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Abstract. We will propose a method of obtaining topological infor-
mation about an unknown space from minimal empirical data. The
method uses empirical data to construct a suitable cover of the space
from finite subsets of our space. One then writes down the nerve of the
cover, transforms this nerve into a bridge nerve, and appeals to a result
which we call the bridge nerve theorem to deduce that the fundamen-
tal group of the bridge nerve is a quotient of the fundamental group
of the space. We may therefore infer topological information about the
unknown space via the nerves we construct. To develop our method,
we introduce some original notions in this paper including the notion of
a bridge nerve and the notion of a geodesic-type rule for constructing
a covering. We present two main results in this paper: the first is the
bridge nerve theorem which guarantees a surjection from the fundamen-
tal group of a space to fundamental group of the bridge nerve of a cover;
the second is a theorem that presents a condition under which we may
remove vertices from our nerve without losing information.
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1. Introduction

Consider a situation in which a robot is exploring an unknown space,
such as the inside of a dark cave, or the surface of the moon. An important
question is how we may use the empirical data collected by the robot to
understand the topological features of the space. In the case of a cave, the
space in question is the inside portion of the cave, and therefore, the fun-
damental group of the space provides information as to how many “pillars”
the cave has. In the case of exploring the surface of the moon, the space in
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question may be all level areas, in which case the fundamental group pro-
vides information as to how many craters the surface has. In this paper,
we study a method by which the fundamental group of an unknown space
can be studied. The method involves choosing a finite set of finite subsets
our space, constructing a closed, path connected cover of the space from our
finite set, and writing down the nerve and bridge nerve of our cover. We
then will appeal to a theorem we prove called the bridge nerve theorem to
deduce that the fundamental group of our space surjects onto the funda-
mental group of our nerve. For spaces such as the inside of a cave or the
surface of a moon, what this means is that we may find a lower bound for
number of ‘holes’ (“pillars” and craters resp.) that our space possesses.

As is apparent from the description of the method above, the fundamental
mathematical concept that makes the above method work is the fact that the
topological properties of the nerve of a cover are related to the topological
properties of our space. This relationship has been extensively studied,
and classical results (known as nerve theorems) by Borsuk [2] and Weil
[10] demonstrate that under strong conditions on the nature of our space
and cover, the nerve of a cover is homotopy equivalent to the space which
it covers. Weil’s formulation was similar to formulation (1), and Borsuk’s
formulation was similar to formulation (2):

(1) If X is a triangulable space and F is a locally finite collection of closed,
path connected, contractible subspaces of X such that all finite intersections
of elements of F are contractible, then the nerve of F is homotopy equivalent
to X.

(2) If X is a simplicial complex, and F is a finite cover of contractible
subcomplexes such that that all finite intersections of elements of F are
contractible, then the nerve of F is homotopy equivalent to X.

Since then, study has been done to investigate weaker hypotheses under
which one can guarantee weaker claims than homotopy equivalence. Mc-
Cord in [5] relaxes the condition of triangulablility and proves the existence
of weak homotopy equivalences. More recently, Nagórko [7] and Björner [1]
formulate weaker conditions that guarantee isomorphisms on certain homo-
topy groups. Govc and Skraba in [4] replace the notion of contractibility
(acyclicity) in Borsuk’s formulation with the notion ε-cyclicity, and they
prove an ‘approximate nerve theorem’ for ε-cyclic covers.

Study has also been done to answer an opposite question: What simplicial
complexes arise naturally as nerves of certain kinds of spaces? For instance,
Wegner proved in [9] that every simplicial complex with d vertices is the
nerve of a collection of euclidean balls in R2d+1 and Tancer proved in [8]
that Wegner’s bound is the best possible.
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For the purpose of exploring spaces, we are interested in obtaining a
nerve from a space rather than this opposite question. However, we cannot
appeal directly to nerve theorems that predict homotopy equivalences or
isomorphsims of homotopy groups, firstly because our space need not be
triangulable, and secondly because we may have no way of knowing whether
the intersections of elements of our cover are contractible (or have another
property that we desire). Therefore, we will formulate a nerve theorem with
weaker, local hypotheses, which we will call the bridge nerve theorem. With
such hypotheses we cannot guarantee isomorphisms on any of the homotopy
groups, but fortunately we can guarantee a surjection from the fundamental
group of our space to the fundamental group of the bridge nerve we have
constructed. The fact that we cannot guarantee an isomorphism means that
we may underestimate the rank of the first homology group. This opens up
new possibilities for study: How can we try to avoid underestimating the
rank? How can we extract maximum topological information from given
data?

It is worthwhile noting that there is a subtle yet important difference be-
tween the classical motivation for constructing a nerve and our motivation .
In [5], McCord motivated the importance of the nerve theorem by suggest-
ing that it might provide a way to answer the question as to whether any
compact manifold has the “homotopy type of a finite complex”. Related
questions were addressed using nerve theorems in [3] by Edelsbrunner and
Shah. The significance of this is that we would like to represent a compact
manifold by a finite complex and work with this combinatorial object. Such
representations have proved useful for efficiently computing, for example,
the homology of maps, as as demonstrated by Mrozek in [6]. Our moti-
vation is not to represent a space by a nerve, but rather to capture some
features of our space in a nerve, which helps us understand the unknown
space better. This subtle difference is apparent in the difference between the
classical nerve theorem that is used to represent a space by it’s nerve, and
the bridge nerve theorem which shows that a nerve of a more general cover
can be used to capture some qualities of the space. The different motivation
and the relaxed and local hypotheses of the bridge nerve theorem lead us
naturally to define the notion of a rule (for the construction of a cover from
a finite set), and to study how nerves behave as we remove points from the
finite set. This approach is, to our knowledge, a novel approach presented
in this paper.

The structure of the paper is as follows: In Section 2, we introduce the
notion of a bridge nerve and prove the bridge nerve theorem. We also
demonstrate how to transform nerves into other nerves which are equal to
their bridge nerve. This transformation process increases the strength and
applicability of the bridge nerve theorem. In Section 3, we introduce the
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notion of a rule and study how nerves change as we remove points from our
finite set. We present a result which provides conditions under which we
may remove points from our finite set and still produce nerves with desirable
qualities. The significance of this result is that it allows us to decrease the
size of the nerves on which we must perform computations.

In this paper, a space is always assumed to be a compactly generated and
Hausdorff.

