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Chapter 1. Overview
This study consists of simulation methods and a computerized design of an
optical system, with an emphasis on designing a multi-channel optical
matched filter.

The study will explore the multi-mode optical system portrayed abstractly
by the block diagram in, and more specifically, the realization of that system
portrayed in Figure 02",
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Figure 0-1: A block diagram of an optical communication system
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Chapter 2: Foreword
Study goals
The goals of this study are the following:
1) Establish arobust MATLAB algorithm code which allows simulations
of optical wave propagations within an optical system.
2) Using said simulations to verify the validity of a multi-mode optical
matched filter that was planned theoretically and compare those
simulations to those obtained by another study* in alaboratory.

Study motivation: Multiplexing multi-mode optical communication
Nowadays, the optical communication field dominates the long-distance
information transferring networks, such as the internet, telephones etc.
Astime went by, the information transfer rate increased as it’s price dropped
(for example: The internet), however, this increasing rate is approaching an
upper boundary!™, which causes a bottleneck phenomenon in single-mode
optical fibers (The current technology is approaching atheoretical boundary
of 100Th/d").

The approach to overcome the information rate boundary

Strenuous efforts are made and invested both in the industry asin the
academy to remedy that boundary, and one of the optimal solutionsis the
realization of multi-mode optical fibers (as opposed to the, commonly used,
single-mode ones).

Analogy between this study and another

This study was initiated to provide atool of validation to support the study
conducted by P.hd candidate Shoam Swartz, as the latter was conducted
almost exclusively based on theoretical design and lab experimentation,
while the former is a theoretical/physical simulation of the physicsinvolved

! Shoams Study



Chapter 3: Theoretical Background
In this chapter we would like to reintroduce two popular concepts of optics
and communication systems, those are Fourier optics and Bessel functions.

Chapter 3.1 Fourier optics

The wave equation is the mathematical basis for al the phenomena of a
wave.

It can be obtained by Maxwell’s Equations ( EQ.1-4) as follows:
1 VXE:—%B (E isan electric field, B isamagnetic influx density,

Vv isthe vector operator of (3 9 E])

ox oy oz
2 Vxﬁ:j+%—? (H isamagnetic field, Jisacurrent density,

D isan eectricinflux density)
inlinear
isotropic
g —_— rnajla —_— - - - -
3 VID=p ; D = ¢E (p isthespatia electric charge density,
¢ isthe dielectric coefficient of the media)

inlinear

isotropic

__, media

4 VIB=0; B = uH (u isthepermeability coefficient of the media)

Solving those equations for homogeneous media that lacks charges and
currents, and applying the Lagrange vector identity of vxv =-V?, yieldsthe
wave equation (eg.5),
5 viE- 2O E

c” ot
Where c=3x10°[m/s| isthe speed of light in free space, v? isthe Laplace
operator, and t stands for time in seconds (or nano-seconds).



Limiting the discussion to fields of the mathematical form of:
U (r.t)=a(r)exp(jo(r))ep(j2nt),
the wave equation, then, degenerates into Helmholtz equation (Eq.6

V2E+k?E=0 (k isthewave number and it satisfies kZQZZﬂ'EZZﬂ'%)G).
C

6 V’E+k’E=0 (k isthe wave number and it satisfies k:%:zngzzn%)

Now, given some abstract distribution of an electro-magnetic field at plane
z=0, u(x,y;0), it can be shown', using the Helmholtz equation (Eq.6) , that

the distribution at plane z=z, u(x,y; z') must satisfy,
a B 2r 7 2
o o A(z z Jexp[] P ( 1-«o —ﬁ )Z:l)(

S L (a B a) (B
ex"{’z”(zxﬁyﬂd@d(ﬂ
whereas,

s 5 ol 5 £ 3102

Kk
where,a:sinexzﬁ,ﬂ:singy:_y ; VX:E,VY
k k A

™

and, A(v,vy; 0) isreferred to as, the Angular Spectrum of u(x,y;0),

9 A[/l’i ) _[j xyO)exp{ JZyz(/lx+ yﬂdxdy

—00 —00

Alternatively:

10 u(x,y;z)=3 A[j ij exp{J%(m)z}

g\fng(u )l(?;,;o) rum H [% B, z) transfer function of free space

where 3 in EQ.10 isthe 2 dimensiona Fourier Transform such that for any
2-dimensional function, g, it’s Fourier transform is given by G




00 00

11 G(xy)=3{a(&n)}0 | [ 9(£m)ep(-27j(Ex+ny))dsdy

—00 —00

Utilizing the convolution theorem® for Continuous Fourier Transform,
12 u(x,y;z)=u(x,y;0)* S{exp{j %(Jl—az — B ) z}}

The denotation of “*’, isthe 2 dimensional convolution operator, which isto
be taken as following,

13 u* WDJ (&.m)w(x—&,y—n)dédy

At theform of Eq.7, itissaid that u satisfies the Rayleigh-Sommerfeld
propagation.

Even though Eq.7 provides a closed formulato evaluate wave propagations,
itisstill challenging to evaluate it, both analytically, and numerically,
therefore we will rely on approximationsto it such as Fresnel-Kirchhoff,
AKA the Paraxial approximation for wave propagation.

Given the angles of the wave propagation (relative to the optical axis) are
small, we may use the first terms of Taylor expansion for 1-a?- 4%, such
that,

14 1-a*-p° \/1 Avy) ﬂ“v ~1_0""_’(}”&)2_0'5(’1‘/31)2

using this paraxial approxi matlon H, ssimplifiesinto,

.2 2 2 . . 2, .2
15 H(vx,vy):exp[JT”(Jl—a ay )z}~exp(1kz)exp[1mlz(vx+vy)J
which, in the xy plane, has the form of,

~ exp( jkz) .7
16 )= v, )| - 5 ] )|
(3 istheinverse Fourier Transform?)

17 u(xy;z)=u(xy; O)*{Wexp[jmlz(vf +v§)ﬂ =u(x y;0)*h(x,y;2)

or, much more compactly:

{ }F*G

2
it j j (&.m)exp(+27 ] (éx+ny))dedn
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Mexp( i< ]exp{JM(x +y)}><

T T u(§,77;0)exp{j %(§2+n2)}exp{—i %(x§+ yn)}dgdn

—00 —00

or, ultimately, in the form that will be carried out in the smulations, and will
be referenced many times more, throughout this paper:

lexp(—j%jexp[jl(x%yz)}x
19 u(xy;z)= Az A ZA

S{(ﬂuz)2 uin(/”tzf,}tzn;0+)exp[j7zﬂ,z(§2+772)}}
Thisfinal form isvery conducive to our simulations cause, as we will show
in later chapters.

18 u(x,y;z)=

Another approximation, which we will use, is the Fraunhofer Far Field
approximation, which isfairly accurate as z— « (even though in our set of

parameters, z~4[m| is pretty much enough), and also, z[l max {g( £ +,72)}

This approximation would simplify Eq.19 into,

20 u(xy;z)= iexp(—j %j exp[ j %(x2 + yz)}-s{(ﬂz)z u, (/125,/1277;& )}

Notice that Eq.20 gives the Fourier Transform of the input wave, multiplied
by a z dependent phase, and a parabolic phase.

In fact EQ.20 impliesthat in order to get the Fourier Transform of an optical
signal, it should be allowed to propagate to some "long" distance, and
measured by intensity (which will ignore the parabolic and constant phases).



Chapter 3.2 Laguerre-Gaussian beams

The Generalized Laguerre polynomials"™! are denoted L) (x) and they
satisfy the ODE (Ordinary Differential Equation) of,
21 xy"+(a+1-x)y+ny=0
which has few forms of solutions, one of them being:
(a) _ n B i N+o &
22 Ln (X)_;( 1) (n_i j il

Thefirst four Laguerre polynomials, {L: (x)}:=0 ,are presented in Table 2.

Table 2: Thefirst four Laguerre polynomials

. G

0|1

1| x+a+1

2 >(—22—(04+2)x+W

3 _£+(a+3)xz_(a+2)(a+3)x+(a+1)(a+2)(a+3)
6 2 2 6

Our interest in those polynomials arises from the solution of the paraxial
wave equation (which was obtained using ) given acylindricaly symmetric
problem.

