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ORDINARY DIFFERENTIAL EQUATIONS AND LINEAR ALGEBRA

DANA D. CLAHANE



1. Introduction to Abstract Mathematics

Preview

In this chapter, we prepare the reader for the later sections in the book by introducing basic logic

terminology, and modern function notation. All mathematical statements can be written as a

combination of these logical terms, so in order to progress into advanced mathematics smoothly

and in order to minimize unknowing errors in thinking, any serious student of mathematics

should, as early as possible, begin to use these terms in problem-solving and in mathematical

communication. The use of this terminology makes mathematics less intimidating, even though

the logic symbols at first may look difficult. In reality, it only takes a few days of practice to

get used to expressing mathematical reasoning this way, so don’t be intimidated by it. As this

course progresses, you will learn to appreciate why this section starts this book. The things that

you learn in this section are used by mathematicians as a trick for the purpose of focusing on the

important details of a mathematical statement. Using these terms when working on especially

difficult parts of a problem or proof, will give you the ability to verbalize clearly what you are

trying to do in the problem. You are strongly encouraged to adopt this terminology now. Use

the logic you learn in this section as a foundation for the rest of the sections in the book.

1.1. Sets. Concepts Emphasized: Set,{ },R, N,Z, Q, ∈

Definition 1.1. A set is a collection of objects, which we usually represent with symbols.

Sets can contain not only numbers but other objects, or no objects or symbols at all. Often

we use curly brackets {} to enclose the objects that are in the set.

Example 1.2. {1, 2} contains only the number 1 and the number 2.

We now look at important sets that will be used throughout the book:

Definition 1.3. N denotes the set of all natural or counting numbers; i.e.,

N = {1, 2, 3, . . .}.

Definition 1.4. W denotes the set of all whole numbers; i.e.,

W = {0, 1, 2, 3, . . .}.

The author would like to thank his former student Craig Luis, who performed LaTeX typsetting of an

earlier version of a portion of these lecture notes. The author would also like to thank his current and former

Fullerton College Linear Algebra/Differential Equations students, who spotted misprints on many occasions

or pointed out mathematical errors in earlier versions. Finally, the author would like to than Professor

Michel Lapidus for helpful comments on these notes.
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Definition 1.5. Z denotes the set of all integers; i.e.,

Z = {. . . , −3, −2, −1, 0, 1, 2, 3, . . .}.

Definition 1.6. R denotes the set of all real numbers. The real numbers include the integers,

fractions of integers (e.g. 13 ) and any number that can be written as a non-terminating, nonrepeating decimal, e.g. 0.12345678910....

Definition 1.7. Q denotes the set of all rational numbers, including, for example, −5/3.

Definition 1.8. C denotes

the set of all complex numbers, including, for example, 3 + 4i,

√

where i here denotes −1.

Definition 1.9. ∈ means “is an element of”.

Example 1.10. 1 is an natural number, an integer and a real number. Therefore, we can

write: 1 ∈ N, 1 ∈ Z and 1 ∈ R.

Section Review

Symbol What symbol represents

Examples

N

Natural numbers

1,2,3,...

W

Whole numbers

0,1,2,3,...

Z

Integers

...,-2,-1,0,1,2,...

√

R

Real numbers

1, 12 , π, 2

C

Complex numbers

3 − 8i, −5 + 7i

Exercises

(1) Decide whether the following statements are true or false.

(a) −1 ∈ Z.

(b) −1 ∈ N.

(c) 12 ∈ Z.

√

(d) √2 ∈ Z.

(e) 2 ∈ R.

1.2. More on Sets. Concepts Emphasized: Open interval, closed interval, Rn , difference between R2 and open interval, ⊂, ∪, ∩

In general, the expression {x| P }, where P is a mathematical statement, to mean the set

of all x such that a given statement P is true. If A is a set, then {x ∈ A| P} means the set

of all x in A such that P is true.

Example 1.11. {a ∈ R| a2 = 1} = {±1}

Example 1.12. {a ∈ N| a2 = 1} = {1}

Definition 1.13. [a, b] is the collection of all real numbers between a and b including a and

b, i.e. [a, b] = {c ∈ R| a ≤ c ≤ b}. [a, b] is called a “closed interval.”

Definition 1.14. (a, b) is the collection of all real numbers between a and b not including a

or b, i.e. (a, b) = {c ∈ R| a &lt; c &lt; b}. (a, b) is called an “open interval.”



