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Introduction
Optimization problems in neural network models frequently
appear in the theoretical neuroscience literature for a variety of
purposes, such as putting upper bounds on network
performance1, formulating general principles of network
organization3,6, and even predicting how encoding strategies
vary with changing stimulus statistics1. Each of these approaches
raises several questions, but there is one common question
among all of them: what is our definition of network
performance? In other words, what exactly are we trying to
optimize? We tackled this question directly and compared the
mutual information and minimum mean-square stimulusestimation error, two measures of network performance that are
often used in neuroscience. Although Thomson and Kristan
found in 2004 that knowing the mutual information of a
distribution does not put an upper bound on its minimum meansquare error4, we believe that there is a stronger relationship
than this result suggests. We compared the two measures
analytically in the special case of jointly Gaussian distributions
and numerically in the Ising Model and Gaussian Channel. Since
these measures are often used in optimization problems, it
seemed most natural to compare them by investigating their
extrema, or more generally, how small perturbations in the
stimulus-response joint distribution affect both measures.
Intuitively, we’d like to think that more mutual information would
lead to a smaller MMSE; finding when this is true and when it is
not will lead to a better understanding of these two measures.

Results

Measures

Motivating Example: Tka ik et al. (2010)

Gaussian Channel

Tka ik et al. found that the mutual-information-maximizing neural coupling J12* for the twoneuron Ising Model varies smoothly with input correlation
and neural reliability
in a
way that can be easily interpreted (see captions). We reproduce their results below for
binary (left) and Gaussian (right) stimulus ensembles. We extended the analysis by asking
two questions:
1. How does minimizing the MMSE in estimating h change the J12* ( , ) landscape?
2. Can we find similar results using a different model?
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then we get the following results for
optimizing the MI and MMSE with respect to
K, the noise correlation.
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Figure 8: Side-by-side comparison of the two
optimization problems we can make out of the
Gaussian Channel without tuning curves using MI
and MMSE. While both turn out to be trivial, it is still
worth noting that they are trivial in the same way.

Error
Correction

With Tuning Curves

Figure 5: For a binary stimulus ensemble in which each hi
takes on a value from {+1,-1}, the optimal coupling J12* is
plotted for different
and . When there is a lot of noise,
i.e.
is small, the optimal coupling takes on the same
sign as the input correlation to correct for errors. This
tendency gets weaker as neural reliability increases.

Figure 6: The same plot of J12 ( , ) but for a
Gaussian stimulus ensemble. As in the binary
ensemble, the optimal network performs error
correction at low , but at high , J12* takes
on the opposite sign of , which can be
interpreted as decorrelating the inputs.
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With a continuous input, binary
output model like the Ising
Model, it seems like gaining
mathematical information
about a stimulus and being
able to estimate it well are
very similar tasks. Figure 7 has
the exact same setup as
Figure 6, except MMSE is
minimized instead of MI being
maximized. Qualitatively, the
results are similar.
Figure 1: Diagram of a simple model of a two-neuron response to two
stimuli. The model uses three parameters: stimulus correlation, neural
reliability, and neural coupling.
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We find these optimal neural couplings as a function of the
parameters the network cannot control, namely the neural
reliability and the input statistics. This setup is an important
topic of research itself,1 and it gives us a new approach to
our fundamental question of “How are the MI and MMSE
related?” by asking how the extrema of these functionals are
related in models relevant to neuroscience.
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Here cosines are used, which is common. If
we use the tuning curve separation
as
our definition of neural coupling, we get
the following results, which are by
themselves are difficult to interpret but are
an important counterexample to the trend
I’ve shown up until now:
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Figure 9: Side-by-side comparison of the optimal
(normalized by ) for the MI and mean square
error associated with the optimal linear estimator.
Even qualitatively they have little resemblance.

Conclusions/Future
Research Directions
We conclude that, despite Thomson and
Kristan’s findings that the MI puts no
bound on the MMSE for continuousvalued stimuli,4 there is still a strong
relationship between the two worth
exploring, especially if the MMSE is
normalized. There are a lot of directions
we could go in next, but I think it would
be particularly interesting to apply
Thomson and Kristan’s method to the MI
and normalized MMSE, to see if perhaps
the MI puts an upper bound on the
normalized MMSE.

