie pasmeu,arom no yoviearuw cmenerneil u densm cmapwiuil Lien
Odenumozo Ha cmapwuil yaen deaumens. [Tomom noayieHroLil pe3yibmam ym-
HoJ)caemcsa Ha 0esumeJivb, U 3Mo npoussederue evtiumaemces u3 deaumozo.C no-
AYLEHHOU PA3HOCTbIO 6bLIOAHAIOM GHAJL0ZULHYI0 ONepayuio: deiam ee cmap-
WU YleH Ha cmapuiuil YieH desiumentsi U noLyieHHblil pe3yibman cHo8a Ym-
HoJ)calom Ha 0eaumentvb U m. 0. dmom npoyec npodonicaiom 0o mex nop, noka
He noayuumcsa e ocmamie 0 (ecau 00un mHo20uLeH Oeaumces Ha Opy2zoil ), uau
noKa 6 ocmamire He NOAYLUMCS MHO20YIeH, CmeneHb KOmopozo MeHbule cme-
nenu desnumednds.

IIpumep Paspennm muorouner A (x) = x* — 5x3 + x2 + 8x — 20 Ha MHOTOUJIEH
B (x)=x%—2x + 3.
> _x*—-5x3+x2+8x—-20 |[x2-2x+3
x4 —2x3 + 3x? x2-3x-8

_ —3x3-2x%2+8x-20
—3x3 +6x2-9x
_ —8x2+17x-20
—8x2+16x—24
x+4

HokasxkeM, 4TO IIOJYUEHHBIH Pe3yabTAT AEHCTBUTEIHHO ABJISETCA Pe3yabTa-
ToMm fmenenud A (x) Ha B (x) c ocTaTKOM.
® Ecinu 0603HaUNTD Pe3yIbTAT BBIIOTHEHUA IEPBOTO IIIara aIrOPHTMA epes 1, (%),
BTOPOTO IIara — 4epes [, (x), Tperbero — uepes f,(x), TO OIepanuio neaeHns,
BBIIIOJTHEHHYIO BBIIIIE€, MOJKHO 3aIlIICAaTh B BUd€ CUCTEMbI PABEHCTB:

f,(x) =A(x) - x** B (x); eY)
fo(x) =1, (x) = (=3x) * B(x); (2
f3(x) =1,(x) = (=8) - B (x). 3
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§ 10. MHoro4neHb! OT OJIHOV NepeMeHHON 1 AeNCTBUS Ha, HAMMN

Croxxum nounenHo paBeHcTsa (1), (2), (3) u mosyuum

A (x)=(x*—3x—-8) B(x)+ f,(x). 4)
Y4uTHIBadA, YTO CTENIEHb MHOTOWIEHA [, (X) = X + 4 MeHbIITe CTeNIeHY JeTUTe I
B (x)= x*—2x + 3, o6ozraunm f,(x) = R (x) (ocrarox), a x* — 3x — 8 = Q (x)
(aemosrHOe uacTHoe). Torga ns paBercTsa (4) umeem: A (x) =B (x) * @ (x) + R(x),
TO ecTb x* — bx® + x2 +8x — 20 = (x2 - 2x + 3)(x? - 3x — 8) + x + 4, a a0
¥ 03HAYaeT, 94To MBI pasgenuian A (x) Ha B (x) ¢ octaTkom.

OueBUAHO, UTO MPUBEAEeHHOE 000CHOBAHTE MOKHO ITPOBECTH IJIA JIF000M maphl
MHOTOWIEHOBA (x) u B (x) B ciryuae ux gejieHus cToabuxkom. ITosTomy onmucaHnHbIH
BBIIIIE aJTOPUTM ITO3BOJAET IJIs JIOOBIX meaumoro A (x) u genutens B (x) (rae
B (x) — He HyJIeBOII MHOTOUJIEH) HAWITH HEeIIOJHOe YacTHoe @ (x) 1 ocTaToK R (x).

OTMeTuM, UTO B cIyUae, KOT/Jla CTeIleHb TeJIMMOro A (X) MeHbIIe CTeTIeHN JeJIu-
Teas B (x), cuuTaior, uTo HemoJaHoe uactHoe @ (x) = 0, a octraToK R (x) = A (x).

YnpaxHeHus

1. BrinmosiHUTE feieHNe MHOTOUYJIEHA HA MHOTOUJIEH:
1)3x® —5x2+2x—8max—2; 2)x%+1max?+1;
3) x° + 3x%+ 8x — 6 ma x2+ 2x + 3.
2. BeimosHUTE MesieHre MHOTOYJIeHA HA MHOTOUJIEH C OCTATKOM:
D4x*—2x3+x2—x+1max?+x+2;
2)x®+xt+ a3+ x2+1max?—x—2.
3. Ilpu kakux 3HAUEeHUAX a 1 b MHOTOUJIEH A (Xx) meauTcs 6e3 ocTaTKka Ha MHOTO-
uneH B (x)?
1) A(x)=x3+ax+b,B(x)=x2+5x+T;
2) A(x)=2x3-5x2+ax+b,B(x)=x2—4;
) Ax)=x*—x}+x2—ax+b,B(x)=x2—x+2.
4. HailizuTe HETIOJIHOE YACTHOE U OCTATOK IIPU IeJIeHUM MHOTOWIeHa A (X) Ha MHO-
rouwieH B (x) MeTomoM HeOIIpeieIeHHBIX K09 (UIIEHTOB:
1) A(x)=x34+6x2+11x+ 6, B(x)=x2-1;
2) A(x)=x*—-19x - 30, B(x)=x2+1.

10.3. TEOPEMA BE3Y. KOPHU MHOTOYJIEHA. ®OPMYJ1bl BUETA

Paccmorpum genenne muorouwsneHa f (x) Ha aByuieH (x — a). IlockoabKy cTe-
TIeHb JeJIUTeN]s PaBHA 1, TO CTeIeHb OCTATKA, KOTOPHIN MBI HOJIYUYUM, TOJIKHA
OBITH MEeHbIIIEe 1, TO eCTh B 9TOM CJIyYae OCTaTKOM OymeT HeKoTopoe uuco R. Ta-
KM 00pasoM, ecaIu pa3mesinTb MHOTOWIEH f (X) Ha ABYUYJIEH (X — @), TO IIOJIyIUM

f(x)=(x-a) Q(x)+R.
9TO PaBEHCTBO BHIIIOJIHAETCA TOXKAECTBEHHO, TO €CTh IIPX JII0O00M 3HAUEHUH X.
IIpu x = a umeeM f (a) = R. IlosiyueHHBIN pe3yabTaT HasbIBaeTcs TeopeMoii Besy™.

* Besy 9tben (1730-1783), GpaHIy3CKHUI MaTeMaTUK, BHECIINY 3HAYNTEJIbHBIA BKJIAJ
B pa3BUTHE TEOPUU aaredpamdecKuUX ypaBHEHUIM.
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Teopewmal (Treopema Besy). Ocmamokx om denenus mrnozounenaf (x) Ha
deyunen (x — a) pasen f(a)(mo ecmov 3Ha1eHUI0O MHOZOUNEHA NPU X = Q).

3amaua 1 Hoxaxkure, uro x° — 3x* + 2x% + 4x — 4 genurcs Ha x — 1 Ges
ocTarka.
P IlomcraBus B f (x) = x° — 3x* + 2x° + 4x — 4 BMecTO x 3HaueHue 1, moayuaem:
f (1)=0. Takum 06pasom, ocTaTok ot AesaeHusd f (x) Ha (x — 1) paBeu 0, To ecThb
f (x) meaurcs Ha (x — 1) 6es ocraTka. <

Onpenenenue. Yucno QHa3bvléaemcsa KopHem mHozounena f (x), ecau
f(a)=0.
Ecau muozounen f (x) 0eaumes Ha (x — 0.), Mo 0L — KOPEHb M 020 MHOZOYJEHA.
@ [leiicTBuTeNBHO, eca1u f (x) Jenutcd Ha (x — 0.), To f (x) = (x — ) * @ (x) 1 mO3TO-
My f (o) = (00— ) * Q (o) = 0. Takmm 06pasom, 0. — KOpeHb MEHOTOouwIeHa f (x).
CupasemyuBo 1 o6paTHoe yTBep:kaeHre. OHO ABJISIETCS CIeICTBUEM TEOPEMBI
Besy.

TeopewmaZl. Ecruuucnodagnaemcsa kopuem mHozounernaf (x), moamom
MHOZOULeH Denumcs Ha 08yynen (x — Q) 6e3 ocmamka.

@ Ilo reopeme Besy ocraTok ot mesenusd f (x) Ha (x — o) paseH f (o). Ho 1o ycio-
BUIO 0. — KOpeHs f (x), Takum obpasom, f (o) =0.
006061IIeHEeM TEOPEMBI 2 ABJIAETCA CJIeAYIOIIee YTBEPKICHUE.

Teopema 3. Ecnu muozounen f (x) umeem nonapro pa3nvie KOpHU
o,,0,, ..., 0, ,m0 oK denumcsa 6e3 ocmamra Ha npouséedenue
x-o)x—-a,) . (x—a).
@ [I1a goxasaTerbCTBA HCIOIB3yeM METO MATEMATHYECKON HHIYKIIHA.
IIpu n =1 yrBep:xaeHUe TOKa3aHO B TeopeMe 2.
HomycTum, 4TO yTBepsKeHue cipaBeiuBo pu n = k. To ecTsb ecotu o, O,y ...,
0, — MOTIaPHO Pa3Hble KOPHU MHOTOYJIeHa [ (X), TO OH AEJUTCA Ha IPOU3BeIe-
mme (x — o, )(x —o,) " ... " (x — ). Torma

FE)=(x—-o)(x—0,) ... (x—0o) Q(x). (1)
Moxaxkem, 9To yTBepsKAeHIE TeOPEMBI clipaBeauBo u npu 1 = k£ + 1. Ilycts o,
Olyy ++v5 0Ly, O, — TIOIIAPHO Pa3Hble KOPHM MHOTOWIeHa f(x). [locKombKy O, , , —
KopeHs f (x), To f (0, , ,) = 0. IIpuruMasa Bo BHUMaHKEe paBeHCTBO (1), KoTopoe
BBITIOJIHAETCS COTVIACHO AOMYIIeHU0 MHYKI[UHN, TOJIyIaeM:

floy,. ) =0, —o)0, , — o) ..o (o, —o) Q(c,,,)=0.
ITo ycnoBuI0 BCe KOPHU O, Oy, -.., O, O, . , PABHBIE, IO3TOMY HU OJTHO U3 UKCe
O, , — 0,0,  —0..,0, ,— 0 He pasHO HyJI0. Torma @ (o, , ,) = 0. Takum
obpasom, 0, . . — KopeHb MHOTOouwIeHa @ (x). Torma mo Teopeme 2 @ (x) meaurcs
Ha (x —0,,,), ToecTb @ (x) = (x — 0, , )" @, (x) u u3 paBeHcTsa (1) umeem
f)=E-o)x—-—o): ... (x—o)x—a,, ) Q/x).

ITo 03HAUAET, uTO f (X) JeIUTCS Ha TPOU3BeieH1e
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(x—o)x—o) ... (x—a)x—o
TO eCTh TeOpeMa JoKazanaunpun=~k + 1.
Taxum 06pasoM, TeopeMa CIIpaBeAJINBa AJd JIF000r0 HATYPATIbHOTO 1.

k+1)’

I CnencrBue. MHozouLeH cmeneHu L umeem He 60bULe L PA3HBLX KOPHel.

® [onycrum, uTo MEHOTOWIEH n-ii cTemenn uMeeT (n + 1) pa3HBIX KOpHe:i: o, Oy,

vy 0, 0 . Torna f(x) nerurca na mpomssenenue (x — o )(x — o,) ... X

X (x -0 , ) — MHOTOYJIeH cTeneHu (n + 1), Ho 9T0 HEBO3MOKHO. [ToaTOMYy MHO-

TOUJIEH - CTeIIeHU He MOYKeT UMeTH 00JIbIle, UeM 72 KOpHeit. (

ITycrs Temreps MHOTOUIEH n-ii creneru f (x)=a x"+a, _ x" '+...+ax*+a,x+
+a, (an #0) uMmeeT n pa3HBIX KOPHEH Q;, Oy, -.., O . TOTIA STOT MHOTOUJIEH NETUTCS
Ges ocraTka Ha mpoussenenue (x — o, )(x — o,) ... (x — o ). ITO IpousBeseHIE
ABJIAETCA MHOTOUJIEHOM TOIi JKe n-i crernernu. Takum o6pasoM, B pe3yabTaTe Je-
JIEHUA MOJKHO IOJIYUYUTH TOJHKO MHOTOUJIEH HYJIE€BOU CTEIIEHU, TO €CTh UUCJIIO.
Takwum o6pasom,

ax"+a, x"'t.tax’taxta,=bx-o)r-a) ..-(x—a). (2)

Ecau packpuITh CKOOKY B TpaBoii YacTu paBeHCTBA (2) 1 IPUPABHATH KO3 D1~

IUEeHTHI IIPU CTAPIIUX CTEIIeHAX, TO IIOJIYyYUM, UTO b= a", TO €CThb

ax"ta x"'+..+tax*+tax+ta,=a (x-—o)x-o) ...c(x—o)l. (3)

CpaBHUBaA KOd(PPUIIMEHTHI IPU OMNHAKOBBIX CTEIeHAX X B JI€BOU U IPaBOii
YyacTAX TOKAecTBa (3), IoJTyuaeM COOTHOIIIeHe MeXK Y K0a(hGUITMeHTaMu ypaB-
HEeHUs U ero KOPHSIMU, KOTOpPbIe Ha3bIBatoTcs hopmynavu Buera:

— 4,1 .
o, + 0y +...+ 0, =——2L;
a
n
— an—Z .
00y + 0,0l +.ua 0L, (O, = ;
a
n
a
— n-3 .
0L 0Ly0L + 0L 0Ly 0L, + v+ 0L, o0, 0L, =— . 4)
n
n Gy
o000, = (-1)" =2,
a)’l
Hanpuwmep, npu n = 2 numeem:
4 )
o+ 0y =—=, 0,0, =—"1,
ay a,
ampun=3:
Oy + 0Ly + 0y :_ﬁ;
_4.
0,0y + 0L 0Ly + OLy0ly = ) (5)

3

__ 9%
O 0,005 ——a—.
3
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BroInmosiHEeHME TAKUX PABEHCTB SBJISAETCS HEOOXOAUMBIM 1 TOCTATOYHBIM YCJIO-
BHEM TOTO, YTOOBI UUCTIA O, , Oy, «.., O OBLIA KODHAMHU MHOTOUJICHA

n-1 2
Xttt +ax?t+ax+a,(a,#0).

Dopmyasl (3) u (4) cupaBeIIuBLI HEe TOJBKO AJA cIydasi, KOTAa Bce KOPHU
MHorouJieHa f (x) pasHble. BBezeM nonamue kpammuozo KOpHs MHO20UJLeHA.

f(x)=ax"+a,

Ecau muorousies f (x) meaurcsa 6e3 ocrarka Ha (x — 0)¢, HO He geauTca 6e3
ocraTtka Ha (x — 00)* 1, TO rOBOPAT, YTO YHCJIO O ABJIAETCA KOPHEM KPATHO-
ctu k mHOTOUMIEHA f (xX).

Hanpumep, ecu mpounssenenne (x + 2)%(x — 1)?(x + 3) samucars B BUe MHOTOUJIe-
Ha, TO AJIA 3TOTO MHOTOUJIeHA YMCJIO (—2) ABIAETCSA KOPHEM KPATHOCTU 3, UUC-
a0 1 — KopHeM KpaTHOCTH 2, a uncjo (—3) — KopHeM KpaTHocTH 1.

IIpu ucniosnn3oBanuu hopmysa Buera B ciryuae KpaTHBIX KOpHEH HEOOXOMMO
KasKIbIil KOPEHD 3aMIMCATh TAKOe KOJIMYECTBO Pa3, KOTOPOe PABHO er0 KPaTHOCTH.

3amaua 2 IIpoBepbTe cripaBeAIuBOCTD (hopmya Buera i MEOTOUIEHA
f(x)=x®+2x*—4x—8.

P f(x)=x%+2x*—4x—8=x*(x+2)—4(x +2)=(x + 2)(x? —4) = (x — 2)(x + 2)*
[Tosromy f (x) umeer KopHHU: O, = 2, O, = —2, O, = —2 (TOCKOABKY (—2) — KO-
pPeHBb KpaTHOCTH 2).

IIpoBepuM cripaBeAIuBOCTD (hOPMYJIHI (D).
B namewm ciyuae: a, = 1,a,=2,a,=-4,a,=-8. Torga
2+(-2)+(-2)= —%; 2-(-2)+ 2~(—2)+(—2)~(—2)=‘T4; 2.(-2)-(-2)= —‘TS.
Kaxk BuguM, Bce paBeHCTBA BBITIOJHAIOTCS, TO3TOMY (hopMyabl BueTa cmpa-
BeJJINBBI IJIS JAHHOI'0 MHOTOUJIeHa. <]
3amaua 3 CocTaBbTe KBaipaTHOE yPaBHEHNE, KOPHAMHU KOTOPOT'O ABJIAIOT-
cA KBaApaThl KopHel ypaBHeHuA x2—8x +4=0.

P OGosnauum KopHE ypaBHeHHu: x* — 8x + 4 = 0 uepes x, u x,. Torga KopHAMU
KCKOMOTO YPaBHEHUA TOJIKHEI OBITH Uucaa O, = X2 U O, = x2. [TosToMy ucko-
Moe ypaBHeHue umeet Bu x2+ px +q =0,

2 2
rae p=—(0oy +o,)=—(x}+x})= _((xl +x,) - 2x1x2)’ q =040, = XfxF = (.2, )
ITo popmynam Buera umeem x, + x, = 8 u x,x, = 4. OTcrofa HAXOAUM, UTO

q=(xx,)?=42=16,a p=—((x, +x,)’ —2x,x,)=—(82 —2-4) =56.
Taxum 06pa3zoM, ICKOMOe ypaBHeHNe nMeeT Bug x> — 56x + 16 = 0. <

YnpaxHeHus

1. HalizuTe ocTAaTOK OT fesieHnsd MHorougeHa x° — 4x* + 2x% — 5x + 1 ma x + 2.
2. Haiigure Koa(ppUIlueHT a, 3HAs, UTO OCTATOK OT JeJIeHUA MHOTOUJIeHA
x3—ax?++ 5x —3uax—1pasex6.
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10.

11.

12.

13.

14.

MuorousneH f (x) npu nenenuu Ha X — 1 faeT ocraTok 4, a Ipu IeJeHUN HA
x — 3 maer ocraTtok 6. HalimuTe ocTaTok OT mejieHusT MHOTouJeHa [ (x) Ha
x2—4x+ 3.
IIpu kakux sHaUYeHusAX a u b maorouseH x* + 2x% + ax? — bx + 2 genurcsa 6e3
ocTaTKa Ha X + 2, a Ipu AeJIeHUuU Ha X — 1 mMeeT ocTaTOK, KOTOPHIii paBeH 37
OcraTok oT Aenenusa MmEHorouaeHa f (x) Ha 3x2— 5x + 2 pasen 7x + 1. Haitgure
OCTATOK OT [TeJIEHU S 9TOTO MHOTOUJIeHA Ha ABYUJeHbI X — 1 u 3x — 2.
3anwumrute hopmyiisl Buera npun=4.
CocTaBbTe KyOUUECKUI MHOTOUJIEH, KOTOPBIN UMeeT KOPHU 5, —2, 1 1 Koa(d-
(umnuent npu crapiiem uiere —2. Periure 3agauy AByMs crocodaMu.
IIpu KaKuUX 3HAUEHUAX A CyMMa KBaJ[paTOB KOPHEH TpexuieHa
x2—(a+ 2)x + 3a pasuna 12?
Kaxyio KpaTHOCTH mMeeT KOPeHb 2 IJId MHOTOUJIeHA

f(x)=ux%—5x*+ Tx®—2x% +4x - 8?
CocTaBbTe KyOMYeCKMI MHOTOUJIEH, KOTOPBIF NMeeT KOPEeHb 3 KPATHOCTH 2
u KopeHb (—1), a KoadhGUIMEeHT IpU cTapIiieM uieHe 2.
HaiinuTe Takue a u b, 4T0OBI UmcIo 3 OBIIIO KOPHEM KPAaTHOCTU He MEeHbIIIe
uem 2 myiag MEOTOUIEeHA f (x) = x% — 5x2 + ax + b.
CocraBbTe KBaJpaTHOE YypaBHEHIE, KOPHU KOTOPOTO IIPOTUBOIIOJJIOKHBI KOP-
HAM ypaBHeHus x2 — 5x +1=0.
CocraBbTe KBaJpaTHOE ypaBHEHNE, KODHU KOTOPOT'0 00PaTHBI KOPHAM ypPaB-
Henusa 2x2—5x +1=0.
CocraBbTe KBaipaTHOE YPaBHEHNE, KOPHAMU KOTOPOT'O ABJIAIOTCA KBaJPATHI
KopHel ypaBHenus x2 + 6x +3=0.

10.4. CXEMA TOPHEPA
Henutb MHOTOUIEH f (X) HA ABYUJIEH (X — @) MHOTAA YA0OHO C IIOMOIITHIO CIIeIH-

aJbHOI cXeMbl, KOTOPYIO Ha3bIBaroT cxeMol 'opaepa.

@ Ilycrs MHOTOUIEH f (X) = ax"+ax"'+..+a x+a (a,#0)He0OX0AUMO
pas3nesnTh Ha ABYUJIeH (x —a). B pesynbraTe gesieHua MHOTOUJIeHA -1 CTeIeHN
Ha MHOTOYJIEH IIePBOM CTEIIEHU ITOJIYUNM HEKOTOPHIN MHOTOUJIEH @ (x) (n —1)-#1
crenernu (To ecTb @ (x) = bx" ' +bx" " *+..+b x+b |, roeb,#0)
u ocratok R. Torga f(x) =(x—a)* @ (x) + R, TO ecThb
ax"+ax"'+..+a _x+a =

=(x—-a) - (bx"'+bx"?+...+b _,x+b )+R.