ORDINARY DIFFERENTIAL EQUATIONS AND LINEAR ALGEBRA



3



Example 1.15. The closed interval [0, 1] contains only two numbers that the open interval

(0, 1) doesn’t: 0 and 1.

Definition 1.16.

Rn = {(ω1 , ω2 , . . . , ωn ) : ωi ∈ R for all i = 1, 2 . . . , n}.

Example 1.17. Let ω = (1, 1.1, 1.2, . . . , 2). Then ω ∈ R11 , and ω2 = 1.1.

Section Review

Symbol What symbol represents

Examples

2

Z

(a, b), a, b ∈ Z

(1,√2)

2

R

(a, b), a, b ∈ R

(1, 2)

√

4

R

(a, b, c, d), a, b, c, d ∈ R (1, 2, 0, −1)

Exercises

(1) Decide whether the following statements are true or false.

(a) 1 ∈ [0, 2].

(b) 1 ∈ {0, 2}.

(c) 1 ∈ (0, 1).

(d) 1 ∈ (0, 1].

(e) 1 ∈ {0, 1}.

(2) Decide whether the following statements are true or false.

(a) (1, 2, 2) ∈ Z2 .

(b) (1, 2, 3) ∈ Z3 .

3

(c) (1,

√ 2, 3) ∈ R . 3

(d) ( 3, π, 1) ∈ R .

1.3. Functions. Concepts Emphasized: Function, Domain, Range

The following notation is the most important tool in a mathematician’s toolbox, so you

are strongly encouraged to always use it anytime you deal with functions. This notation is

crucial for work beyond calculus, especially, but it will be useful in this course as well.

Definition 1.18. Recall that a function f is a relation between two sets, the first of which

is called the domain of inputs and a second set, called the codomain of outputs of f . We

write f : D → R precisely when we mean that f is a function with domain D and codomain

R.

Section Review

Symbol

What symbol represents

Examples

f : X → Y f is a function from X to Y f : Z → Z where f (x) = x + 2

f : R → R where f (x) = x + 2

Exercises

(1) Decide whether the following statements are true or false. If you answer “false,” give

a reason for your conclusion.

(a) We can define f : Z → Z by f (x) = x + 1.

(b) We can define f : Z → R by f (x) = x + 1.

(c) We can define f : Z → Z by f (x) = x2 .
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(d)

(e)

(f)

(g)

(h)

(i)



We

We

We

We

We

We



can

can

can

can

can

can



define

define

define

define

define

define



f

f

f

f

f

f



: Z → R by f (x) = x2 .

: R → R by f (x) = 1/x.

√

: R → R by f (x) = x. √

: [0, ∞) → R by f (x) = √

x.

: (−∞, 0] → C by f p

(x) = x.

: R → R by f (x) = |x|.



1.4. Logical Statements. Concepts Emphasized: iff, ∃, ∀

Definition 1.19. “iff” means “if and only if”.

Definition 1.20. ∃ means “there exists”.

Example 1.21. ∃ at least one real solution to the equation x + 5 = 7.

Definition 1.22. ∀ means “for all”.

Example 1.23. ∀x ∈ R, there exists a y ∈ R such that x + y = 0.

Section Review

Symbol What symbol represents

Examples

∃

“There exists”

∃x such that x + 1 = 0 (x=-1)

∀

“For all”

∀x ∈ N, x &gt; 0

iff

“if and only if”

x + 1 &gt; 0 iff x &gt; −1

Exercises

(1) Rewrite the following statements using the symbols ∀, ∃, ∈, R, Z, N and iff:

(a) There exists a real number x such that x + 1 = 0.

(b) For all real numbers x, 0x = 0.

(c) For all real numbers x, there exists y such that x ∗ y = 0.

(d) xy = 0 for all real numbers x if and only if y = 0.

(e) x + 1 is an integer if and only if x is an integer.

(f) There exists a function f from the integers to the integers such that f (x) = 2x.

(g) There exists a function f from the real numbers to the real numbers such that

f (x) = x3 .

(2) Decide whether the following statements are true or false. If you answer “false,” give

a reason for your conclusion.

(a) ∀x ∈ R, ∃y ∈ R such that x + y = 2.

(b) ∀x ∈ N, ∃y ∈ N such that y 2 = x.