Models

Ising Model

The mutual information is a symmetric functional that maps a joint
probability distribution to the positive real numbers:

⇢
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The mutual information gives the average reduction in “uncertainty”
about one random variable when another random variable is known.
“Uncertainty” means the average number of bits of information
needed to report a list of outcomes of that random variable, if you’re
being as clever as possible in your coding scheme. One of the biggest
questions in information-theoretic neuroscience is whether or not
neural codes are optimal.

Minimum Mean Square Error
The minimum mean square error is, not surprisingly, the smallest
possible mean square error you can achieve on average in
estimating one random variable given another. It is simple to
prove that the best possible guess you can make is the
expectation of the posterior. Therefore the MMSE is written as
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Figure 4: Some point
(X,Y) is picked from a
joint distribution, and
the true value of Y is
revealed to the ideal
observer, from which
she must guess the
value of X. If she
wants to minimize
the mean square
error of her guesses
averaged over all
pairs (X,Y), she must
pick the mean of the
posterior.
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Gaussian Channel
The Gaussian Channel, borrowed from information theory, models a
vector of neurons giving a continuous-valued response to some vector of
input. The mean of the conditional response is given by the tuning curve
scaled by the square root of the SNR, and the shape of the conditional
response entirely determined by the covariance structure of the noise.
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where the hi’s, which represent the stimulus, give the tendency for
each neuron to fire, and the Jij’s, which represent the neural couplings,
give each pair of neurons the tendency to fire together or not. These
parameters (indirectly) designate the mean firing rates and pairwise
correlations. The Ising Model is the maximum entropy probability
distribution on binary variables for fixed values of these parameters,
which is why it is used: mean firing rates and pairwise correlations are
easy to measure empirically.1 There is a third parameter , prescribing
the neural reliability, or the inverse temperature in physics.
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Figure 7: Same setup as
Figure 6, but the
optimal J12 is now the
one that minimizes the
MMSE in estimating h.

where m is the normalized MMSE; that is, the MMSE divided by the marginal variance of the
variable you want to estimate. This result holds as long as X is univariate, even if Y is multivariate,
and it gels with our intuition, because the MI is a monotonically decreasing function of the
normalized MMSE: so more MI (good) means less MMSE (good), and less MI (bad) means more
MMSE (bad). I also have a general relationship for the case where the stimulus X is multivariate:

and

Suppose the Gaussian-distributed stimulus
designates the mean neural response by
some nonlinear “tuning curve”:
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Directly comparing the MI and MMSE functionals for the special case of Gaussian joint
distributions, I found

Consider a two-neuron system as depicted in Figure 1. We
take the input statistics and neural reliability to be fixed and
the neural coupling J to be controlled by the network. The
way we define “control” over the neural coupling parameter
is by allowing it to vary in the following optimization problems:

The Ising Model, borrowed from statistical physics, gives each neuron
a value of +1 for firing or -1 for not firing in a small time bin. For N
neurons, there are 2N possible configurations, and the probability of
each is given by
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Analytical Results

A Simple Optimization Problem

ˆ

⌃s =

✓

Decorrelation

Minimizing MMSE in Ising Model
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If we take the tuning curves to be the
identity mapping and

Mutual Information

Figure 2: Diagram of a four-neuron Ising Model, with some arbitrary input
h and coupling matrix J given by the color (blue is excitatory/positive, red
inhibitory/negative) and thickness of the connecting curves:
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Figure 3: A diagram of the Gaussian Channel. The input s,
which we take to have zero mean and some covariance
structure, passes through some generally nonlinear tuning
curve before being scaled by the square-root of the signalto-noise ratio
and subjected to Additive White Gaussian
Noise, which also has zero mean and some covariance
structure.
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The neurons’ output can be any real number, which might seem odd:
don’t neurons encode information in spikes and bursts? Most of the time,
yes, but in the fly visual system, network activity is best modeled as the
mostly passive diffusion of membrane potentials across various neurons’
axonal and dendritic compartments.2 In this model, we take the noise
correlation to be our operational definition of neural coupling, because it
controls the degree to which the neural responses correlate independent
of the input correlations. Parameters defining the tuning curves can also
be used as definitions of neural coupling. The input correlations are given
by the input covariance matrix, and the neural reliability is given by the
signal-to-noise ratio .