JleBas 1 IpaBas 4acTU MOJIyYeHHOT'O PABEHCTBA TOXKAECTBEHHO PaBHEI, II09TO-
MYy, IIEPEMHOKWB MHOTOUJIEHBI, CTOAIIME B IPABOI YaCTHU, MOYKEeM IPUPABHATH
K09((pUIMeHTHI IPU COOTBETCTBYIOIIIUX CTEIIEHAX X:

n =
x . a,=b,

n— i —
x ) a,=b —ab,

n— i —
x a,=b,—ab,

1 — —
x anfl bnfl abn72
x° a =R—ab

n n—-1
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Haiinem us sTux paBeHcTs KoadunuenTtro b, b,,..., b, mocrarox R:
b,=a,b,=ab,+a,b,=ab +a, ..,b ,=ab ,+a ,,R=ab ,+a,.
Kak Buaum, mepBbIii K0a(hHUITMEHT HEIIOJTHOTO YaCTHOTO PaBeH ITePBOMY K0a(d-
bunuenTy geaumoro. OcTaabHbIE KOA(DOUINEHTHI HETIOJIHOTO YaCTHOT'O ¥ OCTa~
TOK HaXOJATCA ONUHAKOBO: [JIA TOTO YTOOLI HANTU KOB(PMUIUEHT b, , | HETTOI-
HOT'0 YaCTHOTO0, JOCTATOYHO DALY N HaliIeHHbIN Koo uuent b, ymuo-
JKUTH HA @ ¥ T00ABUTD k-1 KO9(MPUITMEHT AeJTUMOTO. ITY IPOIeayPY 1eaecod-
pasHo 0OPMJIATE B BUJ€ CHEINAJIBHON CXeMbI-Ta0JNI[bI, KOTOPAs Ha3bIBa-

erca cxemoii 'oprepa.

a, @/ a, @/ a, @ ~ a, . @/v a,
R
a b, =a, '| b,=ab,+a,|b,=ab, +a, .. b, Soraton
X/@)/
IIpumep 1 Paspenure mo cxeme 'opaepa muaorouwsen f (x)=3x*—2x3-4x+1

Ha IBYYJIEH X — 2.

P Banumrem cHauasa Bce Kod(hdumueHTH MEOrOUIeHA f (X) (ec/iu B JaHHOM MHO-
TOYJIeHEe IPOITYIIleHa CTeIIeHb 2, TO COOTBETCTBYIOMIN KOAMMUIIUEHT CUNTAEM
paBubIM 0), a TOTOM HaiieM K03 GUITMEHTH HEIIOJTHOT'O YaCTHOT'O ¥ OCTATOK IT0
YVKa3aHHOI cCxXeMe:

3 -2 /,0 /,—4 /1

2 @ 3 @ 4 @ g @ 12 ® 25

OCTaTOK
) /x/@)/

Taxum obpasom, 3x* — 2x% —4x +1 = (x — 2)(8x3 + 4x2 + 8x + 12) + 25. <

IIpumep 2 IIpoBepsTe, ABAAETCA JIU X = —3 KOPHEM MHOTOUJIEHA
f(x)=2x*+6x3+4x%2—2x —42.
P IIo reopeme Besy ocraTok ot fenenus mHoTouIeHA [ (x) Ha X — a paseH [ (a),

MOATOMY HaWAeM ¢ IIOMOIIBIO cxeMbl ['OpHepa ocTaToK oT mejeHudd f (x) Ha
x—(—3)=x+3.

216 | 4|2 —42

-3/ 21| 0 4 |-14|0 (ocratox = f(—3))

ITockonbkry f (—3) =0, To x = —3 — KopeHb MHOrOuJeHA [ (x). <|

YnpaxHeHus

1. Ucnoawssysa cxemy 'opuepa, HaliguTe HEIIOJIHOE YACTHOE 1 OCTATOK OT IeJIeHUA
MHOrouseHa A (x) Ha AByuIeH B (x):
DA(x)=x*+3x2+3x+1;B(x)=x+1;
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2)A (x)=5x*—26x2+ 25x —4; B(x) =x — 5;
3)A(x)=x*—15x2+10x + 24; B (x) = x + 3.
2. Ucnoan3ysa cxemy ['opHepa, TpoBepbTe, JeJUTCA JIM MHOTOUJIeH f (x) Ha ABY-
ujeH q (x):
1) f(x)=4x*—x2-2Tx—-18; q(x)=x + 2;
2)f(x)=x*—8x®+ 15x2+ 4x — 20; ¢ (x) = x — 2.
3. Pagpenute MmHOTOUNEH A (X) HA 1ByuseH B (x):
DA (x)=2x*—-19x2+32x+21; B(x)=x—T;
2)A (x) =4x3—24x2+ 21x - 5; B(x)=2x—1.

10.5. HAXOXXAEHME PALMOHANbHbIX KOPHEA MHOIOUYJIEHA
C LUEJIbIMA KOO PULIMEHTAMMU

Teopema 4. Ecau mHOzouwneH ¢ yenvimu KoddHpuuyuenmamu

= -1 - _Dp
f(x)=ax"+a, _,x""'+..+ax+a,umeem payuonanvrblii KOpeHsb X ==
(q#0), mo p asnaemca denumenem c60600n020 unena(a,),a q — denume-
nem Kodpuyuenma npu cmapuiem wieHe a .

n

® Eciu £ aeaserca KopHeM MHorouyeHa f (x), To f ﬁ):o. IlogcraBngem 2
q

q q
BMecTO X B f (X) 4 13 TTOCTeIHEro paBeHCTBA UMeeM
p" Pt Py, _
anq—n+a,k1 qn71+...+a1;+a0—0. (1)
YmuO0KUM 00e yacTu paBeHcTBa (1) Ha ¢" (¢ #0). Ilonyuaem
ap"+a, p"'q+..+apq'+aq =0. (2)

B pasencTse (2) Bce ciaraembie, KpoMe IOCJIETHETO, NeadaTcsa Ha p. [losTomy
—_ -1 -1
aq"=—(ap'+a, p''q+...+apq" ") geaurca Ha p.

p
Ho xorzga mbl 3aniucbeiBaem panmuoHaJIBHOE YKCJIO B BUE ; > TO9Ta ,Z[pOﬁB cuura-

eTCs HeCOKPATMMOIi, TO eCTh P U ¢ He MMEIOT 00IuXx aenuteseii. [Ipoussenenne
a,q" MOKeT NeJuTcA Ha p (€CJIM p ¥ ¢ — B3aUMHO IIPOCTHIE YUCJIA) TOJBKO TOT A,
KoTga a, fenuTca Ha p. Takum o6pasom, p — AeauTeb CBOOOTHOTO UeHa d, .
AmnasioruuHO Bce ciiaraeMble paBeHCTBa (2), KpoMe IepBOTO, fAesdATcd Ha q. Tor-
maap"=—(a, ,p" 'qg+..+apq" '+ aq") nemurca Ha q. IIocKoIBKY pu g
B3aMMHO IPOCTBIE YUCJIA, TO @&, JeJUTCA Ha ¢, CIeJ0BATeJbHO,  — HEJIUTEe]b
K03 GUIIMeHTAa IIPU CTAPIIIEM UJIeHe. |

OTMeTuM ABa CIeCTBUA U3 9TOM TeopeMbl. Ecoin B3ATH ¢ = 1, TO KOPHEM MHOTO-
ujeHa OymeT meJjoe Yucyo p — AeJIuTenb . Takum 00pasom, mMeeT MecTo:

CrnenmcrBue 1.J10601 yenvlii KOPpeHb MHO20ULEHA C YeAbLMU KOIDPU-
yuenmamu aéraemcs derumenem ezo c60600H020 UneHa.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Ecnu B 3agannom mHOTOUIEHE [ (x) Koaddunuent a, = 1, To gesurenamu a,
MOTYT OBITH TOJILKO umcsaa + 1, To ectb ¢ =t 1, m mmeer MecTo:

CnencrBue 2. Ecau koadpdpuyuenm npu cmaputem wiene ypasHenus
¢ yenvimu k03 puyuenmamu pasen 1, mo 6ce payuonanvbrvle KOPHU INMO-
20 ypasneHnusa (ecau OHU cyu,ecmeyom) — yenble YUCLa.

3amaua 1 Haiigure panmuoHalbHbIe KOPHU MEOrouaeHa 2x° — x2 4+ 12x — 6.

P IlycTs HecoKpaTuMas po0hb L gpnserca KopHeM MmHOTOUeHAa. Torga p Heo6-
q
XOAUMO UCKATh CPeIU AeIuTeeil CBoOOOIHOTO UieHa, TO eCTh cpeau uuceat 1,
+2,+3,+6,aq— cpenu nenureseii crapirero kosddunuenrta: + 1, + 2.
Tarxum 00pasoM, paroHaJIbHbIE KOPHU MHOTOUJIEHA HEOOXOINMO NCKATh CPe-
1 3
U YHCeJI iE’ +1, iE’ t 2,+ 3, =+ 6. IpoBepsaTh, ABIAAETCA JIU TaHHOE UUCJIO

1
KOpPHEM MHOT'OUJIEeHa, I[eJieco0PasHo ¢ OMOIIbIo cxeMbl ['opuepa. Ilpu x =3

MMeeM CJIeAYIOIYI0 TabIuILy.

Kpowme Toro, mo cxeme I'opHepa MOMKHO
3amncaTh, 4TO

1
12 o f12] o0 2t -2t +120-6=(x- 1) (222 +12).

Muorouies 2x2 + 12 He umeer geiicTBu-
TeJILHBIX KOPHel (a TeM 0oJiee pallOHATIBHBIX), IOATOMY 3aIaHHBIM MHOTO-

2 -1 12 -6

o . 1
YJIeH UMeeT e JUHCTBEHHBIV PAIlMOHAJIbHBIY KOPEHb x= E- <

3amaua 2 Pasnosxure muorousnex P (x) = 2x* + 3x% — 2x% — x — 2 Ha MHOKU-
TeJu.

P Umem meJsible KOPHU MHOTOUJIEHA CPEH AeuTeeli cBodogaoro unena: = 1, £ 2,
ITogxonmut 1. Henum P (x) Ha x — 1 ¢ momo1sio cxeMsl ['opHepa.

2 3 | =9 | -1 | -2 Torma P (x) = (x— 1)(2x3 + 5x2 4+ 3x + 2).
Wirem 11esible KOPHU KYyOMUECKOTO MHO-
1 2 5 3 2 0 rounena 2x3 + 5x2 + 3x + 2 cpenu gean-
TeJiell ero cBo0ogHOro ujaena: = 1, = 2.
ITogxonmurt (—2). Henum Ha X + 2.

Nmeem

2 5 3 2 P (x) = (x — 1)(x + 2)(2%% + x +1).
Ksagpatusbrit Tpexusen 2x2 + x +1 He
uMeeT IeliCTBUTEJbHBIX KOPHell 1 Ha
JUHEWHBbIe MHOMKUTEIIN He PACKJIaIbIBa-
eTcHd.

Omeem: P (x)=(x — 1)(x + 2)(2x%2+ x +1). <
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§ 10. MHoro4neHb! OT OJIHOV NepeMeHHON 1 AeNCTBUS Ha, HAMMN

OTmeTHM, YTO BO MHOKECTBE JeHCTBUTEIFHBIX UKCEJI He BCET[a MOYKHO HANTH!
BCe KOPHU MHOTOUJIeHAa (HampuMep, KBaApaTHbIi Tpexuiier x2 + x + 1 He umeeT
IeliCTBUTENbHBIX KOpHe). Takum o6pa3oM, MHOTOUJIEH n-1 CTEIeHU He BCeTAa
MOJKHO Pas3JIoKUTh Ha IMHeHHbIe MHOKUTE . B Kypcax BhICIIIEH aare0phl JoKa-
3BIBAETCA, UTO MHOTOUJIEH HEUETHOM CTeIIeHU BCETAa MOKHO PAB3JIOYKUTH HA JIU-
HeHWHbIe U KBaJpaTHbBIE MHOKUTEIN, 8 MHOTOUJIEH YeTHOM CTeIIeHU ITPE/ICTABUTD
B BUJIe TPOM3BEIeHNA KBAPATHBIX TPEXUJICHOB.

Hanpumep, MHOTOUJIEH UeTBEPTOH CTEIIEHN PACKJIAbIBAETCS B IPOM3BEICHIE
IBYX KBaJPATHBIX TpeXuJaeHOB. [ HaxoxAeHna KO3 (MUIMEeHTOB 3TOT'0 Pa3JIo-
JKeHUs MHOT[a MOYKHO IPUMEHUTH METO HeOIIPeAeIeHHBIX K09((MUIIEeHTOB.

3amaua 3 Pazioxure Ha MHOKUTeIN MHOTOWIeH x* + x% + 3x2+ x + 6.

P IlompITKa HANTH pallMOHAJbHBIE KOPHM HUYETro He JAaeT: MHOI'OUJICH He IMEeT
PaIOHATBHBIX (IIEJIBIX) KOPHE.
ITonbITaemMces pasioKUTh 9TOT MHOT'OUJICH B IIPOU3BEIeHNE IBYX KBaJPATHBIX
TpexuyieHoB. II0CKOIBKY cTapIuil Koag(GUIleHT MHOTOUYJIeHa PaBeH 1, To u
Yy KBaJPaTHBIX TPEXUJIEHOB BO3bMeM cTrapimnne KoddguiinerTsl paBabiMu 1. To
ecThb OyZeM UCKaTh pasjosKeHre Halllero MHOTOUJIeHa B BUIe:
xt+x3+3x2+x+6=(x2+ax+b)(x?+cx +d), 3)
rae a, b, c u d — HeompeaegeHHbIe (TOKA YT0) KO3 PUITUEeHTHI. MHOTOUIEHEI,
CTOSAIITME B JIEBOM U ITPABOM YACTAX ATOT'0 PABEHCTBA, TOMKIECTBEHHO PABHEI, ITIO9TOMY
¥ K03 (PUITNEHTHI IPU OAVMHAKOBBIX CTEIICHAX X YV HUX PaBHEI. PackpoeM CKOOKYU B
IPaBOM YaCTH PABEHCTBA U IPUPABHAEM COOTBETCTBYIOIIME KOI(P(MUIIUEHTEI. ITO
yIOOHO 3aIInCcaTh TaK: xt+x2+3x2+x+6=x*+cx®+dx®+
+ax®+acx?+adx +
+bx?+ bex + bd.

IToryuaem cucremy
xt 1=1,
x3 l=a+ec,
x? 3=ac+b+d, (4)
x! 1=bc+ad,
x0 6 =bd.

ITomeITKA PEIIUTh 9Ty CUCTEMY METOAOM IIOACTAHOBKU IIPNBOAUT K YPAaBHEHUIO
4-11 cTeIlleHU, TTIO9TOMY TOMIPOOyeM PEemIuTh cuctemMy (4) B meabIx unucaax. 1Us
TOCJIeJHET0 PABEHCTBA CUCTEMEI (4) moaxyuaeM, UTo b u d MOTYT OBITH TOJIBKO
menuTeasaMu uucia 6. Bce BodaMoKHBIE BADUAHTHI 3aITUIIIEM B Ta0JIUITY .

KosdpduiimenTs: b u d B paBeHCTBe
b 1 -1 2 —2 (3) paBHOTIPaBHBI, IOATOMY MbI He pac-
cmarpuBaeM caydan b =6 u d = 1 uin

d | 6 | 6| 3 | 3| p-_6ud=-1lura
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Hna kaskmoit mapsl 3HaUeHU b 11 d U3 TPeThero paBeHCTBA CUCTEMEI (4) HalifeM
ac=3— (b +d), aus Broporo paBeHcTBa umeeM a + ¢ = 1.

3Hadaa + c nac, no reopeMe, 06paTHOI TeopeMe Buera, HaxoauM @ U ¢ KaK KOPHU
KBaapaTHOTO ypaBHeHUuA. Halimenuble TakM 00pa3oM 3HaUeHUA @, b, ¢, d TTOI-
CTaBUM B UeTBEPTOE PaBEHCTBO cucTeMsbl (4) bc + ad = 1, uToOBI BHIOPATH TE
umciia, KOTOPhIe ABJIAIOTCA PEIIIeHUAMU CUCTEMEI (4). Y Z00HO 5TH pacCy KAeHI
0OPMUTH B BUIe TAOIUIIBI:

b 1 -1 2 -2
d 6 -6 3 -3
at+c=1 1 1 1 1
ac=3—-(b+d) -4 10 -2 8
a neresoe | B CYIE 2 -1 He cyire-
CTBYeT CTBYyeT
c nenesoe | B CYIIE -1 2 HE cyire-
CTBYeT CTBYeT
bc+ad=4|bc+ad=1
bc+ad=1 4=1 1-1 -
Kax Bugum, cucteme (4) yIoBaeTBOpAeT HAOOP MeabIxX unucea a = —1, b= 2,
c=2,d = 3. Torga paBeHCcTBO (3) UMeeT BUJ
xt+ x84+ 3x2+x+6=(x2—x+2)(x%+ 2x + 3). (5)

ITockonbKY KBagpaTHBIE TPeXWiIeHHl X2 — x + 2 u x2 + 2x + 3 He UMeT He
TOJIBKO PAIlOHAJIbHBIX, HO U JeMCTBUTEIbHBIX KOPHEN, TO PaBEHCTBO (5) maeT
OKOHYATEJbHBIN OTBET. <

YnpaxHeHus

. Haiinure 11es1ble KOpHU MHOTOUJIEHA:

1) x3 - 5x +4; 2)2x3+ x2—13x + 6;
3) 5x3+ 18x2—10x — 8; 4)4x*—11x2+ 9x — 2.

. Haiinure panmmoHaibHBIE KOPHU YPABHEHUA:

1) x3-3x2+2=0; 2)2x3-b5x2—x+1=0;

3)3x*+ bx?—x2—-b5x—-2=0; 4)3x*—8x3—2x2+Tx—-2=0.
. Pasjoskure MHOrOUJIeH HA MHOMKUTEIIN:

1) 2x3 — x2 - b5x — 2; 2) x% 4+ 9x% + 23x +15;

3) xt—2x%+ 2x - 1; 4) x* — 2x% — 24x% + 50x — 25.

Haiinure neticTBuTEIbHBIE KODHU YPABHEHUA:

D)x3+x2-4x+2=0; 2)x?—Tx—6=0;

3)2x*—b5x3+b5x2—-2=0; 4) 2x3 - 5x2+1=0.

. PasyioxnTe MHOTOUJIEH HAa MHOYKHUTEIN METOOM HeoIIpeIeIeHHBIX Koo uiiu-

€HTOB:
1) xt+x3-5x2+13x—-6; 2)x*—4x3—20x2+13x— 2.

. PaznosxuTe MHOTOUJIEH HA MHOKUTEN, 3apaHee 3amnucaB ero C IIOMOIIIBI0 METO-

IIa HeolIpeeIeHHbIX Koa(dunuerTos B Buge (x2+ bx +¢)? — (mx + n)?:
1) x*+4x—-1; 2) xt—4x% - 1; 3) x* +4ax — a*.
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m AOMNOJIHUTEJIbHBIE ®OPMYJibl TPUTOHOMETPUN

11.1. dOPMYJ1bl TPOMHOIO N MOJIOBUHHOIO APTYMEHTOB.
BbIPAXXEHVUE TPUrOHOMETPUYECKUX ®YHKLNN
YEPE3 TAHTEHC MOJIOBUHHOIO APTYMEHTA

Tabauma 23

1. DOpMyIbl TPOMHOO aprymMeHTa

sin 3o=3 sino.— 4 sin’ a |

cos 30, =4 cos’0 — 3cos o

tg3a =

1-3tg2o

)
Btga-tg o a¢%(2k+1),ke Z

ctg3a =

3ctgo —
1-3ctga

3
ctg a, ai“—:, ke Z

2. DopMYyIbl MOHUXKEHNS CTEMNEHN

sin?a

1 - cos2a

2
cos“a
2

_ 1+ cos2a
2

3. DopMy bl MONIOBUHHOIO apryMeHTa

(3HaK mepes KOpHEM BBIOMPAETCS B 3aBUCUMOCTHU OT 3HAKA TPUTOHOMETPUUECKOH
GYHKIUU, CTOAIIEH B JJ€BOU YacTU PaBeHCTBA.)

o 1-cosa o 1+cosa
o _ 4 [_ cos—=i,[—
Sln2 - 2 2 2
tgoz [locosa _ sina ooniong peZ | |4glolo05¢ Gunp ke Z
2 1+cosa 1+cosa 2 sina
i 1
ctgﬁzi,[“com =_S® " ox2nk, ke Z ctgd =218 Gank ke Z
2 1-cosaa 1-cosa 2 a

4. BblpaxkeHue TPUrOHOMETPUHECKIX (DYHKLN
4yepes TaHreHC NONOBVHHOIO apryMeHTa

2tg'E 1-t 2 O
sino = 2a, o#n+2nk, ke Z cosoL = 2 ozn+2nk, ke Z
2 2E
1+tg B 1+tg B
2tg% i
tgo= o OFG T, ne Z, 0«1+ 2k, ke Z
_ 2
1-tg B
1-tg22
ctgo= 2 axnk, ke Z

o
2 =
tg2
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

O6bsAicHeHUe 1 0bocHOoBaHMe

1. @opmyJsl TPOIHOTO apryMeHTa. Vcronb3ya PopMyIbl CI0MKEeHNA, (DOPMYJILI
IBOMHOTO apryMeHTa, OCHOBHOE TPUTOHOMETPUYECKOe TOXKIEeCTBO U (DOPMYJIY
tg o - ctg o=1, mosyuaem ciemyrormiue POpMYyJIbI:
sin 3o, = sin (20.+ o) = sin 20t * cos o + cos 20, * sino. = 2 sin o * cos 2o +
+(1-2sin?0)-sino=2sino - (1-sin2a)+ (1 -2sin20)-sino=
= 3 sin 0. — 4 sin® o.. Takum o6paszom,
| sin 30 = 3 sin & — 4 sin’ at.
cos 3a.=cos (20 + o) = cos 20 * cos o — sin 20+ sin o=
=(2cos?20—1)-cosa—2sin20 - cosa =
= (2cos 200 —1) - cos oo — 2(1— cos? ) * cos o= 4 cos® o, — 3 cos 0. CregoBaTEabHO,

cos 300 =4 cos>0. — 3 cosa. |.
| |

2tga

tg2o+tgo _ 1-tg2a _ 3tga-tgia

1-tg20 tgo 1 2tg20  1-3tg?a
1-tg2a

+tga

tg3a=tg(20+0)= . Torza

3tga—tg3o

1-3tg2a

-3

1 1-3tgZa ctg?a _ (ctg?o-3)ctgo  3ctga—ctgdo

tg30.  3tgo—tgda 3 1 "~ 3ctg?o-1  1-3ctgla
ctgo  ctgdo

tg3a=

ctg3o =

CiiemoBaTeJIbHO, Setgo— ctg® o

ctg3a =
g ou 1-3ctg?o

3ameuanue. PyHKIIUU Sin 30 11 cos 30, CYIIECTBYIOT IPU JIIOOBIX 3HAUEHUAX O,

a pyHKIUA tg 30 CYIIecTBYeT TOJIbKO TOTAAa, KOTAa 30 ¢§+nk, ke Z. Orcrona

o % + %k, TO eCTb O # %(Zk +1), ke Z. Aranormuno pysaxnua ctg 3o cymecrsyer

TOJILKO TOTa, Koraa 3o # Tk, k € Z, To eCTh IPU O, # %k, ke Z.