In acylindrically symmetric problem, Eqg.19 gives a solution in the form of,

s 0) ()

exp(—ijF:;Z)Jexp(W)exp[J (2p+|1+1)¢(2)]

where, (r,4,2), _arethe cylindrical coordinates (sometimes deﬁoted (p.0,2)).

C,;> ischosen such that,

24 jzj
00

as a power normalization constant, which yields,

U, (r.¢,0) rdrdg=1

! Also, the Associated Laguerre polynomials



1 2p!
25 cb=-— | = __
> “w = (p )

Wo

the rest of the parameters are explicitly explained in Table 3.Table 3:
L aguerre Gauss Parameters

Table 3: Laguerre Gauss Parameters

| Parameter Formula Name and Meaning
z - Distance from input plane of the beam.
Zy z,=nW /A Reyleigh's distance — The distance at
which the waveform waist is w(z, ) = v2w,
(see (1.1))
Kk k=27/A Beam's wave number whereas 4 isit's
wavelength.
W, W, =24/ 7 Beam waist, which is, the second moment
of u-u".
w(z) YV Beam waist, as the beam propagates as
w(z) = wp, [1+ (zj function of z
R(2) z, )| | Curvature radius of the beam front,
R(z)=1z|1+ [;j contributes a spherical phase to the beam.
¢(2) ~ Z Guoy phase.
¢(z)=adtan [g] Contributes a z dependant phase to the
beam.
E, E, = ‘ E(0, o)‘ Field's amplitude at input plane.

Also, when applying /= p=0, and z=0, Eq.23 isreferred to as. a Gaussian
wave (introduced in Eq.26),

26 u(x,y;0)= Eoexp(—

X2+ y?
W

it isthe most fundamental wave in the field of optics, and when discussing
other waveforms, most anal ogies are made in comparison to it.

Also, when allowing Eq.26 to propagate, using Eq.19, we obtain the z
dependant Gaussian wave, portrayed as follows,

27 u(xy;z)=E, W

w(z)

exp(‘ sz;(z)

Jexp[—jk X2R+(§) - jkz+ Jc(z)]




A note about Eigen-Fucntions to the wave equation
It isimportant to note that while Eq.27 are solutions (plural for al ¢,pel)

to Eq.19, their magnitude, |u, (r.¢,z)| isan eigen-function of 3.19, that i,

u,(r.¢.2,)| differsfrom |u, (r,¢,2) only by amultiplication constant, and
scaling by the distance z,-z (in respect to x and y [or r and ¢]), meaning
that |u,, (r.4,2,)| hasthe same functional pattern as |u,,(r.4,2)|, or,

u, (r.4,2,)|=c|u, (cr.cs,2)
where {q}f:l aren’t dependant on the coordinates, r,4,x,y, but only on z,,z

Let’s take for example, a Gaussian wave (Eqg.26) which is traveling from
z=01t0 z=z,, it must satisfy Eq.19 and it’s magnitude is given by:

2% R {exp(—(ﬂzg)z+(/1277)2Je><p[17mz(§2+772)]}

. _ /1 0
(2 =22 -
eva uating the 2-dimensional Fourier transform’s magnitude we obtain:
AW W Xy
2| % o] -5

it is obvious that both the last two equations bear the same functional pattern
as explained using handwaving in last paragraph.




Chapter 3.3 Jacobi-Anger Expansion and Bessel functions

Bessel Functions are, in mathematical respect, the canonical solutions y(x) of
the Bessel’s ODE of,

2
28 x2%+x%+(x2—a2)y:0 (xel)

The Bessel functions of first kind are denoted J, (x), and are plotted in
Figure 3.
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Figure 3: Plot of Bessel function of the first kind, J,(x), for integer orders o =0, 1, 2

Code simulated:
One_Di nensi onal _Bessel _functins_plot.m



The Jacobi-Anger expansion is given by MM,
29 exp(jzsing)= Z J.(2)exp(jnd),

Substituting, z=or (r*=x"+y*) and 6=2zv,x-¢ (p=actan2(y/x)), into
Eqg.29, we obtain (s and v, will be explained and verified in Chapter 4 using
simulations):

30 exp(jorsin(2zv,x—¢))= i J,(or)exp(—jng)exp( jn2zv, )

