



  
  
    

  

  
    	About
	
        Features 
        
          Personal and corporate archive
          Private social network
          Securely receive documents
          Easily share your files
          Online PDF Toolbox
          Permanent QR Codes
        

      
	Premium account
	Contact
	Help
	Sign up
	

  
 Sign in


  



    


  

    
      
        2016 > 
        February > 
        February 15, 2016
      

    


    





    
      The Eightfold Way (1) (PDF)


    

    
      









        File information


  This  PDF 1.5 document has been generated by TeX / MiKTeX pdfTeX-1.40.14, and  has been sent on pdf-archive.com on 15/02/2016 at 21:02, from IP address 174.100.x.x.
  The current document download page has been viewed 801 times.

  File size: 235.46 KB (22 pages).

   Privacy: public file
  
 







        
        
          

          

          

          

          

          

          

          

          

        
        


File preview

The Eightfold Way

PHY 497 - Independent Study

Hayden Julius

Dr. Ulrich Zurcher, Supervisor

Fall 2015



1



Contents

1 Groups



3



2 Group Representations



4



3 Unitary Representations and Multiplets

3.1 Motivation for Unitary Representations . . . . . . . . . . . . . . . . .

3.2 Multiplets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



5

5

6



4 Young Tableaux

4.1 Tableaux for the Symmetric Group . . .

4.2 Tableaux for the Special Unitary Group

4.3 Operations on Young Tableaux . . . . .

4.4 Rules for Multiplying Tableaux . . . . .



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



.

.

.

.



7

7

8

10

12



5 Quarks

5.1 Quantum Numbers . . . . . . . . . . . .

5.1.1 Isospin and Hypercharge . . . . .

5.1.2 Baryon Number and Strangeness

5.2 The Baryon Octet . . . . . . . . . . . . .

5.3 The Baryon Decuplet . . . . . . . . . . .

5.4 Mesons . . . . . . . . . . . . . . . . . . .



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



.

.

.

.

.

.



13

14

14

14

15

16

17



6 The Eightfold Way and Color Confinement

18

6.1 Triality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

6.2 Confinement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

7 Other Models and Experimental Evidence

20

7.1 SU(6) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

7.2 Cross-sections of Pion-Nucleon Scattering . . . . . . . . . . . . . . . . 20

8 References



22



2



1



Groups



A group G is a set of elements under a given operation that admit the following

properties:

1. Closure: For all a ∈ G and b ∈ G, we have ab ∈ G.

2. Associativity: For a ∈ G, b ∈ G and c ∈ G, (ab)c = a(bc).

3. Identity: There exists an element e ∈ G such that for all a ∈ G, ea = ae = a.

4. Inverse: To every element a ∈ G, an inverse element a−1 ∈ G exists such that

a−1 a = aa−1 = e.

We will not expand on the many theorems and definitions of group theory, but

rather examine the applications of their main ideas to particle physics. In essence,

we use the properties of certain groups to explain the physical phenomenon, without

examining elements of the group in detail.

We are primarily interested in groups of permutations and groups of matrices.

The group of permutations on a finite set of n objects is called the symmetric group,

denoted Sn , and the group operation is composition. Later, we will find that eigenstates of multiple particle systems can be written in terms of symmetric and antisymmetric permutations on the particles.

The general linear group of degree n is the set of all invertible n × n matrices,

forming a group together under the operation of ordinary matrix multiplication.

We take the entries of these matrices to be complex-valued, and denote this group

GL(n, C). Many matrices belong to this group, but several important subgroups

exist. Of paramount importance to particle physics are unitary matrices (a particular

of the more general Hermitian conjugate). A unitary matrix is a square matrix such

that its conjugate transpose is its inverse, that is,

U ∗U = U U ∗ = I

with ∗ denoting the conjugate transpose and I the identity matrix. Unitary matrices

(or equivalently as operators) remarkably preserve norms, and thus probability amplitudes. In other words, the wavefunction is invariant under a unitary matrix. The

set of all n × n unitary matrices form a group under multiplication, denoted U (n),

and those matrices that have determinant 1 form the special unitary group SU (n).

Notice that | det U | = 1 for all unitary matrices, whereas a matrix with real-valued

determinant 1 belongs to SU (n).
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2



Group Representations



In particle physics, we deal more with the representations of a group than elements

of the group itself. A representation of a group G is a homomorphism of G onto a

group of linear operators acting on a linear vector space. If the linear operators are

taken to be matrices, then we call the representation a matrix representation. For

the purposes of this paper, we will always mean a matrix representation.