2. ®opmyIsl MOHUKEHU cTenenu. 3 popmy cos 20.=1 — 2 sin2a
u cos 20, = 2 cos?o— 1 momyuaeM pOPMYJIbI IOHUKEHN S CTEIICHN:

sin?a =12, 1)
cos?a = —1+cgs2a‘ (2)

3. @opmyJsl MOJIOBMHHOTO aprymenTa. Ecau B ¢popmysax (1) u (2) BmecTo o

o
B3ATE APTYMEHT > TO MOJIYIUM:
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§ 11. JononHutenbHble GopMyIbl TPUrOHOMETPUN

2 2 @)
20 _ 1tcosa
cos? S =——— (4)

W3 popmya (3) u (4) moayuaem OPMYJIbI ITOJOBUHHOTO apTyMeHTAa AJIA CUHyCca
U KOCHUHYCA:

sin—=+,/—— |, (5)

a 1+cosa
cos—=i,[— .
2 2 (6)

B atux ¢popmynax sHak mepes KOpHEM BbIOMPAaETCA B 3aBUCUMOCTH OT 3HAKA
TPUTOHOMETPUUECKOM PYHKIINY, CTOAIIe! B IeBOY YacTH PaBeHCTBA.

Ecau mounenno pasmenuThb ¢opmyasl (5) u (6) 1 yuecThb, UTO —Z:tg%,
CcCOosS—
cosg o 2
a 2 :cth, TO IOJIYYMIM :
sin—
2
1—cosa
tg =+ [locosa
g2 1+cosa | (7)
o 1+cosa
ctg—=+|——|.
g 2 1-cosa (8)

B dopmynax (7) u (8) 3HaK mepes KOPHEM TaKiKe BLIOMPAETCA B 3aBUCUMOCTH OT
3HaKa TPUTOHOMeTPUUeCKO (BYHKIIUU, CTOAIEH B JIeBOI YacTU PaBEeHCTBA.
OrmeruM, uTo hopMytsl (5) 1 (6) MOXKHO IPUMEHATH IIPY JIFOOBIX 3HAUEHUAX O,

a opmyasl (7) u (8) TOMIBKO TOTAA, KOT/Ia CYIECTBYIOT 3HAUEHU ST tg% u ctg%

cooTBeTcTBeHHO. Takum ob6paszom, popmyny (7) MOKHO IPUMEHATH, €CJIU

%¢%+nk, TO €CTh ecJIu 0. # T + 21k, k € Z, a popmynay (8) — ecau %;ﬁ Tk, TO eCTh

ecauo#2nk, ke Z.
3aMeTHuM, UTO AJIsI TAHTEHCA M KOTAHT'eHCA II0JIOBUHHOTO apryMeHTa MOYKHO
HOJIYy4YUTh (POPMYJIBI, KOTOPHIE He coAeprKaT KBagpaTHBIX KopHeti. Hanpumep,

tgg— sina . 9)

2 1l+cosa

o o
IleficTBUTEIBLHO, €CIIN YIECTh, YTO aPTYMEHT O, BABOE O0JIbIIIe apTyMeHTa 52 TO

2singcosg sing a
= 2 2__ 2_tg% EcrecrBeHHO, QopMyy (9) MOXKHO IPUMEHATH
1+cosa , O o 2
2cos E cosE

TonbKo Ipu 1 +cos a#0, ToecThb IpU L # T + 2Nk, k€ Z.
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Amnasmornuao 060CHOBBIBaETCS (hopmyaa

1-cosa
tg &L = 2—cosa 1
g2 sina ( 0)
1-cosa ZSin2g sing o
- = 2 - 2 _tg% ecamsin 0.0, To ecTh dopmyay (10) mosxHO
sino o o o 2

2sin—cos— cos—
2 2 2

IPUMEHAThL IPU O£k, ke Z.

o 1
YuursiBas, 4To cth =——, nonxy4aeM QOPMYJIbI:
ol

sina

_1+cosa
1-cosa

Ctg % - ’ Ctg % sina

4. BeIpaskeHUEe TPUTOHOMETPHYECKUX (DYHKI[UI Yepe3 TAHTeHC IIOJIOBUHHOTO ap-
ryMeHTa. YTOOBI IOJYUNTEH COOTBETCTBYIOIINE (DOPMYJIBI IJIA Sin O ¥ COS O, 3amu-
II1eM KaKI0e M3 9TUX BBIPAXKEHUI 110 (hopMyJIaM JBOMHOI0 apTyMeHTa 1 Pa3IesIuM Ha

1=sin? % + cos? %. 3areM, YTOOBI IEPENTH K TAHTEHCAM, Pa3Ie;IMM YHUCIUTE b 1 3Ha-

o o o
MeHAaTeJIb TOJTyUYeHHOM Apobu Ha cos? 5 (pasymeercs, IpU YCJIOBUM, UTO COS?2 5 #0,

TO eCThb IPU OL# T+ 2Tk, k € Z).

.0 o .o
2sin—cos— sin—
2 2 2 2
Sino 2sin o cos o cos? o cos o 21;gg
sino = = 2 2 _ 2 = 2 - 2 . Takum o6pasoM,
sin2% 1 cos2%  sin2 %402 sin2% tgzg+1
2 2 2 2 2 1 2
cos2 < cos2 2
2 2
_ 2tg%
s1noc=—a, azn+2nk, ke Z|. (11)
1+tg2_
£ 2
050l cos2 _gin2 & 1—1;gzg
cosoL = = 2 2 - 2, IToaTomy
sin? % 4+ cos2 & tg? %1
2 2 2
l_thE
oSO = a%n+2nk ke Z . (12)
1+tg 5

Ecnu mounenso pasgenuts paBercTBa (11) 1 (12), To moayuum popMyabl:
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§ 11. JononHutenbHble

OpMyIIbl TPUFOHOMETPUM

(13)

o
2tg
tg 0c=—2, a¢%+nn, neZ,o#n+2nk, ke Z|,
_te2 %
1-tg B
o
1—tg2E
ctg oc=—a, o#mk, ke Z|.

3ameTum, uto hopmyay (13) MOIKHO TONIYUYUTH U IO (POPMYJIe TaHTeHCca IBOM-

o
HOTO apTyMeHTa, IIOCKOJIbKY O =2 e

Mpumepbl pelueHvis 3agay

3amaua 1
1) sin 157

Pemenue

1)» sin 15°=4/1‘L;3°° =

= l_éz 2—\/5.4
2 2
2) P cos15°= 1+cos30° _
2
_ 1+§: 2+«/§.<]
2 2
1—cos30°_1—§

I te 15" =—2 0 - =2-V8.<

Do

Brerunciure, He MOIb3YACH TAOIUIIAMY U KAJbKYJIATOPOM:
2)cos 15°

; 3)tg 15",
KommenTapui

ITockonbpKy aprymenT 15° paBeH mo-
snosuHe aprymenTa 30°, a kocunyc 30°
M3BECTEH, TO MOYKHO HAUTU MCKOMBIE
3HAUeHUs 10 (POPMYJIaM ITOJIOBUHHOTO
aprymMeHra. yLII/ITBIBaﬁ, YTO apryMeHT
15" maxonurca B I uersepTu (rae 3Haue-
HUA BCEX TPUTOHOMETPUUYECKUX PYHK-
U TOJIOXKUTEJILHEL), B hopMmyaax (D)
u (6) mepen 3HAKOM KBaJAPaTHOTO KOP-
HA CTABUTCA 3HAK «+». [[J1a Haxomx 1e-
HUs TaHreHca 15° MOMXHO IPUMEHUTh
n00yto us popmy (7), (9) uau (10), HO
yIobHee mpuMeHUTH (opMysl (9) min
(10), samuch KOTOPHIX HE COAEPIKUT
KBaApaTHBIX KopHeii. Ilocsie Haxoxge-
Hus sin 15° u cos 15° MOMKHO HCIIONB30-

BaTh TaKKe (hopMyy
tg 15°= sin15°
cos15°”

3aMeuaHHe. 3aIKNCH OTBETOB IJIA sin 15 1 cos 15° MOMKHO HECKOIBKO YIIPO-
CTUTD, BBIAEIAA 0] 3HAKOM BHEIIIHEr0 KBa[PATHOrO KOPHA KBaJparT JBydYJIeHa.

Yro6bI TPEACTaBUTh, HATIPUMED, 2— J§ B BUJe KBaJpaTa JBy4ieHa, YMHOXKUM U

pasmeauM 3TO BhIpasKkeHUe Ha 2 (U pacCMOTPUM BBIPasKeHUe 243 xax YIBOEHHOE

TIPOM3BEIeHNE UM CEJT \/§ u 1). ITonryuaem:
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

9_J3=4- 2\/— (\/5—1) \/*_4+2\f (‘f“)

2

2

—1

\/ﬁ 2\/—1\/—\/—

Torga sin15°=

Vo ++/2

BrimostHAS aHAOTUYHBIE IPeobpasoBaHUsd, MoJayuaeM cos 15° = —

Bonpocbl Ansg KOHTpons

SanurmuTe (opPMYJIBI TPOWHOTO U IIOJIOBUHHOTO apIyMEHTOB 1 (hOPMYJIbI, BBIPA-
JKaIoIre TPUTOHOMEeTpUYecKe (DYHKIINY Yepe3 TAHTEeHC IIOJIOBUHHOTO apry-
meHTa. [IponstiocTpupyiiTe Ha IpUMepax IPUMeHEHTe 9TUX (POPMYJI.
ObocHy#Te GOPMYIBI TPOWNHOTO U IIOJJOBUHHOTO apT'yMEHTOB 1 (D)OPMYJIBI, BBI-
pasKarIye TPUTOHOMETPUUYECKYEe PYHKIIUY Yepe3 TAHTEeHC ITOJIOBUHHOTO ap-
TyMeHTa.

YnpaxHeHus

Buruucaure, He MOMB3YSACH TAOIUIIAMY U KAJTBKYJISITOPOM:
1) sin 22°30’; 2) cos 22°30'; 3) tg 22°30'.

o < O
Haitzure sin”; cos%; tg%, ecJIn:

5 3

3n 2“<(x<2n

3
1 o=—2u n<o<—; 2)coso=—
) cos 5 2’ ) 13

1
Boruucaure tg(oﬁ—g), ecmm Cos 200=7 1 T< < %’c

Borunciure cos%, ecau sino = —% U <0< 3?"

BrrumcanTe sin o, ecan tg% = é

BorumnciuTe tg%, ecsu sino.+coso. :% u 3—; <o<2m
sin2o.  coso
1+coso 1+cos2o

Vuursisad, uro sin 36° = cos 54°, BeruuciuTe sin 18°.

Brrunciaure , eciau tg% =2.
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§ 11. JononHutenbHble GopMyIbl TPUTOHOMETPUN

11.2. ®DOPMVYIJIA NMPEOBPA30OBAHNA BbIPAXKEHUA a sin o + b cos o
Tabnuma 24

a sin a+b cos a=+va?+b%sin(a+¢) |,

rle apTYMEHT @ OTIPeesIsieTCs U3 COOTHOIITeHU I

b

Va? +b?

cosQ = sing =

a
Va? +b? ’

O6bsACHeHUe N 000CcHOBaHMe

©® Cuauasna mokarkeM ciefyiolee yTBePIKACHUE: eCAU OJLA LUCeL M U L 6bLNOJHA
emcsa coomuouwenue m? + n? =1, mo 00HO U3 dMUX YUCES MONCHO CLUMAMD
CUHYCOM, a OpYz0e KOCUHYCOM HeK0mopozo apzymeHma ®.
Paccmorpum Tourky M KOOpAUMHATHOM IJIOCKOCTY ¢ KoopauHaTamu (m; n). Ko-
OpAuHATHEI TOUKU M yIOBJIETBOPAIOT YPABHEHUIO eJUHUUYHON OKPYIKHOCTHU
x2+4+ y? = 1 (mocKosbKY 10 yesoBuio m? + n? = 1). Urak, Touka M HaXOIUTCA HA
eIUHUYHOM OKPYIKHOCTH, U ee abCII1cca ABIISETCA KOCUHYCOM yIJa (), KOTOPBIi
paguyc OM oGpasyeT ¢ MOJIOKUTEeIbHBIM Hampasiaenuem ocu Ox, a opAuHA-
Ta — CHHyCcOM dTOoro yria @. Toects m = cos @, n=sin @.

2 2
a b
TOo m2+n2=

a b
n= , ———+———=1. Torga
Vaz+p2 ’ Ja2 +p2 a?+b2  a?+b2 A

Ecau B3aTte m=

a b .
[IJIS HEKOTOPOT'0 yrja () Mm=———=C0S ¢, n =————=sin Q.
Va? +b? Va2 +b2

Teneps MBI MOXKEM JOKA3aTh, YTO IIPaBasd 4acTb (POPMYJIbI
asino+b coso=+a?+b?sin(0.+ ¢) paBHa J1eBOii:

Va2 +b?sin(o+@)=+a?+b2 (sinocos @+ cososing) =

¢ ¢ ¢

=+a?+b?| sino—2— b
Va? +b? Va? +b?

yTO U TpeboBaJIoCh JOKa3aTh. TakuM o6pasom,

+coso )za sino+b cosa,

a sina+b cosa =+a? +b?sin(a +¢),
I7le apIyMeHT @ OIIPe/ieIeTCA U3 COOTHOIIeHIH
b

Jatro?

3ameuanue. BuosyuenHoi popmMyse apryMeHT ( OIPeeIaeTCsi C TOUHO-
CTBIO 10 2T, HO Yallle BCEro BEIONPAIOT 3HAUEeHNEe, HANMEHbIIIee I10 MOIYJII0.

a .
COS P=—F——=, SINnP=
a?+v?
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PA3LEJT 1. TpuroHomMmeTpuyeckme pyHKLNN

Hanpuwmep, a4 BeipaskeHud sin o+ cosoumeema=1,b=1. Torza

cosQ=

a __1
Va2 + b2 _\/5,

singp=

b _ 1
Va2 + b2 _\/E

Taxwum 06pasoM, apryMeHT () HAaXOOUTCA B | UeTBepTH 11 KaK 3HAUEHUE () MOYKHO

T
B3ATH ¢ = 1 Torzma

sinol+ cosa = «/§sin((x +§)

Mpumepbl pelleHns 3apa4

3amaua 1
J/3sino - coso.
Pemenue
P Ilo dopmye
asino +bcosa=+/a? +b2sin(o+ @)
moIydaeM

J3sino, - coso = 2s‘1n(0c—%).

YuursiBas, 4To sin(oc—%) IIPUHU-

MaeT BCe 3HAUEHHUA U3 IIPOMEKYTEKaA

[-1; 1], umeem, uTO 2sin(oc—%) mpu-

HUMAaeT BCe 3HAUEHUS U3 TPOMEKYTKa
[-2; 2]. Takum o6pasom, HaUbOIIBIIIEE
3HAUeHNe 38JaHHOT0 BBIPAYKEH U PaB-
HO 2, a HauMeHbInee — (—2). <

3amaua 2

Haﬁ/:m're HanboJIbITIee 1 HaUMeHbITee 3HAUeHU T BBEIDaAKEeHUA

KommenTapuit

Briparkenue V3 sina - cosa MoskHO
mpeobpas3oBaTh II0 (hopmyJie

asino+bcoso=+a2+b2sin(o+ ).
3mecs a =\/§, b=-1, Torga
Na? +b? :\/Z: 2. Takum o6pasom,
3

a
CoOSQp=—F——==——
¢ Va? +b? 2’
s:in(p—;——l
a? +b2 2

CiegoBaTeIbHO, aPTyYMEHT () HAXO-
putca B IV ueTBepTU U KaK 3HaUeHUE

T
MOXKHO B3ATh, HAIIpUMep, P = e Uc-

noav3ys memod oyeHKU 011 HaxodxcOe-
HUs HAUOOLbULE20 U HAUMEHbULEZ20 3HA-
YeHUll 8bLLPANCCHUS, YLUMDbBLEACM, YMO
Heo0x00UMO He MOALKO OUeHUMb 3HAe-
HUe 8bLPANCEHUS C OMOULBIO HECMPOZUX

HepaseHcme (—2 < 2sin(oc—g) < 2), HO

u ybedumucs, 1Mo 3HAK PABEHCMEA 6
amux HepageHcmaax d0Cmuzaemcs.

TocTpoiire rpaduk byEkmun y =2 (sinx +cosx).

KommenTapui

. . . T
BprameHI/Ie sin x + CoS X MOYKHO 3aII1CaTh B BUe SIN X +COoS X = \/ESII’I (x + Z).

Torma rpaduk 3agaHHON (PYHKIIMU MOKHO IIOCTPOUTH C IIOMOIIHIO TEOMETPUYe-
CKuX nmpeobpasoBaHmii rpaduka GyHKIUYT iy = sin x.
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§ 11. JononHutenbHble GopMyIbl TPUrOHOMETPUN

>

Pemenue

y=~/2(sinx +cosx)=2 sin(x+§).

I'paduk 3aganHOi hyHKIUY oaydyaeM us rpaduka GyHKIIUY y = sin x pacTd-

JKeHmeM B 2 pasa BEoab ocu Oy U napajjieIbHbBIM II€PEHOCOM IIOTyUeHHOTO Ipadu-

T
Ka BHoJib ocu Ox Ha (_Z)'

[y

[\

Uy

5 y:2sin(x+%)

Bonpocbl Ang KOHTpons

3anummuTe GopMyJIy Ipeodpa3oBaHUA BEIPAYKEHNUA @ Sin 0L + b cos 0. B BRIpasKe-
HUe Buja ¢ sin (x + ¢). IIpomttocTpupyiiTe Ha IprMepe IPUMeHeHUe 3ToH (op-
MYJIBL.

ObocuyiiTe hopMyy Ipeodpas3oBaHMUs BEIPAMKEHNUI @ sin 0.+ b cos Ol B BRIpasKe-
HUe Buza ¢ sin (x + @).

YnpaxHeHus

Haiigure Hauboablillee 1 HAUMeHbITIee 3HAYCHU S BbIPAIKEHU A
1)sin o+ cos o 2) sinoc—x/gcosoc;

3)/3sina+ cosa; 4) \/2sina++/6 coso.
ITocTpotiTe rpaduk GyHKITIM:

1)y=x/§sinx+cosx; 2) y=sin 2x —cos 2x;

3) y=sin x++/3cos X; 4) y=x/§sin§+cos§.

Haiigure o61acTh 3HaUeHUN QYHKITUN:

1)y=38sin x +4 cos x; 2)y=>5sin 3x — 12 cos 3x;

3) y =sin 7x — cos 7x; 4) y=8sin§+15cos§.

Cy1iecTBYIOT 1 TaK Ve 3HAUEHUS X, IPU KOTOPHIX BHITTOJHAETCA PABEHCTBO:
1) 3 sin x — 4 cos x = 6; 2)5sin 2x + 12 cos 2x = 15;

3)x/§sin4x—cos4x=x/g; 4) sin§+cos§=1,5?
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I AOMOJIHATEJIbHbIE YMNMPAXXHEHUSA K PA3AENY 1

Yupocrure Berpaskenue (1—2).