2. The bridge nerve theorem

Definition 2.1. Given a collection F of subsets of a space X, the nerve of
F , denoted N(F), is the abstract simplicial complex

N(F) = {K ⊂ F |
⋂
K∈K

K 6= ∅}

We now introduce the notion of a bridge nerve:

Definition 2.2. For n ∈ N, a n-bridge is defined as follows:

A 1-bridge is a singleton subset of F
A 2-bridge is a 2-sequence {F1, F2} ⊂ F , F1 6= F2, such that F1 ∩ F2 6= ∅
For n ≥ 3, a n-bridge is a n-sequence {Fi}ni=1 ⊂ F such that for each i ∈ {1, .., n− 2},
Fi, Fi+1, Fi+2 are distinct, and Fi ∩ Fi+1 ∩ Fi+2 6= ∅

Given a collection F of subsets of a space X, and given F,K ∈ F , we
will say that “there exists a n-bridge between F and K” if there exists a
n-bridge {Fi}ni=1 ⊂ F such that F1 = F and Fn = K.

Definition 2.3. Given a collection F of subsets of a spaceX, the bridge nerve
of F , denoted NB(F) is the abstract simplicial complex

NB(F) = {K ⊂ F | For every K,L ∈ K there exists a n-bridge between

K and L for some n ≥ min(|K|, 3)}

Note that the bridge nerve of a cover can be constructed from the nerve
but not vice versa. The reason why the bridge nerve of a cover can be
constructed from the nerve of the cover is that the construction of the bridge
nerve depends only on the intersection patterns of the covering sets, and
all information about the intersection pattern of the covering sets can be
gained from the nerve of the cover. The following example illustrates how
the nerve and bridge nerve of a cover are constructed, and why they are
different objects.

Example 2.4. Consider the space X = [0, 1] × [0, 1] and the cover F =
{F1, F2, F3, F4} as depicted below. We will write down N(F) and NB(F).
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F4

F3

F1 F2

(a) N(F) (b) NB(F) = ∆3

Figure 1. As per definition, N(F) = {K ⊂ F |
⋂

K∈K
K 6= ∅} =

{{F1}, {F2}, {F3}, {F4}, {F1, F2}, {F1, F3}, {F1, F4}, {F2, F3}, {F2, F4},
{F1, F2, F3}, {F1, F2, F4}}. The geometric realization of N(F)
has been depicted in (a). Notice however that {F1, F2, F3, F4}
is a bridge between F1 and F4. In this manner, it can be seen
that for any i, j ∈ {1, 2, 3, 4}, there exists a n-bridge between
every Fi, Fj ∈ F for some n ≥ 3. Thus, we conclude that
{F1, F2, F3, F4} ∈ NB(F) and therefore NB(F) = ∆3.

Considering the abundance of nerve theorems, the first question one might
ask is how the topological features of bridge nerves are related to the fea-
tures of nerves. Since this paper focusses on the fundamental group, it is
important to know how their fundamental groups are related. The following
proposition relates the two fundamental groups:

Proposition 2.5. Given a cover F of a space X, there exists a surjection
π1(N(F))� π1(NB(F))

Proof. An elegant way to prove this is to deduce it as an application of
Theorem 2.7. For each i ∈ Vert(|N(F)|), define Ki = {x ∈ N(F) | d(x, i) ≤
d(x, j) for any j ∈ Vert(|N(F)|)}. K := {Ki}i∈Vert(|N(F)|) is a cover of
|N(F)| satisfying the hypotheses in Theorem 2.7, and thus, by Theorem
2.7, there exists a surjection π1(|N(F)|)� π1(NB(K)).

I now will show that NB(K) = NB(F) as a simplicial complex, which
will prove the result. Indeed, for each i ∈ Vert(|N(F)|), let Fi denote
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the corresponding vertex of N(F) (obtained by passing from the geomet-
rical realization to the abstract simplicial complex). i 7→ Fi is a bijection
from Vert(|N(F)|) to Vert(N(F)). Furthermore, given A ⊂ Vert(|N(F)|),
{Ki}i∈A ∈ N(K) ⇐⇒

⋂
i∈A

Ki 6= ∅ ⇐⇒ {Fi}i∈A ∈ N(F). Thus, as a

simplicial complex, N(K) = N(F). Since bridge nerves can be constructed
uniquely from nerves, we conclude that NB(K) = NB(F), thereby proving
the result. �

We would like to remark that in the proof of the above proposition we
constructed a cover via the geodesic rule, a notion that we will introduce in
Section 3 of the paper. After we introduce the notion in Section 3, we would
be able to rewrite the above proof in more natural language.

We will now prove the bridge nerve theorem.

Definition 2.6. A cover F of a space X is nonredundant if every set K ∈ F
contains some point of X which is not contained in any other set of F

Theorem 2.7. (The bridge nerve theorem) If X is a path connected (needs
some additional hypotheses) space, and F is a closed, path connected, (needs
some additional hypotheses), finite, nonredundant cover with bridge nerve
NB(F), then there exists a surjection π1(X)� π1(NB(F)).

Proof. ⊔
K∈F

K
⊔

K∈F
FK Y

X X1 X2 N = |NB(F)|

tqK

p
p2

q1 ' q2

Define the equivalence relation ∼ on X by setting x ∼ y precisely when
either x = y, or there exists a n ≥ 2 and a n-bridge {Ki}ni=1 such that

x ∈ K1∩K2 and y ∈ Kn−1∩Kn. Define the space X1 := X /∼ . The quotient
map q1 : X → X1 induces a homomorphism (q1)∗ : π1(X)→ π1(X1)

We may also construct X1 in two steps as follows: The equivalence ∼ as
above is also an equivalence relation on each K ∈ F . So define FK = K /∼ ,
and let qK denote the quotient map. We may define the equivalence relation
! on

⊔
K∈F FK by requiring that qK(x) ! qL(y) precisely when x ∼ y.

Then, X1 =
⊔
K∈F FK /! . Let p :

⊔
K∈F FK → X1 denote the quotient

map. Define W = {x ∈ X1 : |p−1(x)| > 1}.

Now we construct a new space X2 by the following process: Consider the

space Y :=
⊔
K∈F FK t

⊔
w∈W ∆|p

−1(w)|−1, where ∆n refers to a n-simplex.
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∆|p
−1(w)|−1 has |p−1(w)| vertices, and thus, let bw : p−1(w) → {vertices of

∆|p
−1(w)|−1} be a bijection for each w ∈W . Define the equivalence relation

≈ on Y by requiring that, for each w ∈W , for each vertex v of ∆|p
−1(w)|−1,

v ≈ b−1w (v). Then, define X2 := Y /≈ . Let p2 : Y → X2 denote the quotient
map.

