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1 / The Foundations: Logic and Proofs



EXAMPLE l



Exam= �



All the following declarative sentences are propositions.



1 . Washington, D.C., is the capital of the United States of America.

2 . Toronto is the capital of Canada.

3. 1 + 1 = 2 .

4. 2 + 2 = 3 .

Propositions



1



and



3



are true, whereas



2



and 4 are false.



Some sentences that are not propositions are given in Example



EXAMPLE 2



Consider the following sentences.



1.

2.

3.

4.



What time is it?

Read this carefully.



x + 1 = 2.

x + y = Z.



2.
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DEFINITION 1



Let p be a proposition. The negation ofp, denoted by p (also denoted by p), is the statement

.....



"It is not the case that p."



The proposition p is read "not p." The truth value of the negation of p, ..... p, is the opposite

of the truth value of p .

.....



EXAMPLE 3



Exam: �



Find the negation of the proposition

"Today is Friday."

and express this in simple English.



Solution: The negation is

"It is not the case that today is Friday."

This negation can be more simply expressed by

"Today is not Friday,"

or

"It is not Friday today."



EXAMPLE 4



Find the negation of the proposition

"At least



1 0 inches of rain fell today in Miami."



and express this in simple English.



Solution: The negation is

"It is not the case that at least



10



inches of rain fell today in Miami."



This negation can be more simply expressed by



Truth Table for

the Negation of a

Proposition.

p



"" p



T



F



F



T



DEFINITION 2



Let p and q be propositions. The conjunction of p and q , denoted by p /\ q, is the proposition

"

"

p and q . The conjunction p /\ q is true when both p and q are true and is false otherwise

.



EXAMPLE 5



Find the conjunction of the propositions p and q where p is the proposition "Today is Friday"

and q is the proposition "It is raining today."



S olution: The conjunction of these propositions, p /\ q , is the proposition "Today is Friday and



it is raining today." This proposition is true on rainy Fridays and is false on any day that is not a

�

Friday and on Fridays when it does not rain.



DEFINITION 3



Let p and q be propositions. The disjunction of p and q , denoted by p V q , is the proposition

"

p or q . The disj unction p V q is false when both p and q are false and is true otherwise.



"



TABLE 2 The Truth Table for

the Conjunction of Two

Propositions.

p



TABLE 3 The Truth Table for

the Disjunction of Two

Propositions.



q



p /\ q



p



q



pVq



T



T



T



T



T



T



T



F



F



T



F



T



F



T



F



F



F



F



F



F



T

F



T

F
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EXAMPLE 6



5



What is the disjunction of the propositions p and q where p and q are the same propositions as

in Example 5?



Solution: The disjunction o f p and q , p v q, i s the proposition

"Today is Friday or it is raining today."

This proposition is true on any day that is either a Friday or a rainy day (including rainy Fridays).

....

It is only false on days that are not Fridays when it also does not rain.

As was previously remarked, the use of the connective or in a disjunction corresponds

to one of the two ways the word or is used in English, namely, in an inclusive way. Thus, a

disjunction is true when at least one of the two propositions in it is true. Sometimes, we use or

in an exclusive sense. When the exclusive or is used to connect the propositions p and q , the

"

proposition p or q (but not both)" is obtained. This proposition is true when p is true and q is

false, and when p is false and q is true. It is false when both p and q are false and when both are

true.



DEFINITION 4



Let p and q be propositions. The exclusive or of p and q , denoted by p E9 q , is the proposition

that is true when exactly one of p and q is true and is false otherwise.



6
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TABLE 4 The Truth Table for



TABLE 5 The Truth Table for

the Conditional Statement

p -- q.



the Exclusive Or of Two

Propositions.

p



q



p ffi q



p



q



p -+ q



T



T



T



F



T



T



T



F



T



F



F



F



T



T

T



F



T



T



F



F



F



F



F



T



Conditional Statements

We will discuss several other important ways in which propositions can be combined.



DEFINITION 5



Let p and q be propositions. The conditional statement p � q is the proposition "if p, then

q ." The conditional statement p � q is false when p is true and q is false, and true otherwise.

In the conditional statement p � q , p is called the hypothesis (or antecedent or premise)

and q is called the conclusion (or consequence).



The statement p � q i s called a conditional statement because p � q asserts that q i s true

on the condition that p holds. A conditional statement is also called an implication.

The truth table for the conditional statement p � q is shown in Table 5. Note that the

statement p � q is true when both p and q are true and when p is false (no matter what truth

value q has).

Because conditional statements play such an essential role in mathematical reasoning, a

variety of terminology is used to express p � q . You will encounter most if not all of the

following ways to express this conditional statement:



"



"if p, then q

"if p, q "

"

"

p i s sufficient for q

"q if p "

"q when p "

"

"a necessary condition for p is q

"

"

q unless -'p



"p implies q "

"

p only if q"



"a sufficient condition for q is p



"

"

q whenever p

"

"

q is necessary for p

"

"

q follows from p



"



A useful way to understand the truth value of a conditional statement is to think of an

obligation or a contract. For example, the pledge many politicians make when running for office is

"If I am elected, then I will lower taxes."

Similarly, consider a statement that a professor might make:

"If you get



1 00% on the final, then you will get an A."
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EXAMPLE 7



Let p be the statement "Maria learns discrete mathematics" and q the statement "Maria will

find a good job." Express the statement p -* q as a statement in English.