1. 1) tg?o—sin? o — tg? o sin? o; 2) \/SinZ B(1+ctgP)+cos? B(1+tgP);
t
3) (8 sin o+ 2 cos )% + (2 sin o — 3 cos )% 4) co:ifzﬁ P —ctg Bcos B.
T
e tgl - —a
2. 1) 2tgoc—tg(oc—n)+ctg(3—2n—oc); sin(-o) _ (2 )+ cosa

. 9’
sin(n—o) ctga sin(gﬂx)

tg(n—B)cos(n—B)tg(E—B) tg(gﬂx)singsinw—ncos&
3) 2 . 4) 2 2 9 18 .
. (w T 3n 51 117w
——Bct (f+cx)t (—+oc) - ein
sm(2 B)cg 9 g\, ctg(n (x)coslgsm 0 cos 21

Hoxaxure ToxxIAeCTBO (3—4).

tg(a+B)-tgoa—tgB _ .
3 1) = e (asp) =tgf; 2)

1-cos20 +sin20 _

tg o;
1+ cos 20 + sin 20, g%

cos (o +B)+ cos(o—B)

) sin(o.+p) +sin(o - B)

=ctg o; 4) sino —sin3o =—ctg 200

cos 0 — cos 30

4. 1) \/l—l4ll+lcos0c =cos® mpum<o<2m;
2 2V2 2 4
1 1 _ oo 3n,
2) 41— L _Lcos 200 =+/2cos|Z-% mpu T<O<—=;
2 2 4 2 2
3) \/l+l,/l+lcos 200 =—cos< mpu E<0t<2TE;
2 2\V2 2 2 2
4) 1+ l—lCOSOC :\/ECOS(E—E) Hpn£<0€<2ﬁ.
V" TV2 2 4 4 2

5. J[oka:xuTe paBeHCTBO:

1) cosgcos%cosi—n=%; 2) tg 20° — 4 sin 20° sin 50° = -2 sin 20°;

1
sin 10°

3) —4sin70°=2; 4) cos 20°+2sin 55°—+/2 sin 65°=1.
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CBefieHusa 13 UCTopumn

n(3+o)
sin|{—+0o
3

. (n (x). (5n (x)
sin| —+—Jsin| ———
13 4 12 4

3)(1+sin@+cos@)(1—sin@+cos@)(1+sin@—cos@)(sing+cosp—1)<1;
4) 2 sin 4o sin 200+ cos 60 = —1.

6. JloxaxuTe, YTO BEPHO HEPABEHCTBO:

1)tgx+ctgx>2,ecm0<x<§; 2) +2sin%<2«/§;

7. Borumciaure:

. . 2 1-sin?§ a
1) cos* o+ sin* o, ecom sin20==; —— 2 ecmm tg==m;
3 1+ sino 2
. 1
3) cos 0., ecau sin o tg o =5
. o 3
4) sin 0, cos 20, cos*, ecin tg%z— 2, <o <?n.

I CBEAEHNA U3 UCTOPUN

Cy10BO «TpUTOHOMETPUA» BIIepBbIe BcTpeuaeTcd (1505 r.) B Ha3BaHUY KHUTHT
HeMeIIKoTo Teosora u MmateMaTukall u T u c K y ¢ a. [IporncxorxjeHME 3TOTO CII0BA
TPEeYeCcKOoe: «TPUTOHOH» — TPEYTOJbHUK, «MeTpro» — Mepa. IHBIMU c10BaMH,
TPUTOHOMETPUA — HayKa 00 M3MepPEeHUU TPEeYTOJIbHUKOB. MHOKECTBO ITIOHATHH 1
¢axTOB, KOTOPHIE TeIlePb OTHOCAT K TPUTOHOMETPUM, ObLIN MU3BECTHEI €IIle IBe
THICAYM JIeT Haza . PaKkTUUECKU, Pa3HbIe OTHOIIIEHUA OTPE3KOB TPEYTOJIbHUKA U
OKPY’KHOCTH (COOCTBEHHO TOBOPSA, ¥ TPUTOHOMETPUYECKUe (DYHKIINN) BCTPEUAIOT-
ca y:xe B III B. 10 H. 5. B paborax BeJuKux MmareMaTukos [I[peBHeii ['peruu —
EBknugma u Apxumena.

[mTenbHOE BpeMA TPUTOHOMETPU A PA3BUBAIACH KAK YaCTh T€OMETPUM, TO €CTh
(aKTBI, KOTOPBIE MBI TeIEPhb (POPMYIHPYEM B TEPMUHAX TPDUTOHOMETPUUECKUX (PyH-
KIuii, (GOPMYJIUPOBAIN U JOKA3BIBAJIU C IIOMOIIBIO0 T€OMETPUUECKUX ITOHATUN U
yTBep:KIeHUN. BepoaTHO, HaMOOIbININE CTUMYJIBI JJIA PABBUTUA TPUTOHOMETPUN
BOBHUKAJIU B CBA3U C PEIIIEHNEM 3a/JaU ACTPOHOMUHU, UTO IIPECTABIIAIIO OOIBITION
TpaKTUUECKU nHTepecC (HaIpUMeD, AJId PeIeHN A 3a5aU 0 OIIPE/IeJIEHII0 MEeCTO-
HaXO0XKIeHUI CyIHA, IPeICKa3aHusI COTHEUHBIX 1 JYHHBIX 3aTMeHUH u T. 1.). Co-
BpeMeHHBIU BUJ TPpUTOHOMeTpuU npupaj Benukuit marematrux XVIII B.
JI.O#t e p(1707—1783), mBeiiiapels 1o IPOUCX 0K IEHUIO0, KOTOPBIH JOJITOE Bpe-
M pabortan B Poccuu u 611 uaernom I[leTepOyprekoit akageMun HayK. IMeHHO
Jiiyiep IePBBHIM BBEJ U3BECTHHIE OIIPEeeIeHNA TPUTOHOMETPUUECKUX PYHKITUH,
HavaJI pacCMaTPUBATDL (PYHKIIUY TPOM3BOJIBHOIO YTIJIa, BEIBEJ (DOPMYJIbI IPUBEIe-
Huda. [Tocie Jitnepa TpuroHoMeTpua IpUHAIA (GOPMBI UCUNCIEHNA: pa3Hble (haK-
THI HAYaJIU JOKA3hIBAaTh (hOPMaJIbLHBIM IPUMEHEHUEM TPUTOHOMETPUIECKUX (hop-
MYJI, JOKa3aTeJIbCTBA CTAJIN HAMHOTO KOMIIaKTHEE.
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Paspen
TpuroHoMeTpuryeckme
YPaBHEHUA N HepaBeHCTBa

m OBPATHAA ®YHKLUMA

1. MoHaTre 0bpaTHOM YHKLMM

Tabnuma 25

Ecau dpysrnua y = f (x) npyHEEMaeT Kaskxoe CBoe 3HaUeHNe B eTUHCTBEH-
HOI TOYKe ee 00JIaCTH OIIpe/iesIeH) A, TO MOKHO 3a5aTh PyHKIHIO y = g (x),
KOTOpas Ha3bIBaeTCa 00pamHoll k¥ pyukyuu y =f (x):

f nnasa kaxmgoroac€ D (f),

~ ecim f(a)=b,T0g (b)=a

@ @ E()=D(g); D(H=E(9)

Dynryuu f (x)u g (x) 63aumno obpammuuie.

2. CBOVCTBa 0OpaTHOM (DYHKLIMM

1) I'pacduxku npaAMoOl U 0OpaTHOM
¢ yHKIMII CHMMeETPUYHBI OTHOCH-
TEJILHO MPAMOH Y = X.

2) Ecau ¢pynxmua f (x) Bo3pacraet
(yObIBaeT) Ha HEKOTOPOM IIpoMe-
JKYTKe, TO OHA UMeeT O0PaTHYIO
(YHKIIMIO Ha 9TOM IIPOMEKYTKE,
KoTopasa Bo3pacTaer, ecau [ (x)
BO3pacCTaeT, M yObIBaeT, ecJu f (x)
yOBIBaerT.
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§ 12. OBpaTHas hyHKLMA

IIpomon:x. Ta6um. 25

3. MNpakTU4eCcKnn Npuem HaxoXaeHUS hopMy bl DYHKUMN,
obpaTHoM K hyHKUMK y = f (x)

Anropntm Mprmep

1. BeisgscHuTH, OyaeT au QyHKIHUA Haiinure pyukmuio, o6paTHYIO K
y = f (x) o6paTumoii Ha Beeit 001a- | QyHKIUu Yy = 2x + 4.
CTH OIIPEeeJIeHUS: IJIsI 9TOT0 JOC-
TaTOYHO BEIACHUTH, NMEET JIN YPaB-
HeHUe J = f (X) eIMHCTBEHHBIHN KO-

P U3 pasencrBa y = 2x + 4 MOMKHO
OJTHOBHAYHO BLIPAZUTH X U€Pe3 J:

PeHb OTHOCUTEJIBHO IIEPEMEeHHOM X. x=1 y—2
Ecau HeT, TO MONBITATHCA BBIJE- 2
JUTH IPOMESKYTOK, I/Te CYIleCTBY- JTta (popmysa 3amaeT oO6PATHYIO

eT oopaTtHasd PyHKINA (HampuMep, | (GYHKIINIO, HO B Hell apryMeHT 0003HAa-
9TO MOXKeT OBITh IPOMEKYTOK, Ile | UeH uepes Yy, a PyHKIUI — yepes X.

(ynrnuay = f (x) Bospacraer uiu 0603HAYNM B IIOJYYEHHO’ (popMy-
yOBIBaeT). Jie apTyMeHT uepes X, a PyHKITUIo —
2. Uspasencrsay =f (x) BBIPasSUTb X | uepes y.
gepes y.
3. B monyuenHoii ¢popmyae BBeCTH ITonyuaem pyHKIIIIO Y =%x—2 R

TpagUuIiHOHHBIE 0003HAUCHU: aAP-
TYMEHT 0003HAYUTHh UYepe3 X,
a PpyHKIMIO — yepe3 y.

obpaTHyo K QyERIHA Y = 2x + 4. <|

Ob6bsACHeHUe N 000CcHOBaHMe

1. ITouarue oopaTHoii pyHKIUU. 1I3BEeCTHO, UTO 3aBUCUMOCTD ITYTU OT BPEMEHH’

JBUKEHUA TeJsla, KOTOPOe ABUIKETCS PABHOMEDHO C IIOCTOSHHOM CKOPOCTBIO U,

BhIpaskaeTca popmynoin S = v t. 3 oT0# (hopMYIbI MOKHO HAWTH OOPATHYIO 3aBU-
. S S

CHMOCTb — BPEMEHHU OT IIPOAEHHOr0 Iy T ¢ =, OyHKuuio ¢(S)=-> HasbIBAIOT
D, D,

0 0
oopammnou i pynryuu S (t) = v t. OTMETHM, YTO B PACCMOTPEHHOM IIPIMepe KakK-

nomy 3HaueHUO t (£ > 0) COOTBETCTBYET €IMHCTBEHHOE 3HaUeHMe S 11, Ha000pOoT,
Kaxgomy 3HaueHU0 S (S 2 0) cOOTBETCTBYET eIUHCTBEHHOE 3HAUEHUE f.
Paccmorpum nponenypy nmosryueHnsa o6paTHOM (DYHKIINY B 00II[eM BUE.
ITycrs pysrmusa f (x) IprHUMAET KaKJ0e CBOe 3HAUEHIE B e IMHCTBEHHOM TOUKe
ee obsacTu onpesneneHud (Takasa GYHKINA Ha3bIBaeTcsa oopamumoir). Torga nia
Kaskao0ro uncia y, = b (u3 obnactu sHavenndt pynkuu f (x)) CyecTByer equH-
CTBEHHOE 3HaYEeHWeE X, = @, TaKoe, uTo [ (a) = b. PaccmoTpum HOBYIO QyHKIHUIO g (X),
KOTOpasa KasKAoMYy urcay b u3 00acTu sHaueHnN PyHKIUY f (X) CTABUT B COOTBET-
CTBUE YHUCJO &, TO ecTh g (b) = a Ajia Kakaoro uncsa b us obacT 3SHAUCHUH PYHK-
muu f (x). B aTom ciyuae pyHKIIUA & (X) HasbIBaeTCsa 00paTHOH K QyHKINY f (X),
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

a pysrnud f (x) — o0paTHO K QyHKIIUNT
g (x). IlosTomMy roBOPAT, UTO PYHKIIUU
f (x) 1 g (x) BBauMHO OOpaTHEIE.

W3 onpenenenus o6paTHON QYHKITUHT

Dy BBITEKAeT, YTO 00J1aCTh 3HAUEHUN MP-
/ Mot pyHKIuU E (f) ABasgerca o61acTbio
ompeneneHuda ooparHoi QyHKIIU D (g),

A a 00J1aCThb OIpefie/eHus IPAMOH QyHK-
0 muu D (f) aBasiercs o6IacThio 3HAUEHU T

7

/
7

.

obparHoii pyuknuu E (g).
To ecTn:

E (f)=D (g), D (/)=E (g).

2. CsoiicTBa 00paTHOM (hyHKINH.

CsoiicTBO l.I'paguru npamoi u o6pamuoli QYHKYUL cumMmempuiHbL
OMHOCUMENbHO NPAMOUL Y = X.

® VYuureIBad IPUBEEHHYIO BEIIIIE IIPOIEAYPY HOCTPOSHH (QDYHKIINN, 06PATHOMN K
dyurnun y =f (x), umeem: ecau f (a) = b, To o onpeesieHI0 rpaduKa GyHKIIINT
Tourka M ¢ KoopauHaTtamu (a; b) nprHaAIeKUT rpadury GyHKRIuu y = f (x).
AmnanornyHo, N0CKOJIbKY g (b) = a, To Touka M, ¢ Koopauaatamu (b; a) mpuHam-
nesxuT rpadury Gyrrnun y = g (x). Toukn M (a; b) u M, (b; a) pacIionosKeHbl Ha
KOOPAWHATHO IIJIOCKOCTY CUMMETPUYHO OTHOCUTEILHO IPAMOI i = X (puc. 84).
HelicTBUTENBHO, IPAMA I = X ABJIAETCA OCHI0 CUMMETPUH CUCTEMBI KOOPAM-
Hat. Takum 06pa3oM, IPU CUMMETPUY OTHOCUTEIBHO 3TOH IPAMOIT ocb OX 0TO-
opaxaercs Ha ock Oy, a ock Oy — Ha ock Ox. Torga (manpumep, npua > 0 u
b > 0) mpamoyroabauk OAM D co croporamu OA = a u OD = b Ha 0CSIX KOOPIU-
HaT oToOpakaercd Ha MPpAMOYTOJabHUK OA, M D, co CTOpOHAMHK Ha OCAX KOOD-
muaaT OA, =OA = auOD, = OD = b. CiieoBaTeIbHO, TPU CUMMETPHH OTHOCH-
TeJbHO pAMOM y = x Touka M (a, b) orobpaskaerca B Toury M, (b; a) (a Tou-
ka M, — B rourky M). Takum 06pa3om, Ipu CHMMETPUAN OTHOCUTEIHHO TPAMOM
y = x mobaa rouka M (a; b), npuHanigexamiaa rpadury Gyarnun y = f (x),
HMeeT COOTBETCTBYIOITyI0 Touky M, (b; a), npuHammexamyio rpadbury GyHK-
nuu y = g (x), amobaa rouka M (b; a), KOTOpas NIPpUHAMIEHKNAT rpaduKy QyHK-
num y = g (x), IMeeT COOTBETCTBYIOITYIO Touky M (a; b), mpuHaAIeRaIIyIo Ipa-
bury pyaxrnuu y = f (x). To ecTb rpad Ky B3anMHO 00PATHBIX GYHKITUHA CM-
METPUYHBI OTHOCUTEJIIBHO HpﬂMOﬁ y=Xx. )

CBoiictBoO 2. Ecau ¢pynryusa f (x) 603pacmaem (y6v.6aem) Ha HeKkomo-
POomM npomesxcymre, mo oHa umeem o6PaAmMHYI0 GYHKYUIO HA IMOM LPOMe-
acymre, komopas éo3pacmaem, ecau f (x) 6o3pacmaem, u yoviéaem, eciu
f (x) y6vLe6aem.

@ [leiicTBuTeBHO, ecu (PYHKIUA f (x) BospacTaeT (yObIBaeT) Ha HEKOTOPOM IIPO-
MeXKyTKe, TO II0 CBOTICTBY Bo3pacTarolreii (yobIBatoIeil) GyHKIINYT KaKI0e CBoe
3HAUEeHUE OHA IPUHUMAET B eJUHCTBEHHOM TOUKE U3 3TOT0 IIPOMeKyTKa (c. 14),
TakuM 00pa3oM, oHa UMeeT 00PaTHYIO PYHKIIUIO g (X) Ha 3TOM IPOMEKYTKe.
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§ 12. OBpaTHas hyHKLMA

O6ocHOBaTh, UTO QPYHKIIUA g (X) Bo3dpacTraer, ecau [ (x) BodpacTaeT, MOKHO
METOOOM OT IIPOTUBHOTO.
IIycTe uncna a, u a, BXOAAT B 001aCTh onpefeenna Qynknuu [ (x) u
a,>a,. (1)

O6osnaunm f (a,)=b,, f (a,)=b,. Ecim Gyrxnma f (x) Bospacraer, Tof (a,) > [ (a,),
To ecThb b, > b, . ITo onpenenennuio obparroi GyHKIUY & (x) uncnab, u b, BXOZAT
B ee 00J1aCTh OTIpeIeJIeHUA 1

g(b)=a, g(b)=a, (2)
Ecnu gomyctuts, uTo QyHKINA & (X) He ABIsSEeTCA BO3pacTaroleii, To 13 Hepa-
BeHCTBa b, > b, He MOKeT BEITEKaTh HepaBeHCTBO g (b,) > g (b,) (unaue QyHKIIIA
g (x) 6ymeT Bo3pacTaroIeii), TakuM 00pa3oM, MOYKET BHIIIOJTHATHCA TOJIbKO He-
pasencTBo g (b,) < g (b,). Ho Torma no ¢popmynam (2) noxysaem a, < a,, 4TO
npoTtuBopeunt ycaoBuio (1). Takmum o6pasom, Hallle IPEeAIIOJIOKeHTE HEBEPHO,
u pyHKIIUA g (X) Bo3dpacTaer, ecau GyHKIUA f (X) BodpacTaer.
Amnamornuyao 060CHOBBIBAETCS, UTO B cayuae, Korga GyHKiud f (x) yObiBaer,
obpaTHad K Hell pyHKIuUA g (X) Toxe yOpIBaeT.

3. IIpakTuueckuii npueM HaxoxgeHUT hopmyrsl GyHKIUN, 00paTHOH K (hyHK-
uun y = f (x). VI3 onpenesennsa o6paTHON QYHKITUY CIEYET, UTO AJIA IOJIYyUeHU
0o0paTHOIT 3aBUCHMOCTY HEOOXOMMO 3HATD, KaK 3HAUEHNE X BEIPAKAeTCs yepes 3Ha-
YyeHUEe Y. ITO MOYKHO CHeJlaTh, PEIIUB ypaBHeHUe J = f (X) OTHOCUTEJIBHO IIe-
pemenHo# x. Eciu 3agannasa QyHKIIIA oOpaTuMa, TO ypaBHeHTe OyIeT MUMeTh e[H-
CTBEHHOE PeIlleHUe IJIA BCeX I U3 00s1acTy 3HaueHNH GyHKIUH f (X), 1 MBI IOJIYUUM
dopmyry x = g (y), KoTopad 3azaet ooparuyo GpyHKIMI0. Ho B 3TOM (hopmyJte apry-
MeHT 0003HaueH uepes i, a QyHKIuA — yepes X. Ecau moMeHATH 0003HAUEHU A HA
TPagUIIOHHEIE, TO IIOJIYUYNM 3aIIMCh QYHKINY, 00paTHOHN K QyHKIum y = f (x).

ITU PacCysKeHU BMECTe C COOTBETCTBYIOIIUM aJITOPUTMOM IIPUBEIEHBI B TA0-
Jauiie 25 1 peaJnu30BaHbI B PEIIIeHUN CIAEIYIONNX 3a1a4.

Mpumepbl pelueHvs 3agay

. 1
3amaua 1 Haiigure QyHKITNIO, 00pATHYIO K QYHKIITUHT Y = 7.1

Pemenue KommenTapui
P O6macteompenenenns: x # 1. Torga | Ha Bceii o6nactu onpenenenus (x # 1)

1 3amanHaA QYyHKIUA 00paTuMa, IOCKOIb-
U3 PABEHCTBA Y = HMeeM
x—

Ky U3 YPABHEHUS Y = % MOJKHO OJ[HO-
—
xy-y=1,xy=y+1, x:yTH, 3HAYHO BBHIPA3uTh X uepes y (y # 0 B 06-

JIacTV 3HAYEHUH 3aaHHON (PYyHKIIUM).
O06o3HauuM apryMeHT uepes X,

+1
a (pyHKIUIO — Yepes y U NOIyInM QYHK- Ilomyuennas popmyna x = yT 3amaer

00paTHYIO QYHKITUIO, HO B HEM apTyMEHT
obo3HaUeH uepes Yy, a QyHKIUI — yepes
x. lamensa obo3HaueHU A HA TPATUIH-
OHHBIE, II0JIyYaeM KOHEeUHBIN Pe3yJIbTar.

x+1 o
muio ¥ ==—, 00paTHYO K 3agaHHOoM. <
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

3amaua 2
Pemenue

P U3 pasencrBa y = x2 upu y > 0 mo-
JydaeM x = J_r\/;. Torga mpu y > 0 oxHoO-
MYy 3HAUEHWIO J COOTBETCTBYIOT 1B 3HA-
yeHua x. Takum o6pasom, Ha Bceii 06-
JIACTU OTpeieIeHnA X € (—00; +00) PyH-
KIuda Yy = x2 He ABIAsSETCS 06paTUMOiA,
¥ IJI Hee HeJb3sl HAWTH 00pPaTHYIO
dyurmuo. <

3amaua 3

Pemenue

P U3 pasencrsa y = x? mpu y > 0 mo-
JydaeM X = J_r\/;. YuursiBas, 4TO II0 yC-
JgoBuio x > 0, uMeeM x = \/5

O603HaUUM apryMeHT Uepes X, a
(GYHKIUIO — 4Yepes y U NOJYYUM, UTO
byHKIIUel, 0OpaTHON K QPYyHKIIMU
y = x2, KoTOopas 3aJaHa TOJbKO IIPU
x = 0, 6ymer QyHKIUAA Y = Jx. <

Puc. 85

Haiigure QyHKIIMI0, 00PATHYIO K QYHKINT Y = X2,

KommenTapuit

ObJiacTb 3HAUEHM 3aJaHHOM (hYHK-
nun: y > 0. Ho npu y > 0 u3 paBeHCTBa
Yy = x? HeJIb3sI OTHO3HAUHO BLIPABUTH X
uepes y. Hanpumep, npu y = 4 nonyua-
eM x ==t 2. BeaencTBue 9TOro MbI He MO-
JKeM BHaYeHMIO Y = 4 ITIOCTaBUTEH B COOT-
BeTCTBUE €eJMIHCTBEHHOE UNCJIO, YTOOBI
TIOCTPOUTH 00PATHYIO QYHKITUIO.