N=—o0

Multiplying Eqg.30 by Eq.26 (a Gaussian-Beam), we obtain,

31 exp(j& sin(27rvxx-¢)—\:\/2—2] = i Jn(ér)exp(—jn¢)exp(—\:\,2—2]exp(jan/Xx)

0

or, in the denotation of Eq.23 (The Laguerre-Gauss modes),
32 uy(r)exp(jorsin(2zv,x-¢))= Zu )J. (1) exp(—jng)exp( jn2zv,x)

N=—o0

Assessing the pattern of EQ.32, it isamazing to perceive, that transmitting a
Gaussian beam through a Phase Mask, in the form of Eq.32 left hand side,
results in ageneralized superposition of Bessel-Gaussian waveforms with
angular and linear phase with aradial form of a Bessel function.

In the next topic of Bessel-Gauss beams, we will apply thistrait, and with
further conclusions, we will be able to make predictions of the far field, or
the Fourier transform of Eq.32.



A note about Phase Modulation

A reader, well educated in the area of Communication Systems, will notice
that the left hand side of EQ.30 isin the mathematical form of a Phase
Modulation applied to a carrier signal, it isa popular method to transmit
information from a Transmitter, through a Channel (with noise), towards a
Receiver.

Noise

Transmitter F—— Channel = Receiver

Figure 4: A block diagram model for transmitting infor mation through
a noisy channel

It does so, in encoding information, as variations in the instantaneous phase
of the carrier wave, doing so, it obtains lower SNR (signal to noise ratio),
and allows better transmitting properties.

Phase Modulation, in genera, iswidey used for transmitting radio waves
and isan integral part of many digital transmission coding schemes that
underlie awide range of technologies like WiFi, GSM, and satellite
television.

It essentially changes the phase angle of the complex envelope in direct
proportion to the message signal.



Chapter 3.4 Bessel Functions and Bessel-Gaussian beams

It can be shown that the Bessel functions of first kind (EQ.28) can be
expressed as a generalized superposition of generalized Laguerre
polynomials for some arbitrarily parameter ",

5
23 J,(x) et ¢ 4t )t

(xj“ F(a+1)kz(; [k+aj k!

2 K

where I' denotes the Gamma Function.
Substituting a=/¢(<l1), x=2/2x¢, k=p, t=¢, whereas x=r’/w; and

¢ =exp( j2rv,y), (and discarding these variables, as we would like to reuse
X) we obtain,

(22
Lp
. 3,(2 2Kg) o e
22 “1 pZ‘J (pMj P!
2 p

(the new parameters role in our study will be clarified in Chapter 4)

Reorganizing Eq.34 it then yields:

35 exp(¢)J, (2y/2x< )= r(gl+1)i( pif)

Substituting I'(¢+1)=¢! (assuming ¢ <[ yields even further:

36 exp(é.“)Jz(2 2K§):§(piﬁ)!

multiplying both sides by the term exp( j¢(2zv,x+¢)) (not to be confused
with the x that was discarded from Eq.33) yields
exp(¢)J, (242 )exp( ¢ (27v,x+8)) = ...
37 © 2(‘/2’(/,’/2L(5 (ZK)észf‘/Z
H P
...pz;)exp(Jﬁ(vaxx+¢)) (p+1)
the LHS (left hand side) of Eq.37, multiplied by exp(—«), is called a Bessel-

Gauss beam, it is a paramount waveform in this study, since, as we will
discussin later chapters, has asignificant role in optical communications.

212, 12) ¢ (ZK)é,pwz

o012, 112 L/p (21()4"”“2




for clarification purposes, we will present the Left Hand Side LHS (left hand
side) of Eq.37 in the proper terms,

38 u*(r,4,0)= eXp(—erexp(jZﬂvyy)J/[zfr

exp( jm/yy)Jexp( j(27v, x+¢))

where r = {x*+y?, x=rcos¢, y=rsing.

Also, (v,,v,) are the displacements of Eq.37 Angular Spectrumin the
Spatial Frequency plane, and they will be discussed again later on.