A representation D on a group G (assumed to be over the field C) is a map

D : G → GL(V )

such that

D(g1 g2 ) = D(g1 )D(g2 ) ∀g1 , g2 ∈ G

Here, the dimension of V is the dimension of the representation. If V is of finitedimension n, then typically we identify GL(V ) with GL(n, C). Denote the set of all

matrices of a representation of G by D(G). If we consider more than one representation, distinguish between them with a superscript D(i) (G).

Now consider four representations of a two element group G = {e, a}.

1. D(1) (e) = 1,



D(1) (a) = −1,



2. D(2) (e) = 1,



1

(3)

3. D (e) =

0



1

4. D(4) (e) =

0



D(2) (a) = 1,





1

0

(3)

D (a) =

,

0 −1





−1

0

D(4) (a) =

.

0 0





0

,

1



0

,

0



Notice that D(4) has square matrices with vanishing determinants. Hence, these

matrices do not belong to GL(2, C) and are not useful. Also, the representations

D(1) , D(3) , and D(4) are an isomorphism (a homomorphism that is one-to-one) of

G, while D(2) is not. A representation that is isomorphic to the group is called a

faithful representation. It is clear that all matrix groups are faithful representations

of themselves.

The trace of a matrix D(g) ∈ D(G) is called the character of g, denoted by χ(g).

The set of all characters of elements is called the character of the representation, denoted by χ(D). The importance is that all equivalent representations have the same

character. This enables us to say, for instance, that D(1) and D(4) are equivalent
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representations, since χ(D(1) ) = {1, −1} = χ(D(4) ).

In general, a representation D is said to be decomposable into a direct sum of

representations D(i) if we can write

D = D(1) ⊕ D(2) ⊕ · · · ⊕ D(k) ,

where the ⊕ operation takes matrices D(i) and arranges them as a block matrix with

matrices on the diagonal and zeroes everywhere else, that is,





D(1)

0 ··· 0

 0 D(2) · · · 0 





D =  ..

..

..  .

.

.

 .

.

.

. 

0

0 · · · D(k)

If a representation D(i) (G) : G → GL(V ) is restricted to an invariant subspace

W ⊂ V from the group, D(i) (G) is a subrepresentation of V . If a representation D(i)

has only trivial invariant subspaces, that is, {0} and V itself, then D(i) is said to be

an irreducible representation.

The use of irreducible representations in particle physics is widespread and explored in the next section.
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Unitary Representations and Multiplets



3.1



Motivation for Unitary Representations



As stated before in Section 1, unitary matrices preserve norms. More precisely, given

two complex vectors x and y, multiplication by U preserves their inner product,

hU x, U yi = hx, yi.

Implications of this are important for energy considerations. The Hamiltonian

operator H describes the energy of a system, and is always a real number. The

spectrum of allowed energy levels of the system is given by a set of eigenvalues En

and solve the equation

Hψn = En ψn

If we operate on this equation with a unitary operator U , we obtain

U Hψn = U HU −1 U ψn = En U ψn .

5



Letting

H 0 = U HU −1



and



ψn0 = U ψn ,



we get

H 0 ψn0 = En ψn0 .

By assumption, the transformation U leaves H invariant, which implies H 0 = H.

Then, we can say ψn0 is an eigenstate of the Hamiltonian with the same energy as

ψn . Continuing to act on the system with another unitary transformation, we will

find another eigenstate of H with the same energy eigenvalue En .

All states obtained in this way can be written as a linear combination of basis

vectors of the unitary representation of the group of transformations. In general, the

vectors form a basis of an irreducible representation.



3.2



Multiplets



The set of basis vectors of an irreducible unitary representation (of transformations)

denote a set of quantum mechanical states. Call this set of states a multiplet.

Since all of the states of a multiplet are eigenstates of the Hamiltonian with the

same energy eigenvalue, the states are said to be degenerate in the energy.

As an example, the different charge states of a particle with isospin I constitute

a multiplet. But since isospin is not an exact symmetry, the states are not exactly

degenerate. For ease then, different states are referred to as distinct particles, rather

than substates of the same particle.

Now, we identify the members of multiplets (states given by |j, mi) from the

combination of two spin- 21 particles. They can have total spin j = 0 or j = 1 with

m ∈ {−1, 0, 1}.