(c) ∀x ∈ N, ∃y ∈ R such that y 2 = x.

(d) ∀x ∈ Z, ∃y ∈ N such that y 2 = x.

(e) ∃x ∈ Z such that ∀y ∈ R, xy = 0.

(f) xy ∈ Z iff x ∈ Z and x ∈ Z.

(g) xy ∈ Z if x ∈ Z and x ∈ Z.

(h) ∃f : R → R such that f (x) = x + 1 for all x ∈ R.

(i) ∃f : Z → Z such that f (x) = x + 1 for all x ∈ Z.

(j) ∃f : Z → Z such that f (x) = x2 for all x ∈ Z.



ORDINARY DIFFERENTIAL EQUATIONS AND LINEAR ALGEBRA



(k)
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∃f

∃f

∃f

∃f
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: Z → R such that f (x) = x2 for all x ∈ Z.

√

: Z → Z such that ∀x ∈ Z, f (x) = √x.

: N → R such that ∀x ∈ N, f (x) = √ x.

: Z → R such that ∀x ∈ Z, f (x) = x.

2. Review: What is a differential equation?



Definition 2.1 (Differential equation). An equation is called differential if and only if it

contains first-order or higher-order derivatives (or, respectively, partial derivatives) of an

unknown real-valued function y of an independent real variable x (or, respectively, several

real variables x1 , x2 , . . . xn ).

Example 2.2. y 0 = 3y and y 00 = 4x, where y is a real-valued function of a real variable x,

are differential equations (de’s).

Example 2.3. The following equation is also a differential equation, if z is a real-valued

function of two real variables x and y:

∂z

= −3xz.

∂y

Mathematicians prefer to distinguish differential equations where the unknown function

depends on only one variable, or more than one variable:

Definition 2.4 (Ordinary differential equation). A differential equation (hereafter, abbreviated as “de”) in a real variable y is called ordinary iff y is a function of one real variable.

Example 2.5. The first two differential equations above are ordinary. (We use “ode” as an

abbreviation for “ordinary differential equation.”

Definition 2.6 (Partial differential equation). A de is called partial (or a p.d.e. or pde iff

the de is not ordinary.

Example 2.7. If z is a real-valued function of two real variables x and y, then

∂z/∂x = 3xyz

is a pde (a partial differential equation).

Remarks:

(1) In this course, we will only consider ode’s. Pde’s are considered in an upper-division

course on such equations.

(2) Notice that the our definitions imply that ode’s are NOT pde’s and vice-versa is also

true.

(3) The field of differential equations (including partial differential equations) is vast, and

there are a large number of such equations that not enough is known about, such as the

Euler equations, the Navier-Stokes Equations, and the N -body problem in celestial mechanics. Many mathematicians have devoted their lives to studying these types of equations,

which have vast applications. For an introduction to the Navier-Stokes equations written
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for students with minimal background, see the recent joint expository paper by the author

with his former student Trevor Ta [?].1

(4) In first-year calculus, you saw what a de was, and what a solution was, and you also

solved some basic de’s. You also saw that de’s have applications to

a) spring mechanics,

b) population growth,

c) compound and continuous interest, and

d) cooling of an object in a constant temperature medium,

to name only a few. We will only briefly mention these applications here and throughout

the rest of these notes.

Definition 2.8 (Solution to a de). We say that an equation is a solution to a de iff the

equation does not contain any derivatives and also implies that the de is true. In particular,

we say that a function f is a solution to a de in an unknown function y iff the equation

y = f (x) is a solution of the de.

Example 2.9. y = ex implies that dy/dx = ex . Thus, dy/dx = y if y = ex , and therefore,

by definition, the equation y = ex is a solution to dy/dx = y.

Exercise 1. Show that sin is a solution to y 0 = cos x.

Exercise 2. Show that x2 + y 2 = 4 is a solution to dy/dx = −x/y, under the assumption

that y 6= 0. Hint: Recall from first semester calculus that you can use implicit differentation

to show that the de holds here.

Definition 2.10 (Order of a de). The order of a de in an unknown function y is defined to

be the order of the highest-order derivative that appears in the de. De’s of order n for n ∈ N

are said to be of nth order.

Example 2.11. y 0 = 3y has order 1 and is called “first-order.”

Exercise 3. Write down an example of a 1) first-order pde and a 2) second-order pde.

Exercise 4. Write down an example of a second-order de and also a third-order de.