Haiigure QyHKIIUI0, 06paTHYIO K QyHKIMN y = x% mpu x > 0.

KommenTapui

MuoxecTBO 3HAUYEHUN 3aJaHHON
dyurnun: y > 0. Ilpu x > 0 3aganHas
dyuxmusa y = x2 Bospacraer, TAaKUM 00-
pasoM, Ha IpoMeKyTKe X = 0 oHa UMeeT
00paTHYIO PYHKIIUIO, 4 SHAUUT, Ha 9TOM
MIPOMEKYTKE YPaBHEHUE X2 = iy MBI CMO-
JKeM PelInTh OJAHO3HAauHO: mpu x = 0

nMeeM X = \/5

dra popmyaa 3amaer oOpaTHYIO
(GyHKITUIO, HO B Hell apryMeHT 0003Ha-
ueH yepes Y, a QyHKIusa — yepes x. U3-
MeHsAs 0003HaUeHUA Ha TPAAUIIMOHHbIE,
nosydyaeM KOHEUHBIN pe3yabTar.

3ameuanue. Bopumepax 2u 3 Mbl
(haxkTHMUeCcKU paccMaTpuBaeM pas3Inu-
Hble QYHKIUY (OHU UMEIOT PasHbIe 00-
JIACTU OTIpeIeIeHU ), XOTsI B 000UX CIIY-
yasax 9TU QYHKIUY 3aaf0TCA OLHOM 1
Toti ke hopmysoii. Kak nsBecTHo, rpa-
burom dpyurnuu y = x2 (mpumep 2)
ABIAeTca napaboia, a rpadhurom QyH-
Kiun y = x2 npu x > 0 (mpumep 3) ABIsI-
eTcs TOJIBKO ITpaBas BeTBb 9TOM mapa-
60wl (puc. 85).
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§ 12. OBpaTHas hyHKLMA

Bonpocbl Ang KOHTpons

. ITpu xakKoM ycJyioBUUY IJid 3aJaHHON QYHKRIUU J = [ (X) MOKHO ITIOCTPOUTH 00-

paTHYI QYHKIIHIIO?

. O6BpacuuTe mocTpoeHre rpadmKa 00paTHON PYHKIIMY Ha IpuMepe QYHKIIUN

y = f (x), koTopasa 3afanHa TabIUIIE:
x 0 2 4 6
f (x) 1 3 5 7

3azmaiiTe 06paTHYIO QYHKIIUIO J = g (X) C IOMOIIIHIO TaOIUITHI:

X

g (%)

. Kak pacmososxeHbI rpad UKy IPSIMOM 1 00paTHOM GYHKITUH, €CJIH OHU IIOCTPO-

€HBI B OIHOII cucTeMe KoopauHaT? [IponIIIocTpupyiiTe COOTBETCTBYIOIIEE CBOM-
CTBO Ir'pa(puKOB Ha IIpUMeDpe.

. ObocHyTiTE BBaUMHOE PACIIOJIOKeHYE I'Pa(hUKOB IPAMOI U 00PaTHON (PYHKITUIH.
. CymecTByer iz o6paTHad QYHKIUA K QYHKIUHA § = x2, e x < 0? O6bacHuTe

OTBET, OMMUPAsCh HA COOTBETCTBYIOIME CBOicTBa 00paTHOM GpyHKIUU. Eciu
obpaTHad QYHKIIUA CYII[eCTBYET, TO 3afaiiTe ee GopMyJioi Bugay =g (x).

YnpaxHeHus

. 3anumure GopMyITy, KoTOpad 3amaet GyHKINIO y = g (x), 00paTHYIO K 3ajaH-

HOM. YKaKuTe 00JaCTh OpeieIeHU S 1 MHOMKECTBO 3HaUeHU ! QyHKINU g (X):

1)y=3x-6; 2)y—-3x-6; B3)y=23 4)y=—3 5 y=x.

. Ha omaHOM pucyHKe OCTpOiiTe rpad UKy JaHHON QYHKITUY 1 GYHKIIUY, 0OpaT-

HOI K JTaHHOM:

3 o 1 * 1 *
Vyy=2x; 2)y=x-2 3)y=-— 4)y=_—3 5)y=va+l
Haitigure pyHKIIMIO, 00pPaTHYIO K JaHHOHU HA 3aJaHHOM IIPOMEKYTKE, 1 I10-
CTPOIiTe HAa OTHOM PUCYHKe rpaduKy JaHHOU (GYHKIMY U QYHKINHT, O0PATHON
K JaHHOI:

.

’

1) y:ix2 mpu x = 0; 2) y:%xZ opu’ X <

0
3)y=(x—2)’npu x > 2; 4)y=x?’-2npux<0.
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m OBPATHbIE TPUTOHOMETPUYECKUE ®YHKLUUN

s mosyueHUss 00PaTHBIX TPUTOHOMETPUYECKUX (DYHKITU JJI KaXKA0M Tpu-
TOHOMETPUUYECKOH (QYHKITNU BhIeIseTCA IPOMEKYTOK, HAa KOTOPOM OHAa BO3pac-
TaeT (niu yobiBaer). [lyia o603HaUeHNA OOPATHBIX TPUTOHOMETPUYECKUX (PYHK-
U TTepes COOTBETCTBYIOIIEH (PYHKITMElH cTaBUTCS OYyKBOcoOUeTaHUe «arcy (uura-

eTCsA: «apK»).

13.1. ®YHKUUNA y = arcsinx

Taobnuima 26

cTaer.

Ha nmpomexyTKe [—g; g} sin x Bospa-

1. T'padpmk
y=sinx y=arcsin x
v y
5-
S
~ Seox _
\~~~ . 5~~ _1 p”
S ,1__

2. 3uauenuearcsina (|a|<1)

OpwveHTVp

Mprmep

BeH a.

arcsin a — 9To TaKkoe YncIo u3 ImpomMme-

JKYTKA [-g;g:', CHHYC KOTOpPOTO pa-

T
S5 il Y
arcsin a = @, ecnu ¢ [ 2 2]

sinp=a

3

arcsin? = g, TaK KakK

Ee[_ﬁ. E] msinfoY3,

3 2

3. HeyeTHOCTb pyHKLUMM y = arcsin x

———--—--—® arcsin (—a)

arcsin (—a) = —arecsin a
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§ 13. OBpaTHble TpUroHoMeTpUYeckme MyHKLMM

Ob6bsicHeHUe N 000oCcHOBaHMe

1. I'paduk dpysrmun y = arcsin x. @yErnua y = sin x BospacraeT Ha IPOMeXKYTKe
T, T

[_5’ 5 | M IPHHIMAET BCe 3HAUEHHSA OT —1 no 1. CnemoBaTesbHO, Ha 3TOM IIpOMe-

JKYTKe QYHKIUA Y = sin x uMeeT o0paTHY QYHKIUIO, KOTOpad 0003HAYaeTCa

. o T, T
y = arcsin x, ¢ ob6aacTrio onpeneneruda [— 1; 1] u obracTeio 3HaUeHUH [_5’5]‘
DyHKIUA Y = arcsin x Takke BO3pacTaer, u ee rpad) MK MOYKHO MOJIYUYUTH U3 I'Pa-
duxra QyHKIIMN Y = sin x (Ha 3aaHHOM IPOMEKYTKE) C IIOMOIITHI0 CHMMETPUYHOTO

oTOOpasKeHMA OTHOCUTEJIBbHO IPAMOMH iy = x (puc. 86).
2. 3uauenue arcsin a.Ilo onpenesennuio o6paTHON QYHKIINY (HA BLIOPAHHOM IIPO-

. . T, T
MeXKYTKe), ecjIu sin ¢ = a, To arcsin a = @, mpuuem Q€ [—E; 5] | a | < 1. Takum

. T, T .
o6pasom, samuck arcsina = (| a | < 1) osragaer, ato Qe [—E; 5] usin @=a, To ecThb
T

. T
arcsin a — 3mo maxoe Hucio u3 npomexrymra [—5; 5}’ CUHYC KOMOPO020
paéen a.

. b4 n, T . 1
Hamnpuwmep, arcsm% =g, IIOCKOJBKY EE [——' —] u s1n£=5.

2’2 6
Amnajyioruuno arcsin(—ﬁ):—f, TTOCKOJIBKY -Ie [—E;E] u sin(—ﬁ)z—ﬁ.
2 3 3 2°2 3 2

3. HeuerHnocTs pynrmuu y = arcsin x. [y Haxox/JjeHUA apKCUHYCOB OTPUILA-
TeJILHBIX YHCEJI MOXKHO TAKJKe II0JIb30BAThCA HEUETHOCTIO (DYHKITUY arcsin x, To
ecThb (hopMyJIoii: arcsin (—a) = —arcsin a.
® D5ro cnenyer us Toro, uTo rpaduK GYyHKINUK Yy = arcsin x (puc. 86) cuMMeTpIUeH

OTHOCUTEJLHO Hauaja KOOPAUHAT, a TaKyKe 13 TOT0, UTO TOUKHU a U (—a) Ha

ocu Oy (puc. 87) cuMMeTPUYHBI OTHOCUTEILHO ocu Ox. Torga v cCooOTBETCTBYIO-

vl .
7.7
n N
2 \\ y //
//\\
// N
1 /// .
/ Yy =isin x
4
4
_
2 -1 -
Lt X
0 1 s X
2
/
/////
g
T -1
N
//>\\\
// ™ —

y = arcsin x

Puc. 86 Puc. 87
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

e TOUK A 1 B Ha e TUHUYHON OKPYIKHOCTH (Ha ITPOMEKYTKE [—%; g}) TaK-
JKe OyIyT CHMMETPUUYHBIMU OTHOCUTENIBbHO ocu Ox. Takum oopasom, £ COA =
= /COB.Hoarcsina=ZCOA, aarcsin (—a) =—Z COB (pucyHok 87 mpuBezeH

nasacayudadaa > 0). [Toryuaem

arcsin (—a) = —arcsina |. )

Hamnpuwmep, arcsin (—%) = —arcsin% = _%,
IIpumep. Haiigure: 1) sin(arcsin%); 2%) cos(arcsing).

Pemenue KommenTapuit

. = i <
1) b Tyers arcsin % — ¢, Torza 1o or- 1) Tax kax samuch @=arcsina (| a|<1)

nT, T .
pelesieHNI0 apKCUHYyCca IOJydaeM, O03HA4aeT, 4To Q€ [_E’ E} usmnoe = a,
qgTo
) 1 TO BCET/]A BHITIOJHAETCS PABEHCTBO
sinp==.
3 ‘s1n(arcs1na)=a,|a|<1.
Taxum ob6pasom, 9ty GOpMyTy MOMKHO He 3aIIOMU-
. ) HATB: JOCTATOUYHO 0003HAYUMDb Bbl-
sin(arcsing)zsin(ng. < pascenue 8 cKkoOKkax uepe3 O u npu-

MeHumb onpedejerue AapKCuUHyca.
2) P Ilycts arcsingz(p. Iloonpepmene- | 2) Eciu o6o3HAYUTh BBIpasKeHUe
5 B CKOOKax uepes ¢, TO 10 TpeboBa-
HUIO 3aJa4Yy HeoOXOAMMO HANTHU
[_E-E} .3 cos ¢. Vcmoanb30BaB ompeiesieHue
PE| 7y B SInNe=1. Yaureisad, apKCHHYyCa, IOJyYaeM CTaHIAPTHYIO
4TO COS P >0, umeeMm: 3a/1avy: 3Has CUHYC yTIJia, HAaluTU ero
KOCHUHYC, CJI YyTroJl HaXOAUTCA Ha

2
- 3 4
cos@=+/1-sin?q = \/1—(3) =3 IPOMEKYTKE [—g,ﬂ

Taxwum o6pasom,

HUI0O apKCUHYyCa MoJydyaeM, UTO

Torma cos@=141-sin?¢ . Tak kax

cos(arcsin§) =cosQ= 4.4 L
5 5 ¢€| —53 5 | TO HA ITOM IPOMEsKYT-
Ke cos ¢ = 0, Takum obGpasom,

cos@=+/1-sin?¢.
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§ 13. OBpaTHble TpUroHoMeTpUYeckme MyHKLMM

13.2. ®YHKUUNA y =arccos x
Tabnuma 27

1. padhmk

Y =cosx Y = arccos x

vl LN

Ha npome:xyTke [0; ] cos x yOnIBaer.

-1 X
2. 3nauenne arccosa (|a|<1)
OpvieHTrp Mpumep
arccos @ — 3TO TAKOe YHCJI0 U3 IPOo-
me:xyTKa [0; T], KocuHyC KOTOpOTO N
paBeH a. arccos—-=-., TaKk KaxK

o€ [0; 7],
cosp=a

Zelo; n] u cosEzﬁ

arccos a = @, eciau { 4 1 9

3. ®opmyna ans arccos (—a)

arccos (—a) arccos a

arccos (—a) =T — arccos a

Ob6bsACHeHUe N 000CcHOBaHMe

1. I'paduk dysrmun y = arccos x. PyHKIUA y = cos X yObIBaeT HA IPOMEKYTKE
[0; t] u mpuaMMaeT Bce 3HaueHUA oT 1 10 —1. Takum 06pasom, HA 9TOM TPOMEIKYT-
Ke QyHKIuA y = cos x uMeeT oO0paTHY (PyHKIUIO, KOoTOpasa 0o003HaUYaeTca
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

2 Yl
N/ B A
DL @ 0] a Jc=x
% 1 X 7 x
-1 /, 0 1 5 \\ X
//_1 Y = COS X\ 1
Puc. 88 Puc. 89

y = arccos x, ¢ obaactrio oupenesnernud [—1; 1] u obracTeio 3Hauenuii [0; m].
DyHKIUA Y = arccos X TakKe yobIBaeT, u ee rpaduK MOYKHO OJYIUTD U3 rpaduKa
byHKINY y = cos x (Ha 3aJaHHOM IIPOMEKYTKE) C ITOMOII[HI0 CHMMETPUYHOTO OTO-
OpaskeHUs ero OTHOCUTEIBHO IPAMOH y = x (puc. 88).

2. 3uauenue arccos a. [To onpeneneHnnio o6paTHON QYHKITNY (Ha BLIOPAHHOM IIPO-
MeXKyTKe), eCJI COS ¢ = a, To arccos a = ¢, mpuueM ¢ € [0; ] u |a|< 1. Takum
o6pasom, samuck arccos a =@ (| a | < 1) osmauaer, uro @ € [0; T] 1 cos ¢ = a, TO ecThb

arccos a — amo maxoe wucno u3 npomexcymea [0; 1], kocurnyc komopozo
pasen a.

Hanpuwmep, arccos % = g, HOCKOJIBKY ge [0; 7] u cosg = %

AHAJIOTHYHO arccos (_é): %, MOCKOJIBKY ‘Z—ne [0; ]  cos %n = —é.

3. @opmyaa aiaaarccos (—a). [ HaX 0K IeHN I apKKOCUHYCOB OTPUIIATeIbHBIX

Yuces MOKHO TaKKe II0JIB30BaThCA (DOPMYJIoii arccos (—a) =1 — arccos a.

® 570 crepyer us Toro, uro Touku a u (—a) Ha ocu Ox (puc. 89) ABIAIOTCA CHM-
MeTPUYHBIMU OTHOCcUTENLHO ocu Oy. Torga u coorBeTcTBYyIOMME TOUKU A 1 B
Ha eIMHUYHOU OKPYKHOCTH (Ha mpoMeskyTKe [0; ]) Tak:ke OyZyT cuMMeTpId-
HBIMU OoTHOcuTenabHO ocu Oy. Takum obpasom, L COA = Z DOB, 3Hauwur,
ZCOB=n—-4DOB=n-/ZCOA.Hoarccosa = £ COA, a arccos (—a)=~£LCOB =
=n— /£ COA. Ilonyuaem

‘ arccos (—a)=m —arccosa/|.

1 1 n_2n
Hampuwmep, arccos —5 )= m-arccos o =m— 33"

OTMeTHM, YTO PAaBEHCTBO arccos (—a) = T — arccos a 03HavaeT, YTO GYHKIUA
Y = arccos x He ABJAeTCA HU YeTHOM, HU HeUeTHO.
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§ 13. OBpaTHble TpUroHoMeTpUYeckme MyHKLMM

IIpumep. HartiguTe cos(arccos%).

Pemenue

P Ilycrs arccos% =, TOrZA IO OIIpee-

JIEHUIO apKKOCHHYyCa IIoJiydyaeM, 4YTO

2
cosQ= 3 Taxkum o6pasom,

2 2
cos (arccosg) =cosQ=1. <

13.3. ®YHKUUNA y = arctg x

KommenTapui

IToCKOMBKY 3aIHUCh () = arccos a
(| a| < 1) osmauaer, urto ¢ € [0; n] u
COS () = @, TO BCET/la BEITIOMHACTCA Pa-
BEHCTBO

al<1 ‘

9Ty popMysIy MOKHO He 3aIlOMMU-
HATb: IOCTATOYHO 0003HAYUMb BbLDANCE-
Hue 6 CKoOKax wepes ¢ U NpuMeHums
onpede/erue apKKoCUHyCa.

’ cos (arccos a) =a,

Tab6uauima 28
1. padhmk
y=tgx y=arctg x
1 1 y‘ 1 1 y‘
! ! ! ! d
i i i i 2
| | | 131
- ; ! 12
3n| _xj ! !
,711! gi 0 %i T i x
| | | | 0 x
T, T
Ha nmpomexyTre (—5;5) tg x Bo3pac- T
2
Taer.
2. 3Ha4eHue arctg a
OpvieHTrp Mpumep
arctg a — 3T0 TaKO€ YMCII0 U3 IIPoMe-
T, T
KYTKA (——;—), TaHTeHC KOTOPOTO0
272 arctg[ :E, TaK KakK
paBeHa. 3
T T, T T
Z€l-55 5 - =v3.
e( n.n) 3 (2 2)Htg3 V8
arctg a = ¢, eciu 2’ 2)
tgo=a
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

IIpomoxsx. Tabm. 28

3. HeyeTHOCTb pyHKLMK iy = arctg x

arctg (—a) = —arctga

O6bsAcHeHUe 1 0bocHOBaHMe

1. I'paduxr dysknun y = arctg x. Pynrnusa y = tg x Bodpacraer Ha IPOMEIKYTKe

T
(_E E) ¥ IPUHUMAET BCe 3SHAUEHU 0T —oo 10 +00. Takum 06pazom, Ha 9TOM IIPO-

MeRyTKe QYHKIUA iy = tg x uMeeT 00paTHYIO PYyHKI[MIO, KOTOpasd 0603HaUaeTC s
o T, T

y =arctg x, c 061acThI0 OIIpeiesieHNs (—O0; +00) 1 MHOYKECTBOM 3HAUEHU N (_E; E)'

Dyurnudg y = arctg x Takike Bo3pacTaer, U ee rpa()uK MOYKHO IIOJTYUUTH U3 rpadu-

Ka QyHKIuu y = tg x (Ha 3afaHHOM IIPOMEIKYTKE) C IIOMOIIIBI0 CHMMETPUYHOTO

0TOOpaKeHUA OTHOCUTEIBHO IPAMOi y = x (puc. 90).

2. 3uauenmue arctg a. Ilo onpenenenuto o6paTHOM GyHKITUY (Ha BEIOPAHHOM IIPO-

MeXyTKe), ecau tg ¢ = a, To arctg a = @, npuuem Q€ (_E 5) Takum obpasom,

3amuch arctg a = ( 03HAUAEeT, UTO Qe (—%; g) utg ¢ =a.ToecTs

Y 8 arctg a—amomaxKoe4ucious3 npo-
0 7

Il N, MmaHz2eHCc KOmo-

2’ 2)
pozo pasen a.

menymea (

ISE]
4

\\
\

Hanpuwmep, arctg ?3 = %, TIOCKOJIb-

n) u tgn—ﬁ

b1 T,
Wes\Te B

Amanormuso arctg (-1)=—

[\

6 3

b

I
4

N
\\
\\
\\
\\
\\
\\
\,

LIOCKOJIBKY ——e (—g E) tg (__) -1,
Puc. 90
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§ 13. OBpaTHble TpUroHoMeTpUYeckme MyHKLMM

3. Heuernocts hynrmun y = arctg x. [lna Uy

HAXOXICHUA apKTaHI'€HCOB OTPpUIlATE/Ib- AMa

HBIX YHCeJ MOKHO TaKyKe MOJIb30BAThCA
He4YeTHOCThI0 (PyHKIIUU arctg x, To ecTb

dopwmynoii arctg (—a) =—arctg a. hat ,1 >
ON&X C x
@ D570 crenyer us Toro, uTo rpadUK GYHK-
nuu y = arctg x (puc. 90) cummeTpuueH B
OTHOCUTEJILHO HavaJjia KOOPAWHAT, a 4
TaK’Ke U3 TOTO, UTO TOUKHU @ U (—a) Ha JIu-
Puc. 91

HUU TAHTEHCOB ABJIAIOTCA CUMMETPUY-
HBIMU OTHOCUTeJIbHO ocu Ox (puc. 91).
Torma u cOOTBETCTBYIOIME TOUKY A 1 B Ha e IUHUYHOMN OKPYKHOCTH (HA ITPO-

m, T
MeKyTKe (_5; 5)) TaKsKe OyIyT CHMMeTPpUYHBIME OTHOCUTEIbHO ocu Ox. Ta-

Kum obpasom, £ COA = Z COB. Ho arctg a= 2 COA, a arctg (—a)= —£ COB.
IToryuaem

‘ arctg (—a) = —arctga|. O

Vs _ =

3 6

3

Hanpuwmep, arctg (—?)z —arctg

ITpumep Haiinure tg (arctg 4).
Pemenue KommenTapui
P Ilycts arctg 4 = ¢, Torma mo ompe- ITockonbky 3anuch ¢ = arctg a o3Ha-
[eJIEHUIO apKTaHTeHCca II0JIyYaeM, UTO T
tg o =4. yaer, uTo Q€ (—5;5) utg ¢=a, To BCe-
Takwum o6pasom, TIa BBITIOJTHAETCS PABEHCTBO
tg (arctg4)=tg o =4. < ‘tg(arctga)=a‘.

