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Chapter 2

Complex Numbers

The purpose of this document is to give you a brief overview of complex

numbers, notation associated with complex numbers, and some of the basic

operations involving complex numbers.

The complex number system Introduction

In this section we shall define the complex number system as the set R × R

(the Cartesian product of the set of reals, R, with itself) with suitable

addition and multiplication operations. We shall define the real and

imaginary parts of a complex number and compare the properties of the



complex number system with those of the real number system, particularly

from the point of view of analysis.

Defining the complex number system

In complex analysis we are concerned with functions whose domains and

codomains are subsets of the set of complex numbers. As you probably

know, this structure is obtained from the set R × R by defining suitable

operations of addition and multiplication. This reveals immediately one

important difference between real analysis and complex analysis: in real

analysis we are concerned with sets of real numbers, in complex analysis

we are concerned with sets of ordered pairs of real numbers.

Whatever context is used to introduce complex numbers, one sooner or later

meets the symbol i and the strange formula i2 = −1.

Historically, the notion of a “number” i with this property arose from the

desire to extend the real number system so that equations such as x2 + 1 = 0

have solutions. There is no real number satisfying this equation so, as usual

in mathematics, it was decided to invent a number system that did contain a



solution. The remarkable fact is that having invented a solution of this one

equation, we can use it to construct a system that contains the solutions of

every polynomial equation!. For example, using the well-known formulas



for the solutions of the equation



Example: we find that the solutions of

given by the expressions



are apparently



These make no sense at all until we turn a blind eye to

and just

manipulate it formally, as though we knew what we were doing, to give



We then say that if i2 = −1 then we might as well press on and replace

by i and so the “solutions” of the equation are



A new number called "i", standing for "imaginary",. (That's why you

couldn't take the square root of a negative number before: you only had

"real" numbers; that is, numbers without the "i" in them.) The imaginary is

defined to be:

Then

Now, you may think you can do this:



This points out an important detail: When dealing with imaginaries, you

gain something (the ability to deal with negatives inside square roots), but

you also lose something (some of the flexibility and convenient rules you

used to have when dealing with square roots). In particular, YOU MUST

ALWAYS DO THE i-PART FIRST!

Simplify sqrt (–9).



(Warning: The step that goes through the third "equals" sign is "

not "



".)



Simplify sqrt(–25).

Simplify sqrt(–18).



",



Simplify –sqrt(–6).

In your computations, you will deal with we just as you would with x,

except for the fact that x2 is just x2, but i2 is –1:

Simplify 2i + 3i.

2i + 3i = (2 + 3)i = 5i

Simplify 16i – 5i.

16i – 5i = (16 – 5)i = 11i

Multiply and simplify (3i)(4i).

(3i)(4i) = (3·4)(i·i) = (12)(i2) = (12)(–1) = –12

Multiply and simplify (i)(2i)(–3i).

(i)(2i)(–3i) = (2 · –3)(i · i · i) = (–6)(i2 · i)



=(–6)(–1 · i) = (–6)(–i) = 6i

The Definition

As I’ve already stated, I am assuming that you’re aware that

and so

. This is an idea that most people first see in an algebra class (or

wherever they first saw complex numbers) and

is defined so that we

can deal with square roots of negative numbers as follows,



What I’d like to do is give a more mathematical definition of a complex

numbers and show that

(and hence

) can be thought of as a

consequence of this definition. We’ll also take a look at how we define

arithmetic for complex numbers.



What we’re going to do here is going to seem a little backwards from what

you’ve probably already seen but is in fact a more accurate and

mathematical definition of complex numbers. Also note that this section is

not really required to understand the remaining portions of this document.

It is here solely to show you a different way to define complex numbers. So,

let’s give the definition of a complex number.

Given two real numbers a and b we will define the complex number z as,

(1)

Note that at this point we’ve not actually defined just what i is at this point.

The number a is called the real part of z and the number b is called the

imaginary part of z and are often denoted as,

(2)



There are a couple of special cases that we need to look at before

proceeding. First, let’s take a look at a complex number that has a zero real

part,

In these cases, we call the complex number a pure imaginary number.

Next, let’s take a look at a complex number that has a zero imaginary part,

In this case we can see that the complex number is in fact a real number.

Because of this we can think of the real numbers as being a subset of the

complex numbers.

We next need to define how we do addition and multiplication with

complex numbers. Given two complex numbers

and

we define addition and multiplication as follows,
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