Notice that X1 is the quotient of X2 by collapsing the image each simplex
in X2 to a point. I claim that π1(X) = π1(X2).(Our additional hypotheses
must be chosen to guarantee this fact.)

Now, we construct the space N from X2 by defining the equivalence
relation ∼̇ on X2 by requiring that x ∼̇ y whenever x, y ∈ p2(FK) for
some K ∈ F . We then define N := X2 /∼̇ . That is, N is the quotient
space obtained from X2 by collapsing p2(FK) to a point for each K ∈ F .
Note that N is a simplicial complex, and denote the set of vertices of N
by Vert(N). The quotient map q2 : X2 → N induces a homomorphism
(q2)∗ : π1(X2)→ π1(N).

The composition π1(X)
(q1)∗−−−→ π1(X1) ∼= π1(X2)

(q2)∗−−−→ π1(N) defines a
homomorphism from π1(X) to π1(N). Let us call this homomorphism f .
We claim that f is a surjection. Define the function T : {paths η : I → N} →⋃
n∈N

Vert(N)n as follows: For any path η : I → N , consider the set S(η) =

{s ∈ I|η(s) ∈ Vert(N)}. S is a finite (due to compactness of I) union of
intervals and isolated points, so we may write S = [a1, b1]t[a2, b2]t....[an, bn],
where 0 = a1 ≤ b1 < a2 ≤ b2 < .. < an ≤ bn = 1. Let {ãi}ki=1 be the largest
finite subsequence of {ai}ni=1 such that ãi 6= ãi+1 for each i ∈ {1, .., n − 1}.
We then define T (η) = (η(ã1), η(ã2), .., η(ãk)). That is, T (η) is an ordered
tuple that provides us information about the sequence of vertices that η
crosses. We will now show surjectivity in two steps: (1) We will first show
that if η and γ are two paths and T (η) = T (γ), then η is homotopic to γ. (2)
We will then fix any path γ : I → N with γ(0) = γ(1) = v, and show that
there exists some path ζ : I → X and a representative ζN of f([ζ]) ∈ π1(N)
such that T (ζN ) = T (γ). We will then conclude from (1) that f([ζ]) = [γ].

Proof of (1): Let η, γ : I → N be paths with T (η) = T (γ) = (v1, v2, ..., vn−1, vn).
For adjacent vertices u and v, let ∆(u, v) denote the maximal simplex of N
for which u and v are vertices. For any vertex v of N , let Ad(v) = {vertices
u of N |u is adjacent to v}. We can write η and γ as a concatenation of
paths η = Πn−1

i=1 ηi, γ = Πn−1
i=1 γi where ηi, γi : I →

⋃
u∈Ad(vi)

∆(u, vi) with

ηi(0) = γi(0) = vi and ηi(1) = γi(1) = vi+1. Since
⋃

u∈Ad(vi)

∆(u, vi) is a

wedge of simplices, it is contractible and thus simply connected. Hence,
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there exists an endpoint fixing homotopy Hi : I × I →
⋃

u∈Ad(vi)

∆(u, vi)

between ηi and γi for each i ∈ {1, .., n − 1}. The concatenation of these
homotopies after rescaling gives a homotopy between η and γ.

Proof of (2): Fix γ : I → N with γ(0) = γ(1) = v. Let T (γ) = (v1, ..., vn),
where v1 = vn = v. For each i ∈ {1, .., n}, vi is a vertex of N , and thus, there
exists a unique Ki ∈ F such that vi = q2(p2(FKi)). Since F is nonredundant,
there exists for each i ∈ {1, .., n} some xi ∈ X such that xi ∈ K ⇐⇒ K =
Ki. Since vi and vi+1 are adjacent vertices of N , we have that Ki∩Ki+1 6= ∅,
and thus by path connectedness of every K ∈ F , there exists a path γi :
I → Ki ∪Ki+1 such that γi(0) = xi and γi(1) = xi+1. The concatenation
ζ = γ1...γn : I → X forms a loop with ζ(0) = ζ(1) = x1. q1ζ : I → X1

is a path that traverses (in order) FK1 , .., FKn . Choose any representative
of the image of [q1ζ] in π1(X2) under the homotopy equivalence. Call this
representative ζ2, and note that ζN := q2(ζ2) : I → N has the property that
T (ζN ) = (v1, .., vn) = T (γ). Therefore, we have that [q2ζ2] = [γ], and thus,
[γ] = f([ζ]). Consequently, f is a surjection.

The last thing that we must check is that N = |NB(F)|, which would
complete the proof. Recall the equivalence relation ∼ on X was defined by
requiring that x ∼ y precisely when either x = y, or there exists a n ≥ 2
and a n-bridge {Ki}ni=1 such that x ∈ K1 ∩K2 and y ∈ Kn−1 ∩Kn. Thus,
if K 6= L, K,L ∈ F , there exists x ∈ K, y ∈ L such that x ∼ y if and
only if there exists a bridge between K and L. Thus, if we write down
the abstract simplicial complex associated with N , we will obtain {K ⊂ F |
For every K,L ∈ K, there exists a n-bridge between K and L for some
n ≥ min(|K|, 3)} = NB(F). �

The above result is stronger than it appears at first glance, because, as
we will demonstrate, many nerves whose bridge nerve is uninteresting (e.g
contractible) can be transformed into nerves whose bridge nerves are inter-
esting.

Definition 2.8. Given a cover F , which has nerve N(F), we say that
N(F) is bridge-transformable if there exists a path connected cover F2 ⊂
{
⋃
K∈K

K | K ⊂ F} such that π1(N(F2)) = π1(N(F)) and N(F2) = NB(F2).

The following corollary provides a strengthened statement of the bridge-
nerve theorem.

Corollary 2.9. Let X be a path connected locally contractible space, and F
is a closed, path connected, locally contractible, finite, nonredundant cover
with nerve N(F). If N(F) is bridge-transformable, then there exists a sur-
jection π1(X)� π1(N(F)).

The reason why Corollary 2.9 is stronger than Theorem 2.7 is that while
many nerves have uninteresting bridge nerves, almost every nerve is bridge
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transformable, and therefore we almost always obtain a surjection from
π1(X) � π1(N), which we saw is a stronger statement in Proposition 2.5.
The example below demonstrates the process of transforming a nerve into
a nerve which is equal to it’s bridge nerve.