= | 21 , 12 i | 12 , 12 i

= √12 | 21 , 12 i | 12 , − 12 i +



√1 | 1 , − 1 i | 1 , 1 i

2

2 2

2 2



= |↑, ↑i

= √12 |↑, ↓i + |↓, ↑i



|1, −1i = | 12 , − 21 i | 12 , − 21 i

|0, 0i

= √12 | 21 , 12 i | 12 , − 12 i −



√1 | 1 , − 1 i | 1 , 1 i

2

2 2

2 2



= |↓, ↓i

= √12 |↑, ↓i − |↓, ↑i



|1, 1i

|1, 0i



Here, the set of states with j = 1 form a triplet that is symmetric under the

interchange of particles. The singlet contains one j = 0 which is deduced from

requiring orthogonality to the |0, 1i state, and is totally antisymmetric.

In general, this process for describing multiplets is longwinded and tedious, which

may or may not include orthogonality considerations. We are then seeking an efficient

way to describe multiplets of particle combinations.
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Young Tableaux



A Young tableaux is a combinatorial object that provides a convenient way to describe the number, dimension, and symmetries of irreducible representations.



The diagram itself is a collection of rows of boxes, left justified. The i-th row has

λi boxes and is constrained such that

λ1 ≥ λ2 ≥ λ3 ≥ · · · ≥ λn .

This means no row may exceed the number of boxes in the previous row. The

same constraint applies for columns.



4.1



Tableaux for the Symmetric Group



When discussing the symmetric group, Sn , we also have the requirement that

n

X



λi = n.



i=1



Each tableaux is then a partition of the integer n. By exhausting all possibilities of

arranging n boxes given the row constraints, we find:

S2 :

S3 :



S4 :



S5 :

and so on.

7



Define the hook-length of a particular box in a Young diagram to be the number

of all boxes to the right, plus one for the box itself, plus the number of all boxes in

the column below it. Also, call the product of all hook-lengths of a diagram N . The

hook-lengths of the tableaux in S4 are displayed below:



S4 :

N :



4 3 2 1



4 2 1

1



24



3 2

2 1



8



4 1

2

1



12



8



4

3

2

1

24



This is precisely what we need to calculate the dimension of an irreducible representation, Y (λ) : Sn → GL(V ), where λ is the shape of a tableaux. It is given by

the following formula:

n!

dim Y (λ) = .

N

Thus, from above with S4 , we get

dim

dim

dim

dim

dim



= 4!/24 = 1

= 4!/8 = 3

= 4!/12 = 2

= 4!/8



=3



= 4!/24 = 1



The dimension of an irreducible representation found using the hook-length formula goes beyond the symmetric group. We see next how the tableaux are applied

to the special unitary groups, which are far more important to the physics.



4.2



Tableaux for the Special Unitary Group



Now, our tableaux operate under slightly different rules for SU (n) than Sn . The

most striking difference is that the number of boxes need not be n, and in fact, the

fundamental unit is a single box (e.g. particle) that can take n labels.

SU (3) :



= 1 or 2 or 3

8



We can also begin to classify symmetry, such that horizontal rows indicate symmetric combinations, vertical rows indicate antisymmetric combinations, and all

other configurations are mixed:

symmetric



antisymmetric



mixed



When populating the boxes with particle labels (1,2,3 etc...), several rules are in

place to avoid double-counting permutations:

1. Particle numbers may not decrease along the row.

1 1 2 2 3 is allowed but 1 1 2 3 2 is not.

2. Particle numbers must strictly increase down the column.

1 1 is allowed but 1 3 is not.

2 3

1 2

3. Tableaux for SU (n) have at most n rows. This follows from (2).

Calculating the dimension of tableaux in SU (n) obeys a slightly different counting

rule. First, insert n into the top left box of the tableaux. Then, strictly increase n by

single increments across the row. Strictly decrease n by single increments down the

column, and proceed until all boxes have been filled. An example of this counting

scheme for SU (4) is given below:

4 5 6 7

3 4 5

2 3

1

Call the product of all numbers in the boxes D. Similar to Sn , we will also inherit

the product of hook-lengths N . Then, the dimension of an irreducible representation

Y (λ) : SU (n) → GL(V ) is given by

D

N

The following tableaux will be used frequently for our discussion of particle interactions, so we calculate the dimensions now:

dim Y (λ) =



9
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