Exlra �



Solution: From the definition of conditional statements, we see that when p is the statement



ExampleS �



"Maria learns discrete mathematics" and q is the statement "Maria will find a good job," p

represents the statement



-*



q



"If Maria learns discrete mathematics, then she will find a good job."

There are many other ways to express this conditional statement in English. Among the most

natural of these are:

"Maria will find a good job when she learns discrete mathematics."

"For Maria to get a good job, it is sufficient for her to learn discrete mathematics."

and

"Maria will find a good job unless she does not learn discrete mathematics."



"If it is sunny today, then we will go to the beach."

are statements used in normal language where there is a relationship between the hypothesis

and the conclusion. Further, the first of these statements is true unless Maria learns discrete

mathematics, but she does not get a good job, and the second is true unless it is indeed sunny

today, but we do not go to the beach. On the other hand, the statement

"If today is Friday, then



2 + 3 = 5."



is true from the definition of a conditional statement, because its conclusion i s true. (The truth

value of the hypothesis does not matter then.) The conditional statement

"If today is Friday, then 2 +



3 = 6."



i s true every day except Friday, even though 2 + 3 = 6 i s false.

We would not use these last two conditional statements in natural language (except perhaps

in sarcasm), because there is no relationship between the hypothesis and the conclusion in either



8
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statement. In mathematical reasoning, we consider conditional statements of a more general sort

than we use in English. The mathematical concept of a conditional statement is independent of a

cause- and- effect relationship between hypothesis and conclusion. Our definition of a conditional

statement specifies its truth values; it is not based on English usage. Propositional language is

an artificial language; we only parallel English usage to make it easy to use and remember.

The if-then construction used in many programming languages is different from that used

in logic. Most programming languages contain statements such as if p then S, where p is a

. proposition and S is a program segment (one or more statements to be executed). When execution

of a program encounters such a statement, S is executed if p is true, but S is not executed if p

is false, as illustrated in Example 8.



EXAMPLE 8



What is the value of the variable



if 2 + 2



x=



x after the statement



= 4 then x := x + 1



:= stands for assignment. The

I to x .)

Solution: Because 2 + 2 = 4 is true, the assignment statement x := x + I is executed. Hence,

....

x has the value 0 + I = I after this statement is encountered.

if

0 before this statement is encountered? (The symbol

statement

+ 1 means the assignment of the value of +



x := x



x



CONVERSE, CONTRAPOSITIVE, AND INVERSE We can form some new conditional

statements starting with a conditional statement p -+ q . In particular, there are three related

conditional statements that occur so often that they have special names. The proposition q -+ p

is called the converse of p -+ q . The contrapositive of p -+ q is the proposition -.q -+ -'p.

The proposition -'p -+ -.q is called the inverse of p -+ q. We will see that of these three

conditional statements formed from p -+ q , only the contrapositive always has the same truth

value as p -+ q .

..



EXAMPLE 9



What are the contrapositive, the converse, and the inverse of the conditional statement

"The home team wins whenever it is raining."?



Solution: Because "q whenever p" is one of the ways to express the conditional statement



p -+ q , the original statement can be rewritten as

"If it is raining, then the home team wins."



Consequently, the contrapositive of this conditional statement is

"If the home team does not win, then it is not raining."
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The converse is

"If the home team wins, then it is raining."

The inverse is

"If it is not raining, then the home team does not win."

Only the contrapositive is equivalent to the original statement.



BICONDITIONALS We now introduce another way to combine propositions that expresses

that two propositions have the same truth value.



DEFINITION 6



Let p and q be propositions. The biconditional statement p *+ q is the proposition "p if

and only if q ." The biconditional statement p *+ q is true when p and q have the same truth

values, and is false otherwise. Biconditional statements are also called bi-implications.



The truth table for p *+ q is shown in Table 6. Note that the statement p *+ q is true when both

the conditional statements p -+ q and q -+ P are true and is false otherwise. That is why we use

the words "if and only if " to express this logical connective and why it is symbolically written

by combining the symbols -+ and +-. There are some other common ways to express p *+ q :



"p is necessary and sufficient for q "

"if p then q , and conversely"

"p iff q ."

The last way of expressing the biconditional statement p *+ q uses the abbreviation "iff" for

"if and only if." Note that p *+ q has exactly the same truth value as (p -+ q ) 1\ (q -+ p).



EXAMPLE 10



Let p be the statement "You can take the flight" and let q be the statement "You buy a ticket."

Then p *+ q is the statement

"You can take the flight if and only if you buy a ticket."

This statement is true if p and q are either both true or both false, that is, if you buy a ticket and

can take the flight or if you do not buy a ticket and you cannot take the flight. It is false when

p and q have opposite truth values, that is, when you do not buy a ticket, but you can take the

flight (such as when you get a free trip) and when you buy a ticket and cannot take the flight

�

(such as when the airline bumps you).



TABLE 6 The Truth Table for the

Biconditional p +-+ q.

p



q



p +-+ q



T



T



T



T



F



F



F



T



F



F



F



T
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Truth Tables o f Compound Propositions



EXAMPLE 11



Construct the truth table of the compound proposition

(p



v



-.q) --+ (p



/\



q).



TABLE 7 The Truth Table of (p v .., q)

P



q



-+



..., q



p V ""q



p /\ q



(p



/\



q).

(P V ..., q )



-&gt;



T



T



F



T



T



T



F



T



T



F



F



F



T



F



F



F

F



T



F



F

T



T



T



F



(p /\ q )
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