Example 2.10. Example to demonstrate how Corollary 2.9 can be applied
and why it is stronger than Theorem 2.7

F1 F2

F3

F4

(a) N(F) ' S1

F1 F2

F3

F4

(b) NB(F) = ∆3

F1 F2

F3 ∪ F4

(c) Transformed N(F) = ∂∆2

F2 = {F1, F2, F3 ∪ F4}
N(F2) ' S1, N(F2) = NB(F2)

Figure 2. Suppose that X is a space and we construct
a suitable cover F = {F1, F2, F3, F4}. We write down
N(F), and we happen to obtain the simplicial complex drawn
in (a) (whose maximal simplices are those generated by
{F1, F2}, {F1, F3, F4}, and{F2, F3, F4}). We then write down
NB(F) from N(F), and we obtain (b). We notice that NB(F)
is just the 3-simplex, and is thus contractible. If we wished to
directly apply Theorem 2.7, we would be disappointed, since we
obtain no information about π1(X). However, N(F) contains in-
formation, although NB(F) does not. To recover this information,
we can transform F by defining F2 = {F1, F2, F3 ∪ F4}. N(F2) is
depicted in (c). Notice that N(F2) = ∂∆2 ∼= S1 and notice that
π1N(F2) = π1N(F1), and that N(F2) = NB(F2). Thus, N(F) is
bridge-transformable, and by Corollary 2.9, there exists a surjec-
tion π1X � πN (F). As a consequence, we have found a “hole” in
X.

Bridge-transformable nerves are so abundant, that a natural question to
ask is if every nerve is bridge-transformable. If this were the case, then
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the surjection π1(X) � NB(F) as predicted by Theorem 2.7 would imply
the existence of a surjection π1(X)� N(F), which is a stronger statement
by Proposition 2.5. The answer the this question is that there exist nerves
which are not bridge-transformable. The following example demonstrates
one such nerve.

Example 2.11. An example of a nerve which is not bridge transformable.

F1 F4

F3

F2

F5

Figure 3. Consider the simplicial complex N(F) depicted above,
whose maximal simplices are generated by the sets:

{F1, F3}, {F3, F4}, {F1, F2, F5}, {F2, F3, F5}, {F3, F4, F5}

Notice that NB(F) = ∆4 which is contractible. I claim that N is
not bridge transformable. Given i, j ∈ {1, .., 5}, i 6= j such that
Fi ∩ Fj 6= ∅, define Fij = {Fk}k∈{1,..5}−{i,j} ∪ {Fi ∪ Fj}. In order
to show that N is not bridge transformable, it suffices to show
that π1N(Fij) 6= π1(N(F)) = Z ∗ Z for each i, j ∈ {1, .., 5}, i 6= j.
This can be manually checked; All allowed choices of i, j can be
described by the cases below (keeping in mind the fact that i and
j are interchangable):

Case (a): i ∈ {1, 4}, j ∈ {2, 3}

Case (b): i = 2, j = 3

Case (c): i = 5, j ∈ {1, 2, 3, 4}.

N(Fij) has been illustrated below for each case. Note that
π1(N(Fij) 6= Z ∗Z for any allowed choice of i, j ∈ {1, .., 5}. Hence,
we conclude that N(F) is not bride-transformable.
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(a) π1(N(Fij)) = Z (b) π1(N(Fij)) = 0 (b) π1(N(Fij)) = Z

Question: Is it true that there is always a surjection π1(X)� π1(N(F)?
Can we find a counterexample?

3. Rules for constructing the coverings

To explore a space via the method we propose, we require a systematic
procedure to construct the closed connected covering. This procedure will
be called a rule. The following definition of a rule is designed to be inclusive,
but we will soon look at special types of rules which will have extra conditions
imposed on them.

Definition 3.1. Given a space X, a rule consists of a abstract simplicial
complex S with vertex set {finite subsets of X} together with a function
F : {simplices of S} → {closed connected covers of X}, such that:

(1) F takes n-simplices to (n+ 1)-covers for each n ∈ N
(2) Given a simplex σ ⊂ S, there exists a bijection bσ : {vertices of σ} → F(σ),

such that for any vertex v and any x ∈ v, x ∈ bσ(x)◦.

(Note that v is a finite subset of X)

For a n-simplex σ with a vertex v, we will use the notation Fv(σ) to refer
to the closed connected set bσ(v). We may refer to a rule as (S,F)

Definition 3.2. Given a space X, a geodesic-type rule is a rule (S,F) with
two additional properties:

(1) For each simplex σ ⊂ S, and for any distinct vertices v, w ∈ Vert(σ) such that

Fv(σ) ∩ Fw(σ) 6= ∅, there exists a simplex τ ∈ S such that

Vert(τ) = (Vert(σ)− {v, w}) ∪ {v ∪ w}.
Furthermore, Fu(τ) = Fu(σ) for every u ∈ Vert(τ) ∩Vert(σ),

and Fv∪w(τ) = Fv(σ) ∪ Fw(σ)

(2) For each simplex σ ⊂ S, for any distinct vertices v, w ∈ Vert(σ),

Fv(σ) = Fv(∂wσ)− Fw(σ)◦.

Given a rule on a space X, and a simplex σ ⊂ S, we will use the notation
N(σ) to refer to the nerve obtained from the covering F(σ), and NB(σ) to
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refer to the bridge nerve obtained from F(σ). We will say that two vertices
u, v ∈ Vert(σ) are adjacent in N(σ) if Ku(σ) ∩ Kv(σ) 6= ∅. The following
example provides the motivation behind the definition and the name of a
geodesic-type rule.

Example 3.3. Given a metric space (X, d), we introduce the geodesic rule
(S,F) on X, which is a type of geodesic-type rule

We define the geodesic rule inductively as follows:

(Step 1) Let S0 be the simplex whose vertex set Vert(S0) = {{x} |x ∈ X}.
Define F�S0

on simplices of S0 by setting, for any simplex σ ⊂ S0,
F{x}(σ) = {y ∈ X | d(y, x) ≤ d(y, z) for every z ∈ X such that {z} ∈ Vert(σ)}

(Step 2) For n ∈ N, For every finite simplex σ ⊂ Sn−1, and vertices v, w ∈ Vert(σ),

we define τσ,v,w to be the simplex with vertex set

Vert(τσ,v,w) = (Vert(σ)− {v, w}) ∪ {v ∪ w}. We then define Sn to be the

simplicial complex whose simplices are

{τ | τ ∈ Sn−1} ∪ {τσ,v,w |σ ⊂ Sn−1. v, w ∈ Vert(σ) are such that Fv(σ) ∩ Fw(σ) 6= ∅}
We extend FSn−1 to F�Sn

by setting Fu(τσ,v,w) = Fu(σ) for u 6∈ {v, w},
and setting Fv∪w(τσ,v,w) = Fv(σ) ∪ Fw(σ).