ATy GopMYyJSTy MOIKHO HE 3aIIOMU-
HaATh: 00CMAMOYHO 0003HALUMD 8bLPA-
Jcenue 8 cKobKax yepes O u npumMeHums
onpedesieHue ADKMAH2ZEHCA.
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

13.4. ®YHKUUNA y = arcctg x
Tabnuima 29

1. T'padpmk

y=ctgx y=arcctg x

vi oy
\ \ \ \ i

\ _ \ AN TE ﬁ ; \ %
i 2 i ’ \
Ha nmpomerxkytke (0; ) ctg x yObIBaer. 0 ;
2. 3Ha4yeHMe arcctga
OpvieHTUp Mpumep

arcctg a — 310 TaKoe YHCJI0 U3 Mpo-
me:kyTEa (0; T), KOTAHTeHC KOTOPOTO arcctg J3= g, TakK KakK

paBeH a.

eoe (0; 1), %G (0; ) m ctg%:\/g.

arcctg a =0, ecnu
ctgp=a

3. ®opmyna gns arcctg (—a)

arcctg (—a)=mn —arcctga

=)
B3 ]

-1

O6bsAcHeHUe 1 0bocHOoBaHMe

1. I'paduk pynrnuu y = arcctg x. Pyarnusa y = ctg x yOpIBaeT Ha IPOMEKYTKE
(0; ) ¥ TPUHUMAET BCe 3HAUEHUA OT —° 110 +°°, Takum o6pa3om, Ha 9TOM IIpoMe-
JKYTKe QYHKIUA y = ctg x mMeeT 00paTHYIO QYHKIINIO, KOTOpad o60o3HaUaeTCa
y = arcctg x, c obyacTrio onpegeseHuda (—o0; +00) i obsacTeio 3HaUeHUH (0; ).
dDyurnuda y = arcctg x TakKe yObIBaeT, 1 ee rpadMK MOKHO HOJTYIUTh 13 rpaduKa
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§ 13. OBpaTHble TpUroHoMeTpUYeckme MyHKLMM

y
T
_ Yl
yamm a

2 3 /A

. - 1
// x D 0 C x
y=ctgx
Puc. 92 Puc. 93

dyHKRIUN y = ctg x (Ha 3aJaHHOM IIPOMEKYTKE) C IIOMOIIBI0 CUMMETPUYHOTO OTO0-
PasKeHUdA eT0 OTHOCUTEJIBHO IPAMOL y = x (puc. 92).

2. 3uauenmue arcctg a. Ilo ompeneneHnio o0paTHOM QPYHKITUY (Ha BBIOPAHHOM IIPO-
MeXXyTKe), ecau ctg @ = a, To arcctg a = @, npuuem ¢ € (0; ©). Takum o6pazom,
sanuch arcctg a = ¢ osHauaer, uto ¢ € (0; w) u ctg @ = a. ToecTs

arcctg a — amo maxoe wucno usnpomexcymea (0; T), komanzenc Komopozo
pasen a.

Hanpuwmep, arcctg lzg, HOCKOJBKY %e (0;7) ctggzl.

Amnamoruuso arcctg (—é)z%ﬂ, IOCKOJIBKY 2—;6 (0;m) ctgz—;z—?.
3. @opmyaa aaa arcctg (—a). [11a HaX0KIeHUA aPKKOTAHTEHCOB OTPUIIATE T b-

HBIX UHCeJ MOKHO TaKJKe IT0Jb30BaTheA popMyJioit arcctg (—a) =7 — arcctg a.

@ D710 cremyer U3 TOTO, UTO TOUKH @ U (—a) Ha JIUHUU KOTAHTeHCOB (puc. 93)
SABJIIOTCS CUMMETPUYHBIMU OTHOCUTEJHHO ocu Oy. Torga 1 cCOOTBETCTBYIOIIIE
TOUKU A 11 B Ha e ITUHUYHON OKPYsKHOCTH (Ha mpome:kyTKe (0; ) TaKKe OyayT
CUMMETPUYHBIMU OTHOcuTeabHO ocu Oy. Takum o6pasom, £ COA = £ DOB,
suaunt, L COB=n—-/ZDOB=n—-ZCOA.

Ho arcctga =2 COA, aarcctg (—a)= £LCOB=n - ZCOA.
IToryuaem

arcctg (—a)=n —arcctga|.

Hampumep, arcctg (-1)=n—arcctgl=m7 —% = 37:.

OrMeTuM, YTO paBeHCTBO arcctg (—a) = — arcctg a o3Hauaer, UYTo QyHKITUA
Yy = arcctg x He IBJA€TCSA HU YeTHOU, HU HEUeTHOMU.
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

3amaua 1 Haiigure ctg (arcctg 7).
Pemenue

P Ilycrs arcctg 7 = @, Torza 1o ompe-
IeJIEHUI0 apKKOTAaHreHca MoJyuaeM,
uroctg @ ="7.
Taxkwum o6pasom,

ctg (arcetg M) =ctgo="7. <

3amaua 2° Jloka)kuTe, uTo arctg a+arcetg a=

Pemenue
P Ilycrs (ng—arcctg a.
1) ITockoabKy arcctg a € (0; ), TO
T, T
(pe( E, ).
2) Ecau arcctg a = j,

roctgB=a un (ng—B. Torza

tg¢=tg(§—ﬁ)=ctgﬁ=a-

Ilo ompenmeseHnIO0 apKTaHIE€HCA IIOJIY-
yaemarctg a = o.

TakuMm obpasom, arctg a = % —arcctg a,

a9ToO 1 O3HAYaeT, UYTO

arctg a+arcctga= g <

Bonpocbl Ansg KOHTpons

KommenTapuit

ITockonbky 3anuck ¢ = arcctg a
o3Hauaet, uTo ¢ € (0; T) mctg @ = a, To
BCer/ia BLITIOJTHAETCA PABEHCTBO

‘ ctg (arcectga)=a

ATy QOpMYJSTy MOKHO He 3allOMU-
HATb: docmamouHo 0603HALUMb 8bLPA-
Jcenue 8 CKOOKAX yepe3 @ U npuMeHUMb
onpedesenue apKKOMAH2zeHCA.

T

2

KommenrTapui

3amnuiiem 3aJaHHO€e PaABEHCTBO B BUie

arctg a =§—arcctg a. Ecau o6o3Ha-

Y
YUTH ¢=E—arcctg a, TO OJs JoKasa-

TeJIbCTBA PaBeHCTBA arctg a = ¢ mo om-
penesieHnI0 apKTaHTeHCa SOCTATOYHO
IOKa3aTh, 4YTO:

T, T

1)(pe(—5,5) u 2)tgo=a.

IIpu [oKa3aTeNbLCTBE CIEAYET TAKIKE
yUecTh OmpejesieHre apKKOTAHTEHCA:
ecan

arcctg a =, o

Be (0;m)uctgPf=a.

1. O6bsacHuUTe, KaKoe umcao o003HAUaeT BhIpasKeHUe: a) arcsin a; 6) arccos a;
B) arctg a; r) arcctg a. IIpu KaKX 3HAUEHUAX @ CYIIECTBYIOT 3T BhIPDAKEeHUA?
IIpommtrocTpupyiiTe 00bACHEHNIE TPUMEPAMMU.

2. O0bACHUTE, KAK MOYKHO ITOJIYYUTh I'PaUKN OOPATHBIX TPUTOHOMETPUUECKUX

byHKITUI.
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§ 13. OBpaTHble TpUroHoMeTpUYeckme MyHKLMM

3"

8.

9"

W3o6pasuTe rpadmKu 00PATHBIX TDUTOHOMETPUUECKUX PYHKITU, YKAXKUTE U
00oCcHYIiTe UX mpocTelniue cBoiicTBa (06/I1aCTh OIIpeiesIeH s, MHOKEeCTBO 3Ha-
YyeHWUli, BO3pacTaHme Ujiu yObIBaHMe, YUeTHOCTh, HEUETHOCTD):

a)y=arcsinx; ©0)y=arccosx; B)y=arctgx; r)y = arcctg x.
. ObocuytiTe GOPMYJIBI:

a)arcsin (—a)=—arcsina; 6) arctg (—a) =—arctga;

B) arccos (—a) =T —arccos a; r)arcctg (—a)=n—arcctga.

YnpaxHeHus

Beruucaure (1—9).

.1) arcsin 0; 2) arcsin 1; 3) arcsin%;

4) arcsin ﬁ; 5) arcsin (—1); 6) arcsin(—%).

2
.1) arctg 0; 2) arctg 1; 3) arctgx/g; 4) arctg(—«/g).
.1) arccos 0; 2) arccos 1; 3) arccosé;
4) arccosé; 5) arccos (—1); 6) arccos(—%).

.1) arcctg 0; 2) arcctgé; 3) arcctgx/g; 4) arcctg(—\/g).

. 1) sin(arcsin%); 2%) cos(arcsin%); 3% tg(arcsini); 4%) ctg(arcsin%).
1) tg (arctg T); 2 ctg(arctg%); 3")sin (arctg 3);  4°) cos(arctg2).
1) cos(arccos%); 2% sin(arccos%); 3% tg(arccosg); 47 ctg(arccos%).
1) ctg(arcctg7); 2% tg(arcctg%); 3%) sin (arcctg 5); 47) cos(arcctg%).
1) arcsin(sin%); 2) arcsin (sin 7); 3) arccos(cosz%); 4) arccos (cos 8);

5) arctg(tg%n); 6) arctg (tg 4); 7 arcctg(ctg%); 8) arcctg (ctg 10).

. T
10*. MoxasxkuTe, uTo arcsin a+arccos a=— mpu|a |<1.

T2
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PELLEHUE NMPOCTEMNLLNX TPUTOHOMETPUYECKUNX
YPABHEHUN

IIpocreiimuMu TPUTOHOMETPUYECKUMY YPaBHEHUAMY HAa3bIBAIOT YPaBHEHU A
cosx=a,sinx=a,tgx=a,ctgx=a.
Yro6bI pacCy:KAeHUA IO HAXOXKICHUIO KOPHEeH 9TUX YpaBHEeHUU Obliu 6oJiee
HarJIAIHBIMU, BOCIOJIb3yeMcsA I'pa@KaMU COOTBETCTBYIOMUX (DYHKITUN.

14.1. YPABHEHUE cos x=a
Taonuima 30

1. Tpadryeckan NNIOCTPALIMA U PeLLeHne YpaBHEHMA cos x =a

[pahmyeckasn NNaCTpaLms

Ly
y=a(@>1)
1 -
/\ ./\ y=a
. Xy 0 Xq i x2+2TE x1+2TC X
- tolo " N
—arccos a 1 arccos a y=a(a<-1)

PeLueHus MNprimepsl

1
cosx=a 1. Pcosng,

1
xziarccos5+2nn, ne 7z,

la|>1 la|<1
- x=+2+2nn,ne Z. 4
’ KopHeii HET ‘ 3
2. b cosx=+/3.
’x =tarccosa +2nn,ne 2 ‘ Kop=eii HeT, TOCKOILKY V3>1.<

2. YacTHble ciyyam peLleHns ypaBHEHWNS cos X = a

cosx=0 x:§+nk, ke Z

cosx=1 x=2nk,keZ

cosx=—-1 x=n+2nk, ke Z
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§ 14. PelleHne NpOCTENLLMX TPUTOHOMETPUYECKUX YPABHEHNI

Ob6bsicHeHUe N 000oCcHOBaHMe

1. Kopau ypaBaenus cos x = a. IIpu | a | > 1 ypaBHeHue He mMeeT KOpHeii, I0-
CKOIBKY | cos x | < 1 gusa mro6oro x (IpaMas y = a Ha PUCYHKe u3 myHKTa 1 Tabim-
bt 30 mpu a > 1 miu npu a < —1 He nepecekaeT rpaduK GYHKIIUY I = COS X).

ITycrs| a | < 1. Torma mpsmas y = a mepecekaeT rpaduk dyHKmun y = cos x. Ha
npomeskyTKe [0; ] dyHKIUA y = cos x yoriBaer ot 1 1o —1, mosTomMy ypaBHeHUE
COS X = @ UMeeT TOJBKO OJUH KOPEHb X ; = arccos @ Ha 9TOM IIPOMEKYTKe (puc. 13
oyakTa 1 tada. 30).

Kocunyc — uerHasi QyHKIUs, T09TOMY Ha nmpomekyTke [—m; 0] ypaBHeHUe
COS X = a TaKyKe UMeeT TOJbKO OJJUH KOPeHb — YHCJIO, IPOTUBOMOIOMKHOE X, , TO
ecTb X, = —arccos a.

Taxkum 06pasom, Ha TPOMEKYTKe [—T; ] (IIuHOI 21) ypaBHEHUE COS X = @ TIPU
| a | < 1 mmeer ToTBKO KOpHNU X = + arccos a.

DYHKIUA I = COS X TePUOAUUECKAs C IePUOAOM 2T, TOITOMY BCE OCTAIbHBIE
KOPHU OTJINYAIOTCA OT HaliJeHHBIX Ha 271tn (n € Z). ITomyuaem caegyroyio hopmy-
7y KOpHel ypaBHeHHs cosx=a mpu|a|<1:

=+ arccosa+2nn,nec Z

. 1)

2. YacTHblIe cayyau pelieHUA yPaBHEHU COS X = d.

@ Iloses3HO IOMHUTH CIIEIHAIbHBIE 3aIIMCH KOPHEil ypaBHeH!A cos X =anupua = 0,
a=-1,a =1, KoTOpBIe MOYKHO JIETKO IIOJYUYUTD, UCIOJb3Yd KAK OPUEHTUD
eIMHUYHYIO OKPYKHOCTD.

ITocKkoMBKY KOCUHYC PaBeH a0CIICCe COOTBETCTBYIOIIEH TOUKY eTUHUYHOM OK-
PYKHOCTH, TIOJTyUaeM, UTo cos x = (), ecJii COOTBETCTBYIOIEH TOUKO e TUHUY-
HOM OKPYKHOCTHU ABJIAETCA TOUuKa A niau Touka B (puc. us myukra 2 raba. 30).
Torga

x= g +nk, ke Z.

Amnajoruuno cos x = 1 TOTIa ¥ TOIBKO TOT[a, KOTIA COOTBETCTBYIOIEl TOUKOMA
eIVUHUYHON OKPYKHOCTH siBasAeTcA Touka C, cieoBaTesnbHo, x = 21k, k € Z.
Takske cos x = —1 Torma 1 TOIBKO TOTA, KOT/Ia COOTBETCTBYIOIIIE TOUKOM eu-
HUYHOI OKPYKHOCTH sIBJIsAeTca Touka D, Takum obpasoM, x =7t + 2nk, ke Z.

Mpumepbl pelueHvis 3agay

1
3agaual Pemute ypaBHeHUe COSX = 5

Pemenue KommenTapui

1
> x= iarccos(—E) +2nn, ne Z, TIOCKOTBRY ‘

1
—5|< 1, To faEHOE ypaB-

HEeHUNe BHujaa Cos X =d uMeeT KOPHU, KO-

= _r .
x= i(n 3 ) +2nn, TOpBIE MOKHO HatTH o popmy.re (1).
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x= J_r%n+2nn.

Omeem: i2—§+2nn, neZ.<

3amaua 2

Pemenue

P TlocKOIBKY |\/§|>1, TO KOpHEeH

HeT.
Omeem: KopHel HeT. <]

3amaua 3
Pemenue

1
> 4x:iarccos§+2nn, ne Z,
1 1
x=*-arccos—+ =, ne Z.
4 3 2
Omsem.:

1 1 nn
t—arccos—+ — .
n P neZ.<

1
J1qa BeIuncaeHU A arccos(—E) MO~

HO BOCIIOJIE30BaThCA (DOPMYJIOH:
arccos (—a) =T — arccos a.

Torma

arccos(—%) = n—arccos(%) =N——=—

PemtuTe ypaBHeHUE COSX = x/§

KommenTapuit

ITockonbKy | J2 | >1, To TaHHOE ypaB-

HeHUe He UMeeT KOpHel (To ecTh Gop-
myay (1) HeIb3A IPUMEHUTD).

1
Permiure ypaBHeHue cos 4x = 3

KommenTapuit

1
ITockoabKYy 3 <1, ToO MOXXHO BOC-

oJIb30BaThCA (popmyaoii (1).

1
YuureiBas, 4TO arccos§ He ABJAETCA

TAOJIUUYHUM 3HAUEHNEM, JJIS IIOJIyUeH-
HUS OTBETA JOCTATOUHO IIOCTIE HAXOMXK-
nenus 4x o popmye (1) 0b6e yactu mmo-
CJIe[HEro ypaBHEHUA pa3feIuTh Ha 4.

3ameuaHu e. Eciu mo ycsioBUIO 3afaHUA HEOOXOAUMO HANTH TPUOIMIKEHHOe

3HaYeHue ROpHeﬁ JAaHHOI'O YPaABHEHUA HA KAKOM-TO IIDOMEXYTKeE, TO C IOMOIIBIO

1 1 T
KaJBKyIATOPa HAXOAMM , rccos - = 0,31, 57 1,57, zanuceiBaem npubansxeHHOE
3HaueHUe KopHe# B Buge x = = 0,31 + 1,57n, n € Z, Haxogum npubImKeHHOe
3HaveHue KopHeii mpun =0, 1, +2... u BEIOUpaeM KOPHU, BXOIAIINE B JAHHBIN

TIPOMEKYTOK.
V2

Pemure ypaBHeHUTE COS (Zx —g) ==,

3agaua 4 P

Pemenue KommenTapui

2
ITocKoaBKY <1, TO MOXXHO BOC-

2
> 2x—§= iarccos%Jann, ne Z,
moJsib3oBaThea opmyJioi (1) aasa Ha-
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§ 14. PeleHne NPOCTENLLMX TPUTOHOMETPUYECKUX YPABHEHNI

2x—§=i%+2nn,

x=£i£+nn, neZ.
6 8

Omeem: %i§+nn, neZ.<

14.2. YPABHEHME sinx=a

XOXAeHUudA 3HAYEHUA BBIDAXEHUA

T
2x— 3’ CTOFIIET0 IIOJ BHAKOM KOCUHY-

ca. ITocie aTOT0 113 TOJTyYeHHOTO JINHE -
HOTO YPAaBHEHUA HAXOIUM X.

Ta6auima 31

1. Tpadumyeckasd nnmocTpauma 1 pelleHns ypaBHeHns sinx =a

Ly

[padmyeckan nnaCTpaLmng

y=a(a>1)

N YT

nola 4

y=sinx

N

—14

[arcsina © — arcsin a

2

PeLueHns

y=a(a<-1)

Mprmepsbl

sinx=a

la|>1 la|<1

’ Kopueii Het ‘

’x= (-1)*arcsina +mn,n e Z‘

1. » sinx=

2.

’

N | =

x=(—1)"arcsin%+7m, neZz.

x=(—1)n%+7m, neZ. <
» sinx=+/3.
Kopmreii HeT, Tak Kax J3>1. <

2. YacTHble ciyyam peLleHns ypaBHEHWS sinx =a

Yy
11A
sinx=0 x=nk,keZ
D c sinx=1 x=§+2nk,kez
t
sinx=-1 x=—§+2ﬂk,kez
-1 B
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O6bsAicHeHUe 1 0bocHOoBaHMe

1. Kopuu ypaBHenus sin x = a. IIpu | a | > 1 ypaBHeHUe He nMeeT KOpHei, 1Io-
CKOJBKY | sin x | < 1 gs mro6oro x (IpaMas y = a Ha pucyHKe 94 mpu a > 1 wim npu
a < —1 He mepecekaeT rpad@uk QyHKIIUY Iy = sin x).

ITycrs | a |< 1. Torga npamas y = a mepecekaeT rpaduk ¢pysxmun y =sin x. Ha

T, T .

TIPOMEKYTKE [_E; —J dyaKIIMA y = sin x BodpacTaeTr oT —1 10 1, mosTomy ypaBHe-
HUe Sin X = @ ©MeeT TOJIbBKO OAMH KOPEHb X ; = arcsin a Ha 5TOM IPOMEKYTKe
(puc. 94) (u gasa 3TOrO0 KOPHA Sin x = a).

Ha npomerxyTke [%, 3—;] dyuKIUA y = sin x yowsiBaer ot 1 go —1, mostomy
ypaBHeHUE Sin X = ¢ UMeeT Ha 3TOM MPOMEKYTKe TaKiKe TOJIbKO OIUH KOPEHb
x,=n—arcsina (puc. 94). [[;11 TpOBePKK IPABUIBHOCTH 3aIIACU 3HAUCHUA BTOPO-
T'0 KODHA X, 3aMeTHUM, UTO X, =TT — X, TOTAA 8in x, = sin (m— xl) =sinx, =a.Toecrs
X, — KODeHb ypaBHEHUA Sin x = a.