Definition 2.12 (Initial value problem). An initial value problem (hereafter abbreviated as

IVP) is a de or collection (called a system) of de’s together with an equation or system of

equations giving the values of the unknown function y and any of its first- and/or higherorder derivatives at any point in the domain of the function or its relevant derivatives at

given values of the independent variable x.

Example 2.13. y 0 = 3y, y(0) = 1 is an initial value problem, since the first equation is a de

and the second equation gives the value of the unknown function y at a prescribed value 0

of the independent variable x.

Example 2.14. y 00 = 3y 0 , y 0 = 3y, y(0) = 1, y 0 (0) = 1 is also an IVP.

1Reference



needed here.
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Physical Example: An important problem in mathematical physics is the so-called nbody problem and associated problems, such as the still undiscovered proof (or disproof)

of Saari’s conjecture. Students are invited to google these terms for more information and

if you are interested in doing a research project in this area, please contact the author, as

he has several students involved in a working document that acts as a tutorial in this area.

Don’t worry, you won’t be tested on such difficult problems in this course! But you are

encouraged to look into them.

Remark: Clearly, physics is a major source of applications of IVP’s. Often we want to be

able to predict where an object will be and only know where it is at some point in time and

what its velocity and/or acceleration are over time, by some formula. Thus IVP’s will play

a central role in this course.

3. Orthogonal trajectories of curves

Definition 3.1 (Third-variable curve families of functions of three variables). Suppose that

F : D → R, where D ⊂ R3 . Then for each c ∈ R, the equation

F (x, y, c) = 0

is satisfied by a collection of points Fc ⊂ R2 , and we call the collection FC of all Fc such that

c ∈ R, the third-variable curve family induced by F .

Example 3.2. Let F : R3 → R be given by F (x, y, z) = x2 + y 2 − z = 0. Then for each

c ∈ R, Fc is the curve in R2 consisting of all points (x, y) ∈ R2 such that x2 + y 2 − c = 0. If

c &lt; 0, then Fc is the so-called empty curve; that is, Fc is the curve√consisting of no points

at all. F0 is the origin, and if c &gt; 0, then Fc is a circle with radius c and center at (0, 0).

Definition 3.3 (Orthogonal trajectories of third-variable curves generated by real-valued

functions of three variables). Suppose that F, G : D → R, where D ⊂ R3 . Assume that for

all c ∈ R, F (x, y, c) = 0 and G(x, y, c) = 0 are curves in R2 with well-defined tangent lines

at each point in them. We say that GC is an orthogonal family of trajectories for the family

FC iff for each (x, y) ∈ Fc ∩ Gc , assuming that c ∈ R, the tangent lines to the graphs of Fc

and Gc are perpendicular.

Remark: Orthogonal families of trajectories have important geometric applications. For

example, in the study of 2-dimensional heat flow, heat flows in a perpendicular direction to

that of its isotherms (curves along which temperature remains constant).

Theorem 3.4 (Orthogonal Trajectory Theorem). Let c ∈ R. Suppose that F, G : D → R,

where D ⊂ R3 . Assume that F (x, y, c) = 0 and G(x, y, c) = 0 are equations of curves in

R2 with well-defined tangent lines at each point on these curves. Then GC is an orthogonal

family of trajectories for the family FC iff for each Gc ∈ GC , we have that G(x, y, c) = 0 is

a solution to the ode given by

−1

dy

=

,

dx

f (x, y)

where (x, y) ∈ Fc ∩ Gc and f (x, y) is the slope of the tangent line to Fc at (x, y).
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The proof of the above theorem immediately follows from the fact that perpendicularity

of lines holds if their slopes are negative reciprocals of each other. Students should write out

the details of this proof as a simple exercise.

Example 3.5. The curves Gc given by y = cx for c 6= 0 and y = 0 form an orthogonal family

of trajectories for FC where Fc for each c &gt; 0 is given by F (x, y, c) = 0 and F (x, y, z) =

x2 + y 2 − c for all (x, y, z) ∈ R3 . To prove this, recall that by implicit differentiation,

x2 + y 2 − c = 0 implies that dy/dx = −x/y, unless y = 0. Now if y = 0 for a point

(x, y) ∈ Fc , then the tangent line to Fc is vertical and thus has infinite slope, which can be

viewed as the negative reciprocal of 0, the slope of G0 . In either case c = 0 or c 6= 0, the

slope of Gc is c, which is y/x for a point (x, y) ∈ Fc ∩ Gc . But y/x = −1/(−x/y). Thus by

the Orthogonal Trajectory Theorem, GC is an orthogonal trajectory family for FC .