(Step 3) We define S =
⋃
n∈N0

Sn, and for any simplex σ ⊂ S, σ ⊂ Sn for some n ∈ N.

we therefore define F(σ) = F�Sn
(σ)

We leave it for the reader to check that the geodesic rule constructed in
Example 3.3 is a well defined rule, since checking this is lengthy but simple.
Observation 3.7 may be useful to demonstrate that Sn is indeed a simplicial
complex for every n ∈ N0.

At this point, I would like to emphasize that the geodesic rule is empiri-
cally viable - that is, geodesic distances can often be computed with minimal
empirical data. For example, if the unknown space in question is a cave,
then to explore this space, one can choose points and place beacons of a large
wavelength at those points. One then moves though every point of the cave
and measures the intensity recorded from those beacons at all angles, and
chooses the angle with the maximum intensity. As the wavelength is large,
the maximal intensity recorded provides a good description of the geodesic
distance to the beacon. One may differentiate between readings from differ-
ent beacons by enforcing that different beacons emit different wavelengths.
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We now present an example which is intended to demonstrate an ex-
ample of how the geodesic rule may be used in practice to investigate the
fundamental group of a space.

Example 3.4. Assume (X, d) is the metric space depicted below endowed
with a geodesic rule (S,F). Assume σ ⊂ S is a simplex with Vert(σ) =
{v1, v2, v3, v4, v5}, and suppose that for each i ∈ {1, .., 5}, vi = {xi} for
xi ∈ X.

Fv1

Fv2
Fv3 Fv4

Fv5

Figure 4. Suppose that F(σ) is as depicted above, and the black
dot in Fvi illustrates xi. As per the definition of the geodesic
rule, Fvi = {x ∈ X | d(x, xi) ≤ d(x, xj) for all j ∈ {1, .., 5}}. The
nerve N(σ) obtained from the above cover has been depicted
below. Note that N(σ) = NB(σ) in this case, and note that
π1(NB(σ)) = Z, whereas π1(X) = Z ∗ Z. Thus, there exists a sur-
jection π1(X)� π1(NB(σ)), but in this case, π1(X) 6= π1(NB(σ)),
and thus the simplex σ strictly underestimates the number of
holes of X. The reason for this is that Fv4 is not simply connected.

Fv1

Fv2

Fv3

Fv4

Fv5
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Thus far, we have illustrated how geodesic-type rules can be used to
construct a cover of a space and thereby obtain information about the fun-
damental group of a space. However, as is apparent from Example 3.4, two
phenomena can make a cover imperfect: (1) The fundamental group of a
cover might strictly underestimate the number of holes in a space. (2) The
simplex used to construct cover may be extraneous - i.e there might be a
proper subsimplex whose cover provides the same information as that of the
simplex itself. Since computations on a subsimplex are easier to perform,
this is imperfect.

Classical nerve theorems and nerve theorems in literature formulate con-
ditions under which imperfection (1) is removed. As discussed in the intro-
duction, when exploring spaces we may not know enough about our cover
to appeal to these theorems to remove imperfection (1). However, it turns
out that imperfection (2) can be reduced to an extent. In the remaining of
the paper, we work towards establishing a result which enables us to reduce
imperfection (2). In order to do this, we will study how nerves and bridge
nerves change as we remove vertices. A crucial observation required to study
this change will be that removing vertices is a local phenomenon. We will
therefore first introduce some language which will enable us to describe local
features of a nerve.

Definition 3.5. Given a rule (S,F) on a space X, a simplex σ ⊂ S and
vertices v and w of σ, we will say that v and w are adjacent in N(σ) if
Fv(σ) ∩ Fw(σ) 6= ∅. Given w ∈ Vert(σ), we define

Adw(σ) := {u ∈ Vert(σ) |u is adjacent to w in N(σ)}

Definition 3.6. Given a rule (S,F), a simplex σ ⊂ S and w ∈ Vert(σ),
we define the local nerve at w, denoted Nw(σ), to be the abstract simplicial
complex.

Nw(σ) = N(σ) ∩ {K ⊂ F(σ) |K ∩ Fw(σ) 6= ∅ for each K ∈ K}

We also introduce the following related notations:

(NB)w(σ) := NB(σ) ∩ {K ⊂ F(σ) | for each K ∈ K, there exists some n ∈ N and

a n-bridge of F(σ) between K and Kw(σ)}

Nw(∂wσ) := N(∂wσ) ∩ {K ⊂ F(∂wσ) | For each u ∈ Vert(σ) such that

Fu(∂wσ) ∈ K, u ∈ Adw(σ)}
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(NB)w(∂wσ) := NB(∂wσ) ∩ {K ⊂ F(∂wσ) | For each u ∈ Vert(σ) such that

Fu(∂wσ) ∈ K, there exists a n-bridge

of F(σ) between Fu(σ) and Fw(σ)}

We are now ready to begin describing how a nerve N(σ) compares with
the nerve N(∂wσ), which is obtained after removing a vertex w of σ . Keep
in mind that since Theorem 2.7 only connects a space to it’s bridge nerve and
not nerve, we are actually interested in how bridge nerves change rather than
how nerves change. However, nerves are easier to understand than bridge
nerves, and our strategy will thus be to first understand how nerves change
and use those results to understand how bridge nerves change.

In the statement of the next few, the hypothesis are as follows: X is a
space endowed with a geodesic-type rule (S,F), and σ ⊂ S is a simplex.