For completeness, and to support the last subchapter regarding the Jacobi-
Anger expansion, we shall present Eq.37 (with the Gaussian addition) in
terms of Laguerre-Gauss superposition,

exp(—rvjexp(j27rvyy)J{zT\/Zexp(jzrvyy)jexp(j€(27zvxx+¢))=...
39 0 0
....;)exp(jﬁ(Zﬁvxx))exp(j(p+£/2)27zvyy) 2p\(N2T7:£) ¢ (r,4;0)
and we can now conclude that, for v, =v, =0,
BG ) 2\/_r .
40 u (r,¢,O)VXVy0—exp( WSJ { m Jexp 29 Z ) = (r,¢,0)

A notable conclusion of equations 39-40 isthat a Bessel-Gauss beam mode
Isin fact asuperposition of (¢ =const) Laguerre-Gauss beam modes with
only the p index varying, this conclusion, aso sheds some light on the
waveforms discussed in the Jacobi-Anger subchapter, earlier.

Continuing from Eq.37, we take an infinite sum on both sides over ¢e(1,
)29, (2 2K§)e><p(jf(2ﬂvxx+¢)):.._

41 e
©  » 25/2’(_6’/2L€ (ZK)érp-%—(/Z
/(2 P
(;;exp(j (27v,x+9)) o+ 1)

utilizing the Jacobi-Anger expansion® we can perform the substitution of
42 33, (20262 Jexp(jt(2nv,x+ 9)) = expl j22xE sin (27v,x+ 6))
applyi ng identity back into Eq.41 yields,

Yexp(j - exp( jz'sind ) ) = X Jy(2)exp( jnd )



exp(g")exp(jz 2K§sin(27zvxx+¢))=...
43 o o otz t12) 1 (21()4””“2
H P
Z;Opz_;)exp( j(2v, x+4)) o0
multiplying both sides with a Gaussian beam, exp(-«), we finally obtain

exp(—K)exp(g)exp( j2.2xl sin(27rvxx+¢))

44 S - 212521 (2ic) ¢ P2
:éZ;OpZ;JeXp(_K)eXp(JE(ZﬂvXX+¢)) (ppfg)')

One may notice that the RHS (right hand side) sum member of Eq.44 isin
fact the Laguerre-Gauss waveformat z=0, for /<0, using EQ.23 for this
waveform, we may rewrite,

1 . .
—=———=6Xp( J(27V,X)eX 2p+ L) v, y)x
TICE p(j¢2zv,x)exp(j(2p+ ) zv,y)
45 RHS= > 2p! 12 . -
=0 p=0 W(ZK) eXp(—K)Lp(ZK)eXP(JM)
Ui (r.4.0) i

or, writing it with both sides explicitly, we get,
exp(—zc)exp(g“)exp(jz 2;<cjsin(2;zvxx+¢)):...

46 o o
...:f;;mexp(jme/Xx)exp(j(2p+£)7rvyy)u;f(/<,¢,0)
whereas,
4
" [ 2pt (2 LA 7T i —
e (119.0)= zws(p+|z|>!( m J os{ ¢ g Jeotice
or,
Lo _ 2p! U oK _ .
u, (x,4,0)= —ﬁmé(p+|£|)!(2’() exp(—x) L (2x)-exp( j(¢)

Thisresult, of Eq.44 isvery important as it suggests that using a phase-mask
of Eq.43 LHS (whichis easy to redlize), we may expect a waveform that
consists of a superposition of ALL the Laguerre-Gauss beam modes.

This also sheds light on how the far field of Eq.46 is going to look like, we
will use al those results, and aso simulations, to make such predictions, in
the following chapter.



Chapter 4. Simulation approaches and implementations

Gaussian beam simulations
In order to simulate the waveforms of Chapter 3, and validate the simulation,
we used MATLAB with signal processing considerations.

The first challenge was to successfully simulate the propagation of a
Gaussian wave asin EQ.26, for,

W, =1[mm]

z=0[m],3[m],6[m],9[m],12[m],15[m|

A =635[nm]

The aliasing phenomenon, would subject the simulated waveform to get
“stepped on” by it’s replicas (which stems from discretizing the Fourier
Transform) and therefore, become a different waveform.

Utilizing Nyqui st-Shannon sampling theoremin a version applicable to finite
space signals, we must first evaluate the effective bandwidth of the
waveform, it can be done by finding it’s Fourier transform and then calculate
it's spectral width (which isthe 2™ moment of it'sintensity UU").