Taxum 06pa3oM, Ha TPOMEIKYTKE [—g; 3—275} (nnuHOM 2M) ypaBHEHUeE Sin x = a
npu| a |< 1 umeer TOIBKO KOPHHM X, = arcsin a, x, = — arcsin a.

DyHKIUA Y = Sin X mepuoguvecKas ¢ IepruooM 27, I0ITOMY BCe OCTAIbHbBIE
KOPHU OTJINYAIOTCA OT HalileHHbIX Ha 21k (k € Z). Ilosryuaem ciegyrorinme popMmy-
JIBI KOPHel ypaBHeHN sin x = a mpu | a |< 1:

x =arcsin a + 2nk; (1)
x=m—arcsina + 2nk, k€ Z. (2)

Bce 3HaueHNA KOpHeii ypaBHeHUA sin x = a mpu | a | < 1, KoTopsle garoT hopmy-
bl (1) 1 (2), MOKHO 3aTICATh C TOMOIITHIO OLHOM (hOPMYJIEI

. 3)
HeticTBUTEeIbHO, U3 POPMYIHI (3) Ipu YeTHOM 12 = 2k oJIyuaeM

x =arcsin a + 2nk — popmyny (1), a npu HeueTHOM 1 = 2k + 1 — opmyry
x=-—arcsina +n (2k + 1)= n—arcsin a + 21k, To ecTs hopmyry (2).

‘ x=(—1)"arcsina+rn,ne Z

v)
y=a(a>1)

NG T /\y=a

~ G 74— ———4 S
sz \321/351+2n x2+2n\\x

Tarcsina m —arcsin a y=a(a<-1)

rola 4
I

y=sinx

Puc. 94
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2. YacTHsble ciiyuyau pelIeHus ypaBHeHHU

sin x =a.

@ IIose3HO MOMHUTD crenuajJbHbIe 3alIU-
cukopuerinpua=0,a=-1,a=1, Ko-
TOPBIE MOYKHO JIETKO MTOJTYUUTh, UCIIOJIb-
3y KaK OPUEHTUP eJUHUUHYIO OKPYK-
HOCTH (puc. 95).

YuureiBad, 4YTO CHHYC PaBeH OpAUHATE
COOTBETCTBYIOIIEH TOUKU eIUHUYIHON
OKPYKHOCTH, ITOJIy4aeM, uTo sin x = 0,
ecJI¥ COOTBETCTBYIOIEll TOUKOU emu-

Y
11A

-1 B
Puc. 95

HUYHOM OKPYsKHOCTH ABJIsAeTcA Touka C miu Trouka D. Torma

x=7mk,ke Z.
Amnajgoruuso sin x = 1 Tora 1 TOJIbKO TOTZa, KOT/Aa COOTBETCTBYIOIEH TOUKOM
eIUHUYHON OKPYIKHOCTHU ABJIAETCA TOUKa A, CJieJoBaTeJIbHO,

T

x:§+2nk, ke Z.
Taxsxe sin x = —1 Torga 1 TOJABKO TOT[a, KOTJa COOTBETCTBYIOIEl TOUKOMA
eIUHUYHON OKPYKHOCTHU ABJISETCA TOUKa B, TakKUM 00pasom,

x:%+2nk, ke 2.0

Mpumepbl pelueHvis 3agay

3amaua 1

Pemenue

Vs

» x=(-1)"arcsin (——)+ nn, ne Z.

x=(-1)" (—%)+ nn, ne Z.
Omsem:

(-1)" (—%)+ nn, ne Z.<

. 3
Penrtute ypaBHeHUE Sinx = -

KommenTapui

V3

ITockoMBKY <1, To maHHOE

ypaBHEHUE BUjia Sin X = a uMeeT KOPHU,
KOTOPbIe MOKHO HAWTH 110 hopmy.e (3).

3

)

Ona BBIUMCJIEHUA arcsin (—

MOYKHO BOCITOJIB30BATHCA HOPMYJION:
arcsin (—a) = —arcsin a.

Torga

3

T

3

. 3 .
arcsin (—7 )Z —arcsin

3ameuanue. Orser k 3amaue 1 4acTo 3aIIMCLIBAIOT B BU/IE

n+l T

3

x=(-1)
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PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

. Y
3amaua 2 PermuTe ypaBHeHme sinx = 5"
Pemenue KommenTapuit
T - T
P IlocKOIBKY ‘ Pike 1, To KopHeii HeT. ITockonery 217 1, To namHOE ypaB-

HeHUe He UMeeT KOpHel (To ecTh Gop-

Omeem: xopHeii vet. < -
MYyJI0# (3) HeJIb3s BOCIIOJIB30BATHC).

. 1
3apmaua 3 Pemnre ypaBHeHUE s1n(2x+§):§.
Pemenue KommenTapuit
1 1
> 2x+§:(—1)"arcs1n§+nn, ne Z, IToCKOIBKY ‘5 <1, TO MOKHO BOC-

moJIb30BaThCA opmytoii (3) misa Ha-

T T
2x+==(-1)"Z+nn,
4 6 X0 IeHUs 3HAUYEHUA BBIPDAMKEHUA

=(-1" R~ _T, 1
x=(-1) +—-, neZ. 2x+Z, a morom us mosy4eHHOrO IH-
12 8 2 1
Omeem: (_1)'!1_5_,_@ ne Z. <l HEHOTO0 ypaBHEHUA HANTHU IIepEMEH-
12 8 27 HYIO X.

14.3. YPABHEHUAtgx=anctg x=a
Tabauima 32

1. Tpadmyeckaa NNIIOCTPaLIMA 1 peLleHna ypaBHeHns tg x =a
Y1

y=tgx
a y=a

7% 0 "fl % xtn x
arctg a
®dopmyna Mprmep
tgx=a tgx=1.

x=arctga+nn,ne Z

P x=arctgl+nn,ne Z.
YacTHbIM CllyYan
tgx=0
x=mn,neZ

T
x:Z+Tm’ neZ.<

164



§ 14. PelleHne NpOCTENLLMX TPUTOHOMETPUYECKUX YPABHEHNI

IIpomon:x. Ta6um. 32

2. [padmyeckan NMOCTpaLMa U pelleHns ypaBHeH s ctgx =a

yA

y=ctgx
a y=a

0 X X, +7 x

arcctg a

®dopmyna Mprmep

ctgx=a
x =arcctga+nn,ne Z

YacTHbIN Criyyan ctgx="7.

ctgx=0 P x=arcctg7+nn,ne Z. <l

x=§+nn, ne 7Z

O6bsACHeHUe N 00oCcHOBaHMe

. Kopuu ypaBuenuii tg x =aunctg x = a.

Paccmorpum ypaBHenue tg x = a. Ha npomexyTKe (—%; g) byErIUAYy =tg x

Bo3pacTraer (0T —°° 10 +00), mosTOMY ypaBHeHUe tg X = a mpu JiroboM 3HaUe-
HUW @ ©UMeeT TOJIbKO OJUH KOPeHb X, = arctg a Ha 5ToM IpoMexyTKe (PUC. U3
nyakTa 1 Tabua. 32).

DyHKIUA y = tg X TepuoAMUecKas ¢ IEPUOLOM T, IOITOMY BCE OCTAJIBHBIE KOP-
HU OTJIMYAIOTCA OT HalimeHHoTo HA Tin (1 € Z). [TosmyuaeM caeayoinyio GopMyTy
KOpHell ypaBHeHUuda tg x = a:

’x=arctga+nn,neZ‘. (1)

IIpua=0 arctg0=0, Ttakum 06pasom, ypaBHEHUE
tg x =0 umeeT KopHU X =Ttin, ne Z.

Paccmorpum ypaBuenue ctg x = a. Ha mpomexxytke (0; ©) pyHKIINA Yy = ctg X
yOBIBaeT (0T +0° 10 —°°), T09TOMY ypaBHEeHMe ctg x = a mpu IT060M 3HAUEHUH
¥MeeT TOJbKO OWH KOPeHb X, = arcctg a Ha 5ToM IPOMeKyTKe (DUC. U3 ITyHKTa 2
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Tabi. 32). PyHKIUA Yy = ctg X mepuoguyuecKas ¢ IePUOIOM T, IOITOMY BCE OC-
TaJbHbIE KOPHU OTJINYAIOTCS OT HalimeHHoTO HA TN (1 € Z). [loryuyaeM TaKkyio
dopmyny KopHell ypaBHeHUA ctg x = a:

x=arcctga+1tn,neZ‘. (2)

Ilpua=0 arcctg0= %, TaKuM 00pa3oM, ypaBHEHUE
ctg x = 0 UMeeT KOpHH X = g +nn, ne Z. O

Mpymepbl pelLeHns 3apa4

Samaual Pemmure ypaBHeHUE tg X = —3.
Pemenue KommenTapui
> x =arctg(— J3 )+Tcn, ne Z. VpaBHeHUe tg X = @ ©UMeeT KOPHU IIPH

JII000M 3HAUYEHWUU d, IOITOMY BCerga

MOKHO BOCIIOJIL30BaThC (popmyJioii (1):

x=arctga+nn,ne Z.
Omeem: —§+nn, neZ.< Has HaxojgeHus arctg (_\/§)
MOYKHO IPUMEHUTH (POpMYJIIy

arctg (—a)=—arctg a. Torma

arctg (—\/5) =-—arctg J3=-I,

3
X T
3amaua 2 Pemure ypaBHeHUE tg (E _Z) =1.
Pemenue KomMmenTapuit
p - Z=arctgl+nn, ne Z, Crauasa mo dopmyse (1) Hafizem
2 4
X m_m x_T
X I_Tinn, 3HAYEHIIE BEIDAKEHUA  — ' 2 [IOTOM 13
2 4 4
x=n+2nn,ne Z. TOJYYEHHOTO JUHENHOTO YPaBHEHUA
HalieM 3HaUeHUe [IepeMeHHO X.
Omeem:n+2nn,ne Z. < A p

3amaua 3 Pemuite ypaBHeHmE ctg x = 5.
Pemenue KommenTapui
P x=arcctgh+nn,nec Z. YpaBHeHUe ctg x = a UMeeT KOPHU

mpu JI000M 3HAUEHUU d, TIOATOMY BCe-
TIa MOKHO BOCIOJIb30BaThCA (hopMy-
Joii (2):

x=arcctga+mnn,ne Z.

Omeem:arcctg b+ nn,ne Z. <
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YuursiBas, uTo arcctg 5 He ABIAET-
cA TabIuYHUM 3HaUeHueM (cM. TabJ. 8,
IpUBEeHHYIO Ha C. 47), monyueHHasA
dopmyIa 1aeT OKOHUYATEIbHBIN OTBET.

Samaua 4 Pemrute ypaBHeHue ctg (3x + %) =-1.

Pemenue KommenTapui

Cuauajia mo ¢opmyJie (2) Haligem
> 3x+%=arcctg(—1)+nn, neZz, bopmyze (2) A

T
3HaUeHUe BEIPAIKeHUA 3X +E’ amoTOM

3x +% = 37: +7n, 13 [IOJIyYeHHOT'0 INHENHOTI'0 ypaBHEHU A
HaleM 3HaUeHNe TIePEMEHHOM X.
_Tn nn . neZ. Hna naxoxaerus arcctg (—1) Mosk-
36 3 HO BOCIIOJIb30BAThCA (POPMYJIOT
T mn arcctg (—a)=mn—arcctg a. Torga
Omeem: 36 T3 € Z. <

arcctg(—1)=mn—arcctg 1= n—% ==t

Bonpocb! Asnis KOHTPONS

1. Kaxue ypaBHeHUs HA3bIBAIOT IPOCTEHIIINMY TPUTOHOMETPUYECKUMY ?

2. 3amumrure GOPMYJIbI PEIIEHNA TPOCTEHIITNX TPUTOHOMETPUUYECKUX YPABHEHUIA.
B kakux cayuasix HeJIb3s HAUTU KOPHU IMPOCTEHMIIIero TPUrOHOMEeTPUYECKOTO
ypPaBHEHU 1O 3TUM (hopmysam?

3*. BeiBemTe (DOPMYJIBI PEIIIeHI IPOCTENIIINX TPUTOHOMETPUUECKUX YPABHEHNIA.

4*. O6ocHYHTE (DOPMYJIBI PEITIEHUS TPOCTENIITNX TPUTOHOMETPUUECKUX YPABHEHU I
JLJIsI YaCTHBIX caydaeB (Aasgsinx =aucosx =acayuvauna=0; 1; -1, mnatg x =a
u ctg x = a cnyuaii a = 0).

YnpaxHeHus

Pemmnre ypaBuernme (1—11).

1°.1) cosng; 2) cosx:x/g; 3) cosxz—%; 4) cosx=——.

2°.1) sinle; 2) sinx:ﬁ; 3) sinx:—l; 4) sinx:—ﬁ.
2 2 2 2

3.1)tgx=1; 2) tgx=—;  8)tgx=-1;  4)tgx=—3.

Jg’
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4°. 1)ctgx=1; 2) ctgx=—F;
) ctg ) N
5. 1)sinx=-0,6; 2)cosx=0,3;
6. 1) cos 2x=%; 2) sin 4x = 0;
() N2, ¢ 2.
7. 1) sm(—z)— 5 2) cos_=———
8°.1) sin Zx:ﬁ; 2) cosfz—l,
2 3
9. 1) sin(—f)z—z; 2) cos(—Zx)z—ﬁ;
3 2 2
10. 1) 2cos(£—£)=«/§;
2 6
3) 25'1n(3x—§):—\/§;

11. 1) cos(%—Zx):—l;

3) 2s‘m(E—£)
3 4

€

J3;

’

3)ctgx=-1;
3)tg x =-3,5;
3)tg 3x=1;

3 tg(_f):L,
) te(=5)=p
ox _ 1,

3) sz_ ;

1

E;

2) V3tg(£+%)=3

3) tg(—4x)=

4) ctg x=—+/3.
4)ctg x=2,5.

4)tg 4x = 3.

1.

X
4) ctg7—
4) cos 4x = 0.

4) ctg(—%)zl.

4) sin(%—%)+1=0.

X .
2) tg(rz) -5

4) 2cos(§—3x)=«/§.

Haiigure KOopHU ypaBHEHU HA 3aJJaHHOM TpoMeKyTKe (12—13).

2

12%.1) sin 8x=—,
X
13".1) sin 3x=—%,

3)cosx=1, [-6,

[_

[0, 2r];

[-3m, 3n];

4, 4];

16];

2) cos 3x =£, [-m, s
4)ctg4x=-1, [0, m].

2) sin%zO, [-12, 18];
4) cos3x=—ﬁ, [1, 7].
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PELLUEHUE TPUTOHOMETPUYECKUX YPABHEHUN,
OTJINYAIOLLMUXCA OT MPOCTEMLLNX

Kaxk mpaBuo, pelieEre TPUTOHOMETPUYECKUX YPABHEHUH CBOAUTCA K PeIre-
HUIO IIPOCTENIINX YPAaBHEHU € IIOMOIIBIO ITPe00Pa30BaHUI TPUTOHOMETPUUYECKIX
BBIPAXKEHU, PA3JIOYKeHU A Ha MHOYKUTEIU 1 3aMeHbI IlepeMeHHbIX.

15.1. 3AMEHA NEPEMEHHbIX NMPU PELLEHUU TPUTOHOMETPUYECKNX
YPABHEHUI

Cisiemyer TOMHUTH OOII[UIT OPUEHTHUDP, KOT[a 3aMeHa IePeMEeHHBIX MOYKET BbI-
TOJHATHCS 0e3 TPeodpa30BaHNA JaHHBIX TPUTOHOMETPUUYECKUX BhIPAKEHUI.

Ecnu 6 ypasnenue, HepaéeHcmeo uiu moxdecmeo nepemeLnas 6xo0um
6 00nHOM u mom sce 6ude, mo yodoobHo coomeemcmayrouiee 6bLpasiceriLe c ne-
pemenHoU 0603Ha umb 00HOU 6YKE601U (H0601 nepemernHOLL).

3amaua 1 Pemure ypasuernue 2 sin? x — 7 sinx +3=0.
Pemenue KommenTapui
P Ilycrs sin x = ¢, Torga moJydaem: Ananusupys BU 5TOTO YPaBHEHUS,
212 —-Tt+3=0. 3aMedaeM, 4TO B €r0 3aIllCh BXOLUT
1 TOJIBKO OJHA TPUIOHOMETPHUYECKAas
Orciona t, =3; t, = 2 (yaKNa sin x. IlosToMy yI06HO BBec-

TU HOBYIO IepeMeHHYIO0 Sin x =¢.

1. Ilpu t = 3 umeem sin x = 3 — ypaBHe-
ITocJie perieHnsA KBaAPATHOTO ypaB-

HUEe He UMeeT KOPHEH, ITOCKOJIbKY

| 3 | -1 HeHUA He00XOqMMO BBITOJIHUTL 00paT-
HYI0 3aMeHY U PEIUTh MOJTyYeHHbIEe ITPOo-
2. Mpu t= 1 nMeeM Sinx = l, CTelIIe TPUTOHOMETPUUEeCKYe ypaBHe-
2 2
HUS.

.1
rorga x =(-1)" arcsin St

x:(—l)"%+nn, neZ.

Omeem: (—1)"%+nn, neZ.<l

3aMeuaHue. 3anuChIBad peIlleHnA 3agaun 1, MOYKHO ITPpU BBeIeHU Y 3aMeHbI
sin x =t yuecTs, uro| sin x | < 1, m sanucars orparudenus | t | < 1, a ganzee 3ame-
TUTE, 9TO OJWH 13 KOPHel ¢ = 3 He y[0BIETBOPAET yCI0BuIo | ¢ | < 1, u mocte aToro

1
00paTHY0 3aMeHY BBITOJIHATH TOJAbKO IJIs ¢ =5
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3amaua 2 Pemure ypaBuenue tg? 2x — tg 2x = 0.

KommenTapuit

B samamnoe ypaBHeHUe ITepeMeHHasa BXOAUT TOJbKO B Buze tg 2x. IToaTomy
ymoOHO BBECTU HOBYIO IiepeMeHHY0 tg 2x = t. [Tocse BBITIOTHEHUA 0OpaTHOM 3aMe-
HBI 1 PEIIIeHU A IIOJIYyY€HHBIX npoc'reﬁmnx TPUTOHOMETPUYECKUX ypaBHeHI/Iﬁ cJje-
AYeT B OTBET 3alIMICaTh BCE IIOJITYyY€HHbIC KOPDHMU.

Pemenue

P Ilycrs tg 2x = ¢. Torma moyuaem t* — ¢t = 0. Orcroga t (12— 1)=0, Toectb t =0
nian t2—1=0. U3 mocaenuero ypasueHnus umeem t2=1, rorgat = 1 unm ¢ = —1.
BrimostHAEM 06paTHYIO 3aMeEHY:

1. IIput=0umeemtg 2x =0, rorma 2x =nn, n € Z. Takum o6pasom, xz%, ne”.

2. Ilpu t =1 umeem tg 2x = 1, Torma 2x = arctg 1 + nm, 2x=§+nm. CiemosBa-
TeJILHO,

x=2+" me Z.
8 2

3. IIput=—-1umeemtg 2x=-1, Torga 2x = arctg (—1) + 1k, 2x=—§+nk. Orcionma
x=-"+" Lez.
8 2
Omeem: ™ ne Z; 2+ me Z; —£+n—k, ke Z. <
2 8 2 8 2

IIpu moucke miana perreHus 60Jiee CI0KHBIX TPUTOHOMETPUYECKUX YPaBHe-
HUI MOXHO BOCIIOJIb30BATHCA TAKUM O PUEH THU P O M.

1. IIpobyem npugecmu 6ce mpuzonomempuyecKue PYHKyuuL
K 00HOMY apzymenmy.

2. Ecau ydanocv npugecmu Kk 00HOMY apzymenmy, mo npodyem 6ce mpuzoHo-
MmempuyecKue 6blpANEHU NPUEeCMU K 00HOU QYHKYUL.

3. Ecau x o0nomy apeymenmy yoanoce npugecmu, a K 00HOU PYHKUUUL — Hem,
mozoa npobyem npueecmu ypasrHenue Kk 00HOPOOHOMY.

4. Bopyeux cayiaax neperocum éce wieHnbl 6 00HY CMOPOHY U NPoOYeM noLY-
YUmsb npouséedenue Uil UCNONb3YeM Cneyuanibible nPUeMbl PeuleHUL.

15.2. PELLEHWE TPUTOHOMETPUYECKNX YPABHEHUI NPUBEAEHUEM
K OAHOW ®YHKLUMN (C OANHAKOBbIM APTYMEHTOM)

3amaua 1 Pemute ypaBHeHue cos 2x — 5 sinx —3=0.
Pemenue KommenTapui
P Ucnoabsya GopmMyay KOCHUHYyCA Bce rpuronomerpuueckue hyHKIIT

IBOMHOTO apryMeHTa U OCHOBHOe | IIPUBOAUM K OLHOMY apryMeHTY X, HIC-
TPUTOHOMETPUUECKOE TOXKIECTBO, | II0Ib3Yyd (popmyry
IoJIy4aeM: cos 2x = cos? x —sin? x.
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cos?x—sin?x—-5sinx—-3=0,
1-sin?x—sin?x—5sinx—3=0,
—-2sin?x—-5sinx—-2=0.
3amena sin x =t faeT ypaBHeHUe
—2t2-5t-2=0.

1
Torma 2t*+ 5t +2=0,t,=-2, t, =5
Brimosraaem 00paTHYIO 3aMeHY .

1. Ilput=—-2umeemsin x =—2 — Kop-
Heil HeT, TOCKOJBKY | 2 |> 1.
2. Ilpu t :—% nuMeeM Sinx =—%. Tornma

x=(-1)" arcsin(—%) +7n,
x=(-1)" (—%)+ nn, ne Z.