Observation 3.7. (simplices are preserved)

For any vertex w of σ and a set A ⊂ Vert(σ)− {w},

{Fv(σ)}v∈A ∈ N(σ) =⇒ {Fv(∂wσ)}v∈A ∈ N(∂wσ)

Proof. We must show that
⋂
v∈A

Fw(σ) 6= ∅ =⇒
⋂
v∈A

Fv(∂wσ) 6= ∅. For each

v ∈ A, Fv(σ) ⊂ Fv(∂wσ). Thus,
⋂
v∈A

Fv(σ) 6= ∅ =⇒
⋂
v∈A

Fv(∂wσ) 6= ∅. �

Observation 3.8. (removing a vertex has only a local effect)

Let w be a vertex of σ and and let A ⊂ Vert(σ)− {w} be a set such that
v 6∈ Adw(σ) for some v ∈ A. Then,

{Fv(σ)}v∈A 6∈ N(σ) =⇒ {Fv(∂wσ)}v∈A 6∈ N(∂wσ)

Proof. We must show that
⋂
v∈A

Fv(σ) = ∅ =⇒
⋂
v∈A

Fv(∂wσ) = ∅.

Assume
⋂
v∈A

Fv(∂wσ) 6= ∅ and suppose that
⋂
v∈A

Fv(σ) = ∅ . Then take

y ∈
⋂
v∈A

Fv(∂wσ). Note that if y 6∈ Fw(σ)◦, then y ∈ Fv(σ)∀v ∈ A and

therefore,
⋂
v∈A

Fv(σ) 6= ∅. Therefore, we are forced to conclude that y ∈

Fw(σ)◦. Therefore, Fv(∂wσ) ∩ Fw(σ) 6= ∅ for each v ∈ A. To obtain a
contradiction, we will show that Fv(σ) ∩ Fw(σ) 6= ∅ for all v ∈ A:

Choose z ∈ Fv(σ). Note then that since Fv(σ) ⊂ Fv(∂wσ), z ∈ Fv(∂wσ).
Since Fv(∂wσ) is path connected, there exists a path γ : I → Fv(∂wσ) such
that γ(0) = y and γ(1) = z. Note that since Fv(σ) = Fv(∂wσ)−Fw(σ)◦, we
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know that for each t ∈ I, γ(t) ∈ Fw(σ) or γ(t) ∈ Fv(σ). Moreover, γ(0) ∈
Fw(σ), and γ(1) ∈ Fv(σ). Therefore, let t0 = Inf{t ∈ I : γ(t) ∈ Fv(σ)} =
Inf γ−1(Fv(σ)), and we have already verified that this set is nonempty. Since
Fv(σ) and Fw(σ) are closed set and γ is continuous, γ(t0) ∈ Fv(σ) ∩ Fw(σ).
Consequently, Fv(σ) ∩ Fw(σ) 6= ∅.

Thus, the conclusion is that Fv(σ) ∩ Fw(σ) 6= ∅ for each v ∈ A, and thus
v ∈ Adw(σ) for all v ∈ A, which is contrary to hypothesis  . �

Observation 3.9. (Every proper subcomplex of Nw(σ) forms connections
with its complement in Nw(σ))

Let w be a vertex of σ. Let A ⊂ Adw(σ) be a proper subset containing
w.

Then, there exists some u0 ∈ Adw(σ) − A, and v0 ∈ A − {w} such that
Fu0(∂wσ) ∩ Fv0(∂wσ) 6= ∅.

Proof. Since A ⊂ Adw(σ) is a proper subset, there exists a vertex u that is
adjacent to w such that u 6∈ A. Choose x ∈ Fu(σ) ∩ Fw(σ). Now, choose
v ∈ A−{w} and choose a point y ∈ Fv(σ)∩Fw(σ). Then, since x, y ∈ Fw(σ),
we may choose by path connectedness of Fw(σ), a path γ : I → Fw(σ) such
that γ(0) = x and γ(1) = y. Let t = min{s ∈ [0, 1] | γ(s) ∈

⋃
v∈A−{w}

Fv(σ)}

(note that the set is nonempty because it contains 1). Since
⋃

v∈A−{w}
Fv(σ)

is a closed set, γ(t) ∈
⋃

v∈A−{w}
Fv(σ). If t = 0, then u ∈ Fu(∂wσ)∩Fv0(∂wσ)

for some v0 ∈ A − {w}. Otherwise, t 6= 0, in which case, take a strictly
increasing sequence {sn}n∈N that converges to t. Due to the finiteness of
the cover, there must exist a subsequence {snk

}k∈N and some u0 ∈ Adw(σ)
such that γ(snk

) ∈ Fu0(∂wσ) for all k ∈ N. By the closure of Fu(∂wσ), γ(t) ∈
Fu0(∂wσ). Therefore, γ(t) ∈ Fu0(∂wσ)∩Fv0(∂wσ) for some u ∈ Adw(σ)−A
and some v0 ∈ A− {w}.

�

The following is a corollary of Observation 3.9

Corollary 3.10. Let w be a vertex of σ. Then, Nw(∂wσ) is path connected

Proof. Take two vertices u and v of σ, and let pu and pv be the corresponding
vertices in the geometrical realization of Nw(∂wσ). I will show that pu and
pv are connected by a path in Nw(∂wσ), and this is sufficient to deduce
the result. By Observation 3.9, setting A0 = {w, v}, there exists u1 ∈
Vert(Nw(∂wσ))−{v} such that pu1 and pv are path connected in Nw(∂wσ).
If u1 = u, the corollary is proved, and if not, then A0 ∪ {u1} ⊂ Adw(σ) is a
proper subset since u 6∈ A0∪{u1}, so we may set A1 = A0∪{u1}, and there
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exists by Observation 3.9 u2 ∈ Vert(Nw(∂wσ)) − {v, u1} such that pu2 and
pv are connected by a path in Nw(∂wσ) (since pu1 and pv are connected by a
path, if pu2 and pu1 are connected by a path, then pu2 and pv are connected
by a path). Proceeding in this manner, we suppose that pu and pv are not
connected by a path, and thus we may define An = An−1 ∪ {un} for each
n ∈ N and conclude that u 6= un for each n ∈ N. Therefore, we have found
infinitely many vertices of Nw(∂wσ) which is a contradiction. Hence, pu and
pv are connected by a path in Nw(∂wσ). �

Now that we understand to an extent how nerves change when we re-
move vertices, we are ready to understand how bridge nerves change when
we remove vertices. Recall that in Section 2, we introduced the notion of a
bridge-transformable nerve, and we remarked that most commonly encoun-
tered nerves are bridge-transformable. Assume that we are given a bridge
transformable nerve, we may replace this nerve with the nerve it transforms
into (without collecting additional empirical data) - which is a nerve N(σ)
such that N(σ) = NB(σ). Such nerves are much better behaved, and the
following result provides a condition under which we may remove vertices
of σ without losing information. The significance of this result is that it
addresses imperfection (2) that was discussed after Example 3.4.

