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Introduction

Consider the Sel’kov model

a(x, t)t = 1− a(x, t)b(x, t)γ +D1a(x, t)xx , (1)

b(x, t)t = α (a(x, t)b(x, t)γ − b(x, t)) +D2b(x, t)xx , (2)

where a, b : ]0 ; 4π[× R+ → R+ . We shall consider the boundary conditions

a(0, t)x = 0 , and b(0, t)x = 0 , (3)

a(4π, t)x = 0 , and b(4π, t)x = 0 , (4)

for all t ∈ R+, and the initial conditions

a(x, 0) = a0(x) , and b(x, 0) = b0(x) , (5)

with known functions a0, b0 : [0 ; 4π]→ R .
One can show that constant solutions are unstable, i.e. the solution changes signif-
icantly with a small change of the initial conditions, when

S =
D1

D2

√
γ − 1
√
γ + 1

> 1 , (6)

and we will investigate this instability by considering the following values of the
parameters:

α = 0.5, γ = 2.5, D1 = 0.05, and D2 = 0.002, (7)

giving
S = 5.63 > 1. (8)

To investigate the instability, we shall compare numerical solutions for the following
two sets of initial values:

Case 1: a0(x) = b0(x) = 1. (9)

Case 2: a0(x) = b0(x) =

{
0.99 2π − 0.1 < x < 2π + 0.1 ,

1 else.
(10)

Note that a(x, t) = 1 and b(x, t) = 1 is the exact solution to (1)–(5) in Case 1,
whereas we do not know the exact solution in Case 2.
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Assigments

1) Initial analysis
For what values of the constants k1 and k2 are a(x, t) = k1 and b(x, t) = k2
solutions to (1)–(4)?

2) An explicit FTCS scheme

2a) Write down the equations of an explicit FTCS scheme for (1)–(5) (First
order, forward in time, second order, centered in space).

Remember to approximate all derivatives in both the differential equa-
tions, the initial conditions and the boundary conditions to first order in
time and second order in space. (See the project overview lecture notes).

2b) Show that your scheme is consistent.

2c) Implement your FTCS scheme. The output should consist of 3D-plots of
the numerical solutions in all nodal points. In Case 1 additionally the
error should be output in the form of the maximum over all nodal points
of the absolute difference between the exact and the numerical solution
in the nodal point.

2d) Test your FTCS scheme with the two cases (9) and (10).

Use stepsizes approximately equal to 0.1 for both the space and time
directions, and compute up to t = 10. For Case 2 try with additional
time steps of approximately 0.05 and 0.01.

Comment your results: Does convergence seem likely by visual inspection
in Case 1 for time stepsize 0.1? Explain why you reach this conclusion?
Do you believe that you have reached convergence in Case 2? If yes, for
what timestep? Why do you reach this conclusion?

3) A Crank-Nicolson scheme

3a) Write down the equations of a Crank-Nicolson scheme for (1)–(5) (Cen-
tered Time, Centered Space). (See the project overview lecture notes).

3b) Verify that your scheme is consistent with consistency errorO(∆t2+∆x2).

3c) Implement your Crank-Nicolson scheme with the same output as the
FTCS scheme in Assignment 2c.

Since the differential equations are nonlinear, we are faced with the prob-
lem of solving a system of nonlinear equations. To this end, apply a
“Predictor-Corrector method”. (See the project overview lecture notes).
Allow for a selection between performing either step 1a or step 1b in the
Predictor-Corrector method.

3d) Test your Crank-Nicolson scheme with the two cases (9) and (10).

Use stepsizes approximately equal to 0.1 for both the space and time
directions, and compute up to t = 10. For Case 2 try with additional
time steps of approximately 0.05 and 0.01 but also 0.5.

Run each case both with step 1a and step 1b in the predictor-corrector
method. (See the project overview lecture notes).
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Comment your results as in Assignment 2d, and additionally comment
on whether you notice any difference between using step 1a or step 1b in
the predictor-corrector method.

4) Maple’s default method for solving systems of PDE’s

4a) Implement the Sel’kov model (1–5) in Maple so that it can be used by
the pdsolve function in the PDEtools package in Maple to solve the
equations (1)–(5). That is: Make the setup for running pdsolve.

4b) Use the “numeric” option and run 2 steplength cases for both Case 1 and
Case 2:

I. space- and timesteps equal to the Maple default.

II. space- and timesteps both equal to 0.1.

Plot the numerical solutions both as 3D-plots as you did for FTCS and
Crank-Nicholson but for Case 2 also as 2D animations, showing the so-
lutions for time values from 0 to 10.

Comment your results as in Assignment 2d and 3d. Are the default step-
sizes small enough? Comment in particular on any differences between
the 3D plots and the 2D animations.

5) Comparison
Compare the methods tested and conclude with a brief discussion of your
results.
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