The bandwidth calculation is well documented in another source“', the

result is, B, —\/[”V\}(Z)JZ“L[AWR((ZZ))T ’

where those parameters were explicitly explained in Table 3.

According to Nyquist-Shannon sampling theorem, we would like the
sampling frequency to satisfy, f_> 2B,

Also, we would like to be able to see at |east one spectral bandwidth of the
Gaussian, therefore we choose the samples grid (L) to be greater than w(z).

In this attempt, we used both Eq.19 in the code, and then Eq.27 in order to
validate the result, as the former will be used exclusively from now on,
where the latter will not be available for the more complex waveforms we
would discuss.



Simulating the propagation of a Gaussian beam (EQ.19), we obtained Table
4, we used E, =5[]V /m|, theintensity was calculated by luf*, and the phase
was obtained by <u.

The colorbar and the axes were omitted as the goal of table 6 was only to
make comparisons and check validity, using the same MATLAB code, the
energy ratio of both Eg.27 and EQ.19 was a unity, in agreement with energy

conservation laws (Energy was calculated by | [|uf* dxdy).

The only apparent difference, was of that of the phases seem different,
however, they aren’t as the only interest in the phases is their pattern.

It seems that as we look further from the middle of the phase, the pattern
becomes more dense, thisis due to the parabolic phase contributed to the
wave by Eq.19 and governed by R(2).

From the last paragraph we conclude, that Eq.19 and EQ.27 agree perfectly,
and hence, Eq.19 provides areliable tool of simulation, establishing that, we
will from now on omit simulation information from the figures themselves,
and use Eq.19 exclusively as it’s able to simulate any waveform
propagation, unlike Eq.27 which is only able to make predictions about
Gaussian beams.

Table 4 was produced by the code of,
Two_di nensi onal _Gaussi an_beam si nul ati on_QUT_conbi ned. m



Table 4: an abstract comparison between Gaussian beam simulations, horizontal axisisx, vertical
axisisy; columnsfrom left toright: distance of propagation, intensity by Eq.27, intensity by Eq.19,
phase by Eq.27, phase by Eq.19.

At Intensity by

distance Eq.27
(analytical)

B -
- .
- .
- .
o .
- .

Intensity by
Eqg.19
(numerical)

....

Phase by
Eq.27
(anaytical)

Phase by
Eq.19
(numerical)




L aguerre-Gaussian beam modes simulations
As described in chapter 3, the Laguerre-Gaussian beam is given by EQ.23,
we will reintroduce it here is areminder,

§<>(WIZ>J exp(_m; Ez)j*(wﬁrfz))
exp[—jkfzzﬂexp( jtg)exp| i(2p+|A+1)¢ (2)]

Itis, as disc_ussed in chapter 3, an eigen-function (in respez:t to intensity), of
the Paraxial wave equation, where cylindrical symmetry isin effect.

u,(r.¢.z)=

Thefirst challenge (simulation-wise) is to get the formulas of the Laguerre-
Polynomials themselves.

Fortunately, since MATLAB R2014b, there is aspecia built-in function,
| aguerrelL(n, a, X).

By using it, we can verify the first 4 Generalized Laguerre polynomials
(L (x)), and those are presented in Table 5.

Table5: Thefirst 4 Generalized Laguerre Polynomials, in their
MATLAB symbolic functions, compar ed to the theor etical ones.

n| |aguerrelL(n,a, x) 3.21
0|1 1

lla - x + 1 —X+a+1

2| (3*a)/2 - x*(a + 2) | x (a+2)(a+1)

+ar2/2 + xA2/2 + 1| 5 (a@r2)x+

(11*a)/6 - x*(a"2/2 | ¥ (a+3)xX* (a+2)(e+3)x (a+1)(a+2)(a+3)

+ (5*a)/2 + 3) + 6 2 2 i 6
xA2*(al2 + 3/2) +
ar2 + a”3/6 - x"3/6
+ 1

The next challenged we face isto use asimulation code in order to plot the
intensity and phases of {u,,(r.¢;0)}" _,(Ed.23), meaning, the first 9 modes
of the Laguerre-Gauss beam at input (z=0) plane.

The results are portrayed in Figure 5 and Figure 6.