Theorem 3.11. (Removing vertices without losing information)
Let (S,F) be a geodesic-type rule on a space X, and let σ ⊂ S be a simplex
with the property that N(σ) = NB(σ). Let w ∈ Vert(σ) be such that Nw(σ)
is contractible. Then, there exists a surjection π1(NB(∂wσ))→ π1(N(σ)).

Proof. We prove this in five steps. We will first state all steps clearly up
front so as to provide the idea behind the proof.

Step 1: Recall that Nw(σ) is contractible. If u, v ∈ Vert(σ) such that
u, v, w are all adjacent to one another in N(σ), then there exists a bridge
{Fui(σ)}ki=1 of F(σ) such that u1 = u, u2 = v, and uk = w.

Step 2: Suppose that {Fvi(∂wσ)}ni=1 is a bridge of F(∂wσ) such that
either v1 or vn is not adjacent to w in N(σ). Then, {Fvi(σ)}ni=1 is a bridge
of F(σ).

Step 3: If A ⊂ Vert(σ)−{w} is such that there exists at most one v ∈ A
which is adjacent to w in N(σ), and if {Fv(∂wσ)}v∈A is the vertex set of a
simplex of NB(∂wσ), then {Fv(σ)}v∈A is the vertex set of a simplex of N(σ).

Step 4: As a simplicial complex, N(σ)
/
Nw(σ) = NB(∂wσ)

/
(NB)w(∂wσ) .

Step 5: There exists a surjection π1(NB(∂wσ))� π1(N(σ)).

We will now prove each step:
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Step 1: Recall that Nw(σ) is contractible. If u, v ∈ Vert(σ) such that
u, v, w are all adjacent to one another in N(σ), then there exists a bridge
{Fui(σ)}ki=1 of F(σ) such that u1 = u, u2 = v, and uk = w.

Proof of Step 1: (To be added) �
Step 2: Suppose that {Fvi(∂wσ)}ni=1 is a bridge of F(∂wσ) such that

either v1 or vn is not adjacent to w in N(σ). Then, {Fvi(σ)}ni=1 is a bridge
of F(σ).

Proof of Step 2: The situation where v1 is not adjacent to w is completely
symmetric to the situation where vn is not adjacent to w since bridges are
not directional objects. Hence, WLOG let v1 not be adjacent to w. If n = 2,
the claim is a direct consequence of Observation 3.8, since v1 is not adjacent
to w and thus Fv1(∂wσ) ∩ Fv2(∂wσ) 6= ∅ =⇒ Fv1(σ) ∩ Fv2(σ) 6= ∅, so
{Fi(σ)}2i=1 is a bridge of F(σ).

Now assume that n ≥ 3 and {Fvi(∂wσ)}ni=1 is a bridge of F(∂wσ). If there
does not exist an i ∈ {1, .., n−2} such that vi, vi+1 and vi+2 are all adjacent
to w in N(σ), then by Observation 3.8, Fvi(σ) ∩ Fvi+1(σ) ∩ Fvi+2 6= ∅ for
each i ∈ {1, .., n− 2}, and consequently {Fvi(σ)}ni=1 is a bridge of F(σ).

Now, suppose that there exists some i ∈ {1, .., n − 2} such that vi, vi+1

and vi+2 are all adjacent to w, and choose the smallest such i. Note that
i 6= 1 since v1 is not adjacent to w in N(σ). Since Fvi−1(∂wσ) ∩ Fvi(∂wσ) ∩
Fvi+1(∂wσ) 6= ∅, and since vi−1 is not adjacent to w in N(σ), we have by
Observation 3.8 that Fvi−1(σ) ∩ Fvi(σ) ∩ Fvi+1(σ) 6= ∅, and thus in par-
ticular, Fvi(σ) ∩ Fvi+1(σ) 6= ∅. Thus, vi, vi+1, w are all adjacent to one

another in N(σ), and by Claim 1, there must exist a bridge {Fui}ki=1 of
F(σ) such that u1 = vi, u2 = vi+1, and un = w. Notice that the bridge
{Fv1(σ), ..., Fvi−1(σ), Fu1(σ), .., Fuk(σ)} is a bridge between v1 and w. Thus,
v1 and w are adjacent in NB(σ). Since N(σ) = NB(σ), v1 is adjacent to w
in N(σ), a contradiction  . Hence, there cannot exist i ∈ {1, .., n− 2} such
that vi, vi+1 and vi+2 are all adjacent to w in N(σ). We conclude from the
previous paragraph that {Fvi(σ)}ni=1 is a bridge of F(σ).

�
Step 3: If A ⊂ Vert(σ)−{w} is such that there exists at most one v ∈ A

which is adjacent to w in N(σ), and if {Fv(∂wσ)}v∈A is the vertex set of a
simplex of NB(∂wσ), then {Fv(σ)}v∈A is the vertex set of a simplex of N(σ).

Proof of Step 3: Since {Fv(∂wσ)}v∈A is the vertex set of a simplex of
NB(∂wσ), we have that for each u, v ∈ A, there exists a n ≥ min(|A|, 3),
and a n-bridge {Fvi(∂wσ)}ni=1 of F(∂wσ) such that v1 = u and vn = v. Since
there exists at most one v ∈ A which is adjacent to w in N(σ), either u or v
is not adjacent to w. By Step 2, {Fvi(σ)}ni=1 is a bridge of F(σ). Hence, For
every u, v ∈ A, there exists a n ≥ min(|A|, 3), and a n-bridge {Fvi(σ)}ni=1
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of F(σ) such that v1 = u and vn = v. Hence, {Fv(σ)}v∈A is the vertex set
of a simplex of NB(σ). Since N(σ) = NB(σ), {Fv(σ)}v∈A is a vertex set of
a simplex of N(σ). �

Step 4: As a simplicial complex, N(σ)
/
Nw(σ) = NB(∂wσ)

/
(NB)w(∂wσ) .