Omeem: (-1)" (—%)+nn, neZ.<

IToTrom Bce TpuroHomMeTpuueckue
BBIPAYKEHU S IPUBOAUM K OTHOU PyHK-
muu sin x (yYuTbIBaeM, 4To

cos?x =1 —sin?x).

B nonyueHHOe ypaBHeHUe IlepeMeH-
Had BXOOUT B OJHOM M TOM XK€ BHUE
sin x, M09TOMY YIOOHO BBIIIOJHUTH 34~
MeHy sin x =t.

3ameuanue. [IpuKeranuu OTBET MOMKHO 3aIIKNCATH B BUIE

n+l
(-1) s
3agaua 2

Pemenue

> tgx+ti=3. Samena tg x = t gaer
g x

ypaBHeHmHe ¢ +§ =3.
IIpu t # 0 mosryuaeM paBHOCUJIBHOE
ypaBHenwue t2— 3¢t +2=0.
Orcromat, =1,t,=2.
Brimosraaem 00paTHYIO 3aMeHY:
1. Ilpu t=1umeem tg x =1, Torma
x = arctg 1 +nn,

x:§+nn, nelZz.
2. ITpu t = 2 umeem tg x = 2, Torma
x=arctg2+mnm,me Z.

Omeem: §+nn, ne Z;

arctg2+nm,me Z. <

7

+7n, ne Z.

Pemure ypaBuenme tg x + 2 ctg x = 3.

KommenTapui

Bce aprymeHTHI yiKe OGUHAKOBBIE
(x), IO3TOMY IPUBOAUM BCE TPUTOHO-
MeTpUYECKUE BBIDAKEHUA K OJHOU
dyuKIUYT tg X (YIUTBIBaEM, UTO

1x).

ctgx=—-
tg
B nonyueHHOe ypaBHeHUe IlepeMeH-
Hasd BXOAUT B OJJTHOM U TOM Ke Bue tg x,
T09TOMY YAOOHO BBITIOJIHUTL 3aMeHY
tgx=t.
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15.3. PELLEHME OAHOPOAHbIX TPUTOHOMETPUYECKUX YPABHEHNA
N NPUBEAEHNE TPUTOHOMETPUYECKOIO YPABHEHUA
K oAHOPOAHOMY

PaccmoTpum ypaBHeHne sin? x — sin x cos x — 2 cos? x = 0. (1)
Hna moucka myiaHa pelieHnA 9TOT0 YpaBHEeHU A (HO He JJIA ero PeIlleHnA) BbI-
IIOJTHUM 3aMeHBI: sin x = u, cos x =v. Torga ypaBHeHue (1) OyzeT uMeTh BUJ
u?—uv—-2v%=0. (2)
Bce ofHOUIEHBI, CTOAIINE B JIEBOM YACTHU 3TOTO YPAaBHEHU, UMEIOT CTEIIeHb 2
(HaIIOMHUM, UTO CTeIleHb ONHOUJeHA UV TaKKe paBHa 2). B aTom cayuae ypaBHe-
Hue (2) (1 cooTBeTCTBEHHO ypaBHeHUeE (1)) Ha3bIBaeTCA OLHOPOLHBIM, U IJId Pac-
TIO3HABAHUA TAKNX YPABHEHUN 1 UX PEIIEHUA MOMKHO IIPUMEHATH TAKOU OPUEHTUD.

Ecnu 6ce unenvl ypasnenus, 6 1e60il U npasoll 1acmsax Komopozo cmosm
MHO2OUAEHbL 0m 068YxX nepemennbvlx (usu om 08yx PyrHKYUiL 00RO nepe-
MeHHOIL), umerom 00UHAKOBYI0 CYMMAPHYIO CIenendb”, mo ypasHeHue
Ha3bleaemcsa 00HOopodnbLM. Peuraemces 00nopodrnoe ypasrernue Oesenuem
Ha HAUOOALULYI0 CMmenenb 00HOU U3 NepeMeHHbLX.

Sameuanue. [Ipugep:KuBasich 9TOr0 OPUEHTUPA, IPUXOJUTCS SEJIUTH 00e
YaCcTH YPaBHEHUS HA BEIPAKEHNeE C IIepeMeHHO. I1pu 5TOM MOKHO IIOTEPSATH KOP-
HU (€CJI KOPHSAMU ABJIAIOTCSA T UNCJA, IPU KOTOPBIX AeJIUTe]Ib PABEH HYJII0).
Yrobbl n36€KaTh 3TOT0, HEOOXOAUMO OTAEJIHBHO PACCMOTPETD CJIydail, KOTAa BbI-
paskeHure, Ha KOTOPOe MbI COOMPAEMCS IeJINTh 00e YaCTH YPAaBHEHUST, PABHO HYJIIO,
¥ TOJILKO ITOCJIE DTOT'O BHIIIOJIHSITE JeJIeHNe HA BeIPAKeHNe, He PABHOE HYJIIO.

3amaua 1 Pemure ypaBuenue sin? x — sin x cos x — 2 cos? x = 0.
Pemenue KommenTapui
P> Ilpu cos x = 0 ypaBHeHUEe He UMeeT IamHoe ypaBHEHUE OJJHOPOHOE, TI0-
KOpHEeI, T09TOMY pasmesnM 00e ero | CKOJbKY BCe er0 YJeHbl UMeIOT O[1Ha-
vactu Ha cos? x # 0. KOBYIO CYMMAapHYIO cTereHb 2. Ero Mok -
ITomyuaem HO PEIIUTH JeJleHneM 00enx yacTeil Ha
sin? x _ sinxcosx 2 cos? x =0 sin’ x mnn Ha cos’ x. 5
cos® x cos® x oslx Ecau mb1 Oymem neauTh Ha cos? X, TO,
YTOOBLI HEe MOTEPATh KOPHU, CaAyUdam
TO €CTh % _sinx _o_q. cos x = 0 pacCMOTPUM OT/IeJIBHO.
cos™x  €osx TToxcrasissi cos x = 0 B JaHHOE ypaB-
Torpa tg? x —tg x —2=0. HeHwue, nmoaydaem sin x = 0. Ho ogHoBpe-
3amena: tg x =t. MEeHHO Sin X 1 COS X He MOT'yT PABHATHCA
Honyuaem yparerue t* —t —2=0, | gymo (mockomsKy sin? x + cos? x = 1).
t,=-1,t,=2. TaxuM 06pa3oM, Te BHAUEHIA IIEPeMeH-

* Koneuno, ecau ypaBHenue umeetr Buj [ = 0, peub UJET TOJBKO O CTEIEHU YJIEHOB MHO-
rousieHa f, MOCKOJIbKY HYJb-MHOTOUJIEeH (TO ecTh 0) CTeEeHM HEe UMeEeT.
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BrimostHaeM 00paTHYIO 3aMeHY:

1) IIpu t =—-1 umeem tg x = -1, Torma
x=arctg (- 1) + nn,

x:—§+nn, neZ.

2) Ilpu t = 2 umeem tg x = 2, Torma
x=arctg2+mm,me Z.

Omaem: —% +1n, ne Z;
arctg2 +mm,me Z. <|
3amgaua 2 Pemure ypaBueHnue sin

Pemenue
P IIpu cos 3x =0 ypaBHeHUE He ©UMeEeT
KOpHEe, T09TOMY pasaesnm o0e ero
vacTu Ha cos 3x # 0.
IToryuaem
sin3x _
——=5, 10 ecTh tg 3x = 5. Torga
cos 3x

3x=arctg b+nm,

x=%arctg5+%, me Z.

Omeem: %arctg5+%, me Z. <

3amaua 3

Pemenue
P Hcnonbsys popmysy CUHyCA IBOM-
HOr'o apryMeHTa, nMmeeM
6 sin?x +sin x cos x —cos2x = 2. (1)
3anuireM 3TO ypaBHEHUE TaK:

HOI X, )1 KOTOPBIX cos X = 0, He ABJIA-
IOTCSI KOPHAMU JaHHOT'O YPABHEHU.
A mpu cos x # 0 MOXKHO pas3feauTsb 00e
YacTU JaHHOTO ypaBHeHMe Ha cos? x =0
¥ IOJIyYUTh YPaBHEHNE, DABHOCUJIBHOE
3aJaHHOMY (IIPU HTOM y4€CTb, UTO

B nonyueHHOe ypaBHeHUe IlepeMeH-
Hasd BXOAUT B OJJHOM U TOM Ke Bujie tg x,
T09TOMY YAOOHO BBITIOJTHUTL 3aMeHY
tg x=t.

3x=5cos 3x.

KommenTapui

ManHOe ypaBHEHIE OJHOPOLHOE, TI0-
CKOJIBKY BCE €r0 4JIeHbl MMEIOT OJNHA-
KOBYIO cTemneHb 1. Ero MoxHO permuTsb
IesieHreM obenx yacTeil Ha sin 3x uau
Ha cos 3x.

Ecsiu MBI OymeMm menuTh Ha cos 3X,
TO, YTOOBI HE IOTEPATH KOPHU, CIydai
cos 3x = 0 paccMOTPUM OTAEIBHO.

IToxcraBass cos 3x = 0 B gamuoe
ypaBHeHue, moayuaem sin 3x = 0. Ho
OHOBPEMEHHO Sin 3x 1 cos 3X He MOTYT
paBuATbCA HYJI0. Takum o0pasom, mpu
cos 3x = 0 ypaBHeHMe He UMeeT KOpHe.
A 1ipu cos 3x # 0 MOKHO pa3geauTsb 0oe
YaCTH JaHHOTO ypaBHeHUA Ha cos 3x # 0
¥ IIOJIYYUTh YPaBHEHNE, PABHOCUJIBHOE
3aTaHHOMY (IIPU 9TOM YUECThb, UTO
=tg 3x )

sin3x

cos3x

. 1.
Pemnre ypasaenune 6 sin?x + S sin 2x—cos?x=2.

KommenTapui

CrauaJjia mpuBe/IeM BCe TPUTOHOMET-
pudecKue QYHKIINY K OMHOMY apryMeH-
TY X, ACTIOJAB3Y A QPOPMYJITY

sin 2x = 2 sin x cos x.
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6 sin?x +sinxcosx—cos?x=2-1
u yureMm, uTo 1 = sin? x + cos? x.
Torzga 6 sin? x + sin x cos x — cos? x =
=2 (sin? x + cos? x).
Orcroma
4sin?x +sinxcosx—3 cos2x=0. (2)
IIpm cos x = 0 ypaBHeHUE He MMeeT
KOpPHEIl, T03TOMY Pa3fesIuM 00e ero uac-
i Ha cos? x # 0. [Tonyuaem
UL LE I Y)Y

cos?2x cosx

4tg2x+tgx—3=0. 3)
3amena: tg x =t. Ilonyuaem ypaBHe-
Hue 4t2+t—-3=0,
3
e
Brimosasgem 00paTHYIO 3aMeHYy:

t,=-1,t,=

1. IIpu t =—1 umeem tg x = —1, Torma
x = arctg (— 1) + nn,

x:—§+nn, neZ.
3 3
2. Ilpu t:Z nmMeeM tgx—z, TOTa
x=arctg%+nm, meZ.
Omeem:

—§+nn, ne Z;

arctg%+nm, me Z. <

Tenepv 6 nesoii wacmu ypasrernus (1)
cmoum 00HOPOOHOE 8blpaldteHue 6Mo-
poll cmeneru, a 8 npasoll Yacmu — 4uc-
20 2. Ecaiu omuoncumov 2 na 1, a eQuru-
Yy pacnucams no 0CHOBHOMY MPUZOHO-
mempuyeckomy modxcdecmay 1 =sin? x +
+ cos? x, mo 8 n1e8oil u npasoil vacmasax
NOLYLEeHHO020 YPABHEHUS BCe BbLpaAdice-
HUs 0yoym emopoil cmenenu, mo ecmo
noaywum o0HopoOHoe ypasrerue (2),
KOTOPOE MOYKHO PEIIUTh [eJieHreM o0e-
ux yacTell uau Ha sin? x, uiu Ha cos? x.

Eciiu MbI OyZieM eInTs Ha cos? X, TO,
YTOOLI HEe MOTEPATh KOPHU, CAyUan
cos? x = 0 pacCMOTPUM OTAEIbHO.

ITogcraBnasa cos x = 0 B ypaBHeHUE
(2), monyuaem sin x = 0. Ho ogHOBpe-
MEHHO Sin X ¥ COS X He MOT'YyT PaBHATHCA
HyJII0 (TOCKOMBKY sin? x + cos? x = 1).
Taxkum o6pasom, mpu cos x = 0 ypaBue-
HUe (2) He mUMeeT KOpHEI.

A pu cos x # 0 MOKHO pa3geauTsb obe
YacTH STOr0 ypaBHeHUs Ha cos? x # 0

sinx
(4 yuecThb IPU 9TOM, UTO p—— tgx).

B nmonyuensoe ypaBuenue (3) mepe-
MeHHAas BXOAUT B OJHOM 1 TOM JKe BUE
tg x, mosTOMy yIOGHO BHITIOJTHUTD 3a-
MeRy tg x =t.

15.4. PELUEHUE TPUTOHOMETPUYECKNX YPABHEHUIN BUDA f (x) = 0
C NOMOLLbIO PA3JIOXXKEHNSA HA MHOXXUTENN

3amaua 1
Pemenue
P sin 7x —sin 5x =0, Torza

Tx—-5x Tx +b5x

———cos——=0
2

2sin xcos 6x=0.

ITonyuaem:

2sin 0

b

PemnTe ypaBaeHUE Sin 7x =sin 5x.

KommenTapui

JlocTaTOYHO TPY/THO BCE TPUTOHOMET-
pudeckue GYHKIINY B 9TOM yPaBHEHUN
IIPUBECTU K OZHOMY apTryMeHTY.

B TakoMm ciryuae IpUXOAUTCA ITOTB30-
BaThCA UETBEPTHIM ITYHKTOM OPUEHTHPA,
mpuBeneHHOr0 Ha ¢. 170: nepernocum ece
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sin x = 0 um cos 6x = 0.
Permas mocseguve mpocTeHIe Tpu-
TOHOMETPUYECKIE YPABHEHU S, IMEeM:

X=Tn,ne Z,nnn 6x=%+nm,

Toectb x=—+"" me Z.
12 6
Omeem:nn,ne Z;

LI me Z.<
12 6

3agaua 2 Pemure ypaBHeHUE Sin
Pemenue
. + - .
p 2sin %cos i —sin 4x=0,

2 sin 2xcos x —sin4x =0,

2 sin 2x cos x — 2 sin 2x cos 2x =0,
2 sin 2x (cos x — cos 2x) =0,
sin 2x = 0 uiu cos x — cos 2x = 0.
W3 mepBoro us sTUX ypaBHEeHU’II:

nn
2x =T7n, XZ?

Bropoe ypaBHeHMe TpeobpasyeM TaK:

yne Z.

. 2x . -2
—2sin erszm% =0,

2 sing—xsin£ =0.
2 2

0.

Orcroza sin %x =0 nau sin%

W3 sTux ypaBHeHU IoIyIaeM:

3x x
~ =T, me Z,umn E=Tfk, ke Z.

YjJleHbl YPA6HEHUS 8 00HY CMOPOHY
u npodyem noaryyums npousdsedenue,
pasHoe HY.Li0.

I 9TOTO BOCIIOJIB3yeMcesa PopMy-
JIO¥ TTpeo0pPa30BAHMS PASHOCTY CUHYCOB
B IIPOU3BEIeHUE:

sin()c—sinB:2sinm—_B OLTH}

Ecou mpousBeneHme paBHO HYJIIO, TO
XOTs OBbI OMUH 3 COMHOMKUTEJIEH pPaBeH
HYJIIO, & OCTaJIbHbIE COMHOYKUTEIN TMe-
IOT CMBICJI. B JaHHOM caydae Bce JaH-
HbI€ 1 IIOJTYY€HHBI€ BEIPAXEHUA UMEIOT
CMBICJI Ha BCeM MHOXKECTBe JeiicTBU-
TeJBbHBIX UNiCeJI. B KOHIIEe YUUThIBaeM,
YTO JaHHOE YpaBHEHNe PABHOCUIBLHO CO-
BOKYITHOCTHY ypaBHeHUH sin x = 0 min
cos 6x = 0, u MOATOMY B OTBETE JOJIK-
HBI OBITH 3aIMIMCAHBI BCE KOPHU KaXKI0-

TO U3 9TUX YPaBHEHUH.

COos

x +sin3x=sin4x.
KommenTapui

Cpasy BOCHOJIb3YEeMCSA YeTBEPTHIM
IIYHKTOM OPHMEHTUPA, IPUBEEHHOTO HA
c. 170: neperocum 6ce uienvL ypasHenus
8 00HY CMOPOHY U npobyem NOLYYUMb
npouseederue, KOMopoe pagHo HYLIO.

Huda sroro npuMmeEuM GopMyay
npeoOpasoBaHUA CYMMBI CHHYCOB, CTO-
AIlell B IeBOY 4aCTU YpaBHEHU, B IIPO-
u3BeJeHue:

o
2

. . . + -
sin a+s1nB:2s1n“—Bcos—B

(u yutem, 4TO coS (—Xx) = cos X).

J71s1 TOT0 UYTOOBI BEBIHECTH KaK0e-To
BBIpa’KeHUE 32 CKOOKY U IIOJIYUYUTH IIPO-
u3BeJleHNe, JOCTATOYHO 3aIINCaTh Sin 4x
KaK CUHYC JBOMHOTO apryMeHTa (Torga
3a CKOOKY BBIHOCUTCA Sin 2x).

Ecnu nmpousBeeHme paBHO HYJIIO, TO
XOTs OBbI OMUH 3 COMHOMKUTEJIEH pPaBeH
HYJIIO.

175



PA3LEJT 2. TpuroHomeTpuyeckme ypaBHeHUsA U HepaBeHCTBA

Bo BTOpOM 13 IOTyUYeHHBIX YPaBHE-
HUH TpeobpasyeM PasHOCTb KOCUHYCOB
B IIpou3BeieHUe. B KOHIle yUUTHIBAEM,

x:zzm um x=2nk, ke Z.

mn

Omeem: 5 ne Z, YTO BCe JaHHbBIE 1 IIOJIyYeHHbIE BBIpasKe-
HUSA CYILIIeCTBYIOT HA BCEM MHOMKECTBe
onm me 7 IeMCTBUTEJbHBIX uncel. Takum 06pa-
> ’ 30M, JaHHOE YpaBHEHUE Ha 9TOM MHO-
JKeCTBe PAaBHOCUJIBHO COBOKVIIHOCTHU
2nk, ke Z. < p y

ypaBHEHUI:
. .. 3x X _
sin 2x =0 nan s1n? =0 mian s1n§ =0,

¥ II09TOMY B OTBET HEOOXOAMMO 3aIlu-
caTh BCe KOPHU KaKI0T0 U3 9TUX YPaB-
HEeHUMH.

3aMeuaHue. 3aIKUCh OTBETa MOKHO COKPATUTh. Tak, ecau u3o0pasuTh Bce
Haﬁﬁ[eHHLIe pelreHunda Ha eI[HHH‘IHOfI OKPYXHOCTH, TO MOXHO YBUIETH, UTO PeEIlIe-

HUe X = 27k JaeT Te Ke TOUKU, UTO 1 hOpMyJIa X = % mpu n, Kpataom 4 (n =4k),
uiu opmysia xz%nm mpu m, kpataom 3 (m = 3k). Takum obpasom, opmya

o nn 2tm
x = 27k He TaeT HOBBIX KOPHEH B CpaBHEHUU ¢ (DOPMYJIaMU X = ~ A x= 3

¥ II09TOMY OTBET MOXKET OBbITH 3aIIMCAH B BUJIe TOJBKO IBYX MOCIeTHUX (POPMY.I.
Ho Takoe coxpaiiieHre 0TBeTa He ABIAeTCA 00513aTeIbHBIM.

15.5. OTBOP KOPHEW TPUrOHOMETPUYECKUX YPABHEHUN

Ecsu mpu perieHNY TPUTOHOMETPUYECKUX YPaBHEHNUI HEOOXOIMIMO BBITIOJIHATD
0oT6OP KOPHE, TO Uallle BCETO 9TO JejIaeTcd TakK:

HaXOIAT ($KeJIaTeIbHO HAUMEHBIINIT) 00 IIePUOoJ BCeX TPUTOHOMEeTpHuYe-
CKMX (DYHKIINIT, BXOAANIUX B 3aAINCh YPaBHEHNA (KOHEUHO, €CJIU 9TOT OOIIIi1 Te-
PUOJ CYIIIECTBYET); IOTOM Ha 3TOM IIePHO/Ie OTOMPAIOT KOPHU (0TOPACHIBAIOT IIO-
CTOPOHHIE), a T€, KOTOPbIE OCTAIOTCS, IEPHOTUIECKH ITPOTOIKAIOT.

IIpumep Pemure ypaBHeHTIE
sin4xtg x=0. (1)
I coocob perrenua

Pemenue KommenTapui

P sindx =0 uau tg x = 0.

Torga 4x =7n (TO €CTH x:%, neZ)

nmx=mnk, ke Z.
DyHKRIUA y = sin 4x UMeeT IePUOJ

T =27f=§, apynxnusa y = tg x — nepu-

Ecau umcio x ABisgeTCA KOPHEM
ypaBHeHU4 (1), TO IpU 5TOM 3HAUECHUH X
paBeHcTBO (1) obGparaerca B BepHOe
4nCcJI0BOe paBeHCTBO. [IpousBeneHue
IBYX YKCEJ MOYKET PaBHATHCA HYJIIO
TOTZa M TOJBKO TOTAA, KOTJa XOTHA Obl
OJIVH M3 MHOJKUTEJIEN paBeH H