Figure5: Intensity of thefirst 9 Laguerre-Gaussian beam modes, with waist[1mm], wavelength
635[nm], Rayleigh’s length 4.9474|m], same metrical scale of measure for all figures.

Code used (requires at least MATLAB 2014b):
Laguerre_Gaussi an_nodes _input_all _first 9 nodes intensity. m
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Figure 6: Phase of thefirst 9 Laguerre-Gaussian beam modes, with waist[1mm], wavelength
635[nm], Rayleigh’s length 4.9474|m], same metrical scale of measure for all figures.

Code used (requires at least MATLAB 2014b):
Laguerre_Gaussi an_nodes_input _all _first_ 9 nodes_phase. m




Figure 5 is pretty much easy to grasp asit depicts amultiplicity of a
polynomial with a Gaussian, the rings formed in higher modes are
contributed from the minima and maxima areas of the polynomials.

Figure 6 can be explained by the exp(j¢¢) factor in Eq.23.
It’s name, Angular Momentum, is hijacked from Mechanics, and it causes a
spiraling sweep of all angles allowed in ¢.

On the p=0 order modes, the angular momentum is the exclusive phase factor
and it’s effect is depicted exclusively there, ¢ isthe number of [-7, 7]

periods depicted within the phase.

For p>0 modes, the phase is dependant on the the angular momentum, but

also on the sign of the L polynomials; when the sign of L} shifts, it causes
and immediate shift of phase by amodulo » factor, hence the cones of p=1,
that are contributed by the linear pattern of L/ *, and the toroids of p=2

orders which stem from the parabolic nature of L.

This phase analysis will be akey tool to understanding the more complex
waveforms that will be simulated in the study.

! Asseenin Table 5: Thefirst 4 Generalized Laguerre Polynomials, in their MATLAB symbolic functions,
compared to the theoretical ones.



Phase modulation Phase mask — analysis by Jacoby-Anger | dentity
At this part of the study we aspired to create a simulation code that will,
allow proper representation of Eq.32", and also inspect it’s Angular
Spectrum.

Given the discussion in Chapter 3, the waveform of ug(r)exp(jorsin(2zvix-¢)) IS
a superposition of Gauss-Bessel modes, where those each of these modesis
superposition of Gauss -Laguerre modes.

Regarding waveform at input plane (z=0[m])

Eq.32 has an obvious intensity of a Gaussian beam, and a phase of a phase-
modulated sinusoidal wave in respect to x and ¢, and as explained in the
end of the Jacobi-Anger expansion theory, it creates variations in the
Instantaneous phase of the carrier wave.

Regarding waveform at far field plane (z>>0[m])

For the far field, we use Eq.20.

The intensity is given exclusively by the Fourier Transform of EQ.32, for
that purpose we would examine the RHS (Right Hand side) of Eq.32.

The Displacement property of Fourier transforms dictates that a waveform,
(in the xy plane) multiplied by afactor of exp(j2zvx), has the same Fourier
Transform as the origina wave, but shifted by v, in respect to the horizontal
axis.

Similar (but different) property applies when the waveform is multiplied by
exp(jorsin(2mvyx)) as in Eqg.20, the main difference is that multiple replicas of
the original waveform (ug(r)) will appear due to the periodic nature of asine
function, and they would have areduced Support by 1/5 .

Given v, is “large enough” to allow proper separations (of the replicas),
using avariant of Eq.40 (same equation actually, just taking —¢ instead of

¢), wewould expect for each nto see all the {us (r.¢; z)}t::0 stacked (or

converged) upon each other, and for each n to account for another stack of
the above set (separated [by v, ] from the former set).
This pattern is expected to beinfinite in the x axis, and by the discussion in

chapter 3, in respect to intensity {uy’ (r.¢; z)}j:0 has the same shape as

! Ugo(r)exp(jorsin(2rvex-¢)) = T Ugg(r)In(or)exp(-jng)exp(jn2rvyX)



{ug (r.¢: 0)}101 as it’s an eigen-function of Eqg.19 and is given for afew
modes in figures Figures and Figures.

The Angular Spectrum phase aspect of Eq.32 is expected to show separated
figures (again, assuming v, islarge enough), with the linear phase of
exp(jn2zvyxx), an angular momentum exp(-jng) (Spiraling phase), discontinuous

step jumps from O to = dependant on J,(dr)’s sign, and finally, a parasitic
parabolic phase due to far-field (Eqg.20) (could be removed using alens).