Exercise: Find the orthogonal trajectory family for F : R3 → R given by F (x, y, z) =

x + y − z.

2



4. Linear ode’s

Definition 4.1 (Linear ode). An ode in an unknown function y is called linear iff ∃n ∈ N,

f0 , f1 , f2 , . . . fn , g : Dom(y) → R such that the ode can be written in the form

n

X



fn−k (x)y (n−k) = g(x).



k=0



Example 4.2. y 00 − 3x2 y 0 − y = x is a de that can be written in the above form if we let

n = 2, and let f2 , f1 , and f0 : R → R be respectively given by f2 (x) = 1, f1 (x) = −3x2 , and

f0 (x) = −1, with g : R → R given by g(x) = x. Thus we can see that by definition, this de

is linear.



Exercise 5. Show that sin xy (3) − y 0 /x = −5 is a linear de if y is an unknown real-valued

differentiable function of a real variable x.

Exercise 6. Show that (y 0 )2 = y is a non-linear ode if y is a differentiable, real-valued

function of a single real variable x.

Remark: It is a fact, mainly omitted from standard ODE textbooks, that it is usually

non-trivial to show that a given ode is non-linear. However, since we will be considering

linear ODE’s for quite some time, the issue of proving non-linearity of a given ode is not

relevant for us at this point. On the other hand, it would be nice if every ode student could

verify that some ode is non-linear! Can you? The following problem is even more non-trivial

than the one above.

Exercise 7. Prove that y 00 − (y 0 )2 − 1/y = x is not linear.
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5. Particular and general solutions of ode’s

Definition 5.1. A particular solution of an ode is a single equation or function that is a

solution. A general solution to an ode is a family of inequivalent equations that can be

written in the form p(x, y, c1 , c2 , . . . cn ) = 0 for some real parameters c1 , c2 , . . . cn that can

take on any real value but that are constant with respect to x, where n is the order of the

ode.

Example 5.2. y = 10 is a particular solution to y 0 = 0, because it is only one equation.

Exercise 8. Find another particular solution of the above ode.

Example 5.3. y = c is a general solution to y 0 = 0 if we regard c as a real number that can

take on any value that is constant with respect to the variable x.

Exercise 9. Find a general solution to u00 (t) = t2 . Then find a particular solution. Here,

assume that u is an unknown, twice-differentiable, real-valued function.

6. Existence and Uniqueness Theorem for Solutions of nth Order Linear

IVP’s with Continuous Coefficients

Theorem 6.1 (Solution Existence and Uniqueness Theorem for Solutions of nth Order

Linear IVP’s with Constant Coefficents). Suppose that

n

X



an−k y (n−k) = f,



k=0



is an nth order and linear ODE in the unknown function y on a non-degenerate interval

upon which aj , ∀j ∈ {1, 2, . . . , n}, and f are real-valued and continuous functions on I.

Then there is a unique solution y of the IVP consisting of the above ode together with the

initial conditions y (k) (x0 ) = yk for each k ∈ {0, 1, 2, . . . , n}.

Example 6.2. Let’s prove that y = 4 is the only solution of y 0 = 0, y(0) = 4.

Proof. Note that this IVP arises from a first order linear ode y 0 − 0 and has a1 and f

respectively the continuous functions 1 and 0. Notice that if y = 4, then y 0 = 0. Furthermore,

y(0) in this case is 4, so y = 4 definitely is a solution of the IVP. However, the above theorem

guarantees that there a solution. So we could simply quote the theorem to prove that there

is a solution this IVP. Now consider uniqueness. Notice that the IVP is a first order linear

ODE with coefficent 1, which is a constant and hence continuous and with initial condition

y(0) = 4. Since constants are continous on R we now have shown that this can be the only

solution of the IVP, by the above theorem.



Exercise 10. Show that y 0 = 2x, y 0 (−1) = 1 has a unique real-valued function that is a

solution, using the above theorem. Then, find this solution!

Research Project: Find a proof of the Solution Existence and Uniqueness Theorem for

nth-Order Homogeneous ODE’s with Continuous Coefficients.
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