Using the codes of,

Jacobi _anger _sinul ati on_LeftHandSi de_Propagation_differentC
B. m

and,

Jacobi _anger _sinul ati on_LeftHandSi de_Pr opagati on_Sanmed anpe
dCB. m

the simulation produced outputs exactly as was predicted in last paragraph;
those outputs are summarized in Figure 7.
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A necessary tool, to further ascertain the validity of Eq.31, is correlating the
angular spectra of the LHS and RHS, (n being the mode order for each
member in the RHS sum).

The correlation” (3{LHS-RHS, }) intensity (or by the convolution theorem

3{LHS}®3{RHS | ), is expected to give adistinct peak at the point the mode

order (n) is present.

Not only isit agood validation toal, it is also the way an optical filter (with
LHS’s pattern) can demultiplex a multimode beam, as it doesin Shoam
Swartz study.

Wishing to simulate both the angular spectrum of LHS-RHS,, and it’s far
field.

We used the following code to accomplish former:
Jacobi _anger _sinmul ati on_LeftHandSi de_Corel |l ati on_LHS12. m

as it’s output is summarized in Figure 8.
The output agrees with the predictions made in last paragraph.

Upon learning that it’s more elegant to show centered figures, we omitted
(without harming the results) the displacement factor of the RHS of Eq.32"

from the code of the far field correlation of the name;
Jacobi _ANger RHS COR LHS FAR FI ELD. m

where it’s output can be seen in Figure 9.
The output agrees with the predictions made in last paragraph.

The main distinct difference between figures Figures and Figureg, isin the
phase, this doesn’t contradict the predictions as the far field (depicted in
Figure 9) carries, as explained before, a par asitic parabolic phase as shown
in Eq.20.

Y exp(jn2zvy)
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Figure 8: Correlationsfor the angular spectra of both Eq.31’s LHS and a single s
bottom, the order of the single sum member of the RHS, n=-2,0,+1 From left to right, the order of the RHS sum member,
LHS& RHS,’s angular spectra correlation intensity, LHS& RHS,’s angular spectra correlation phase.

Theabovefor parameters. Grid size L=90*w,, sampling frequency fs =90* B, wo=5mm, 6=50/(L/2), »,=100/(L/2).
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Figure 9: Correlationsfor thefar fields of both Eq.31’s LHS and a single sum member of it’s RHS. From top to bottom, the order of
the single sum member of the RHS, n=-2,0,+1. From left toright, the order of the RHS sum member, LHS& RHS,’s far field

correlation intensity, LHS& RHS,’s far field correlation phase.
Theabovefor parameters. Grid size L=90*w(z=4[m]), sampling frequency fs =225*B, wo=1mm, 6=50/(L/2), v,=126/(L/2).




Bessel-Gaussian beams — The Single and Double sum problems
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Gauss-Bessel Double Sum
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Gauss-Bessel Double Sum conclusions:
It seems the simulations for the Gauss-Bessel Double Sum formula agree greatly
with the predictions made in chapter 3.
The Gauss-Bessel Double Sum LHS (left hand side) of eq.46 is good choice for an
optical filter (correlator) for the purposes demultiplexing separate Gauss-Laguerre
modes.



Summery and conclusions
This study’s simulation results are in agreement with Shoam Shwartz study as it
appears on the paper of .
(S.Shwartz, M. A. Golub, and S. Ruschin,” Diffractive optical elements for mode-
division multiplexing of tempora signals with the aid of Laguerre-Gaussian
modes” ,Appl. Opt .52, 2659-2669 (2013))

A method for improving this study results may be, using the Rayleigh-Sommerfeld
model of Eq.7 instead of the Fresnel Kirchhoff approximation of Eq.19, as the
former will predict the experiment with agreater degree of accuracy.

Also, it is preferable to redo the simulations that were carried out here againin a
few years as stronger computing power will exist which will give better figuresin
Images.

Finally, agreat improvement (which issimple) will be to use an array of lensesto
disable the parasitic parabolic phase, accumulated here due to using the far field
approximation of Eq.20.
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