Proof of Step 4: As abstract simplicial complexes,

Vert(N(σ)
/
Nw(σ)) = {∗}∪{Ku(σ) |u ∈ Vert(σ), u is not adjacent to w in N(σ)}

Vert(NB(∂wσ)
/

(NB)w(∂wσ)) = {∗2} ∪ {Fu(∂wσ) | u ∈ Vert(σ), there does not exist a

n-bridge of F(σ) between

Fu(σ) and Fw(σ)}
= {∗2} ∪ {Fu(∂wσ) | u ∈ Vert(σ), u is not adjacent to w

in N(σ)}

where the third equality is due to the fact that N(σ) = NB(σ). We
therefore observe that there exists a natural bijection

b : Vert(N(σ)
/
Nw(σ))→ Vert(NB(∂wσ)

/
(NB)w(∂wσ)) defined by

b(∗) = ∗2 and b(Ku(σ)) = Ku(∂wσ) for each u ∈ Vert(σ) that is not
adjacent to w in N(σ).

In order to show that the two above simplicial complexes are identical, we

will show that given U ⊂ Vert(N(σ)
/
Nw(σ)), U is the vertex set of a

simplex of N(σ)
/
Nw(σ) if and only if b(U) is a vertex set of a simplex of

NB(∂wσ)
/

(NB)w(∂wσ) .

To prove the forward direction, let U be the vertex set of a simplex of
N(σ)

/
Nw(σ)

Case 1: ∗ 6∈ U .

In this case, we may write U = {Fu(σ)}u∈A for some A ⊂ {u ∈ Vert(σ) |u
is not adjacent to w in N(σ)}. Then, since U is the vertex set of a simplex

of N(σ)
/
Nw(σ) , we have that

⋂
u∈A

Fu(σ) 6= ∅. Consequently, by

Observation 3.7,
⋂
u∈A

Fu(∂wσ) 6= ∅. Thus, {Fu(∂wσ)}u∈A is the vertex set

for a simplex of N(∂wσ), and thus {Fu(∂wσ)}u∈A is also the vertex set of a
simplex in NB(∂wσ). Since, u is not adjacent to w for each u ∈ A,
{Fu(∂wσ)}u∈A is also the vertex set of a simplex in
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NB(∂wσ)
/

(NB)w(∂wσ) . Since b(U) = {Fu(∂wσ)}u∈A, we conclude that

b(U) is the vertex set of a simplex in NB(∂wσ)
/

(NB)w(∂wσ) .

Case 2: ∗ ∈ U .

In this case, we may write U = {Fu(σ)}u∈A ∪ {∗} for some
A ⊂ {u ∈ Vert(σ) |u is not adjacent to w in N(σ)}. Since U is the vertex

set of a simplex of N(σ)
/
Nw(σ) , there must exist some v ∈ Vert(σ) that

is adjacent to w in N(σ) such that {Fu(σ)}u∈A ∪ {Fv(σ)} is the vertex set
of a simplex of N(σ), i.e

⋂
u∈A∪{v}

Fu(σ) 6= ∅. As in Case 1, we conclude that

{Fu(∂wσ)}u∈A∪{v} 6= ∅, and thus {Fu(∂wσ)}u∈A ∪ {∗2} is the vertex set of

a simplex of NB(∂wσ)
/

(NB)w(∂wσ) . Recognizing that

b(U) = {Fu(∂wσ)}u∈A ∪ {∗2}, we see that b(U) is the vertex set of a

simplex of NB(∂wσ)
/

(NB)w(∂wσ) .

Now we prove the reverse direction. Assume that b(U) is a vertex set of a

simplex of NB(∂wσ)
/

(NB)w(∂wσ) .

Case 1: ∗2 6∈ b(U)

We may write b(U) = {Fu(∂wσ)}u∈A for some A ⊂ {u ∈ Vert(σ) |u is not
adjacent to w in N(σ)}. {Fu(σ)}u∈A is then the vertex set of a simplex of
NB(∂wσ). By Step 3, {Fu(σ)}u∈A is the vertex set of a simplex of N(σ),
and since each u ∈ A is not adjacent to w in N(σ), we have that

{Fu(σ)}u∈A is the vertex set of a simplex of N(σ)
/
Nw(σ) . Thus, since

U = b−1b(U) = {Fu(σ)}u∈A, U is the vertex set of a simplex of

N(σ)
/
Nw(σ) .

Case 2: ∗2 ∈ b(U)

We may write b(U) = {Fu(σ)}u∈A ∪ {∗2}, where A ⊂ {u ∈ Vert(σ) |u is
not adjacent to w in N(σ)}. Since b(U) is the vertex set of a simplex of

NB(∂wσ)
/

(NB)w(∂wσ) , there must exist some v ∈ Vert(NB(∂wσ)) that is

adjacent to w in N(σ) such that {Ku(∂wσ)}u∈A∪{v} is the vertex set of a
simplex of NB(∂wσ). Since exactly one u ∈ A ∪ {v} is adjacent to w in
N(σ), by Step 3 we see that {Ku(σ)}u∈A∪{v} is the vertex set of a simplex
of N(σ). Hence, {Ku(σ)}u∈A ∪ {∗1} is the vertex set of the image of this

simplex (which itself is a simplex) in N(σ)
/
Nw(σ) . Thus, since
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U = b−1b(U) = {Ku(σ)}u∈A ∪ {∗1}, we have that U is the vertex set of a

simplex of N(σ)
/
Nw(σ) .

This concludes the proof of Step 4, since we showed that there existed a

bijection b : Vert(N(σ)
/
Nw(σ))→ Vert(NB(∂wσ)

/
(NB)w(∂wσ)) such

that U ⊂ Vert(N(σ)
/
Nw(σ)) is the vertex set of a simplex of

N(σ)
/
Nw(σ) if and only if b(U) is the vertex set of a simplex of

NB(∂wσ)
/

(NB)w(∂wσ) .

�

Step 5: There exists a surjection π1(NB(∂wσ))� π1(N(σ)).

Proof of Step 5:

SinceNw(σ) is a contractible subcomplex ofN(σ), N(σ) ' N(σ)
/
Nw(σ) .

Therefore, consider the composition

NB(∂wσ) NB(∂wσ)
/

(NB)w(∂wσ) N(σ)
/
Nw(σ) N(σ)

q ∼= '

where q : NB(∂wσ) → NB(∂wσ)
/

(NB)w(∂wσ) is the quotient map. By

Corollary 3.10, Nw(∂wσ) is path connected. Consequently, (NB)w(∂wσ)
is path connected. Since NB(∂wσ) is a simplicial complex, this implies

that the induced map q∗ : π1(NB(∂wσ))→ π1(NB(∂wσ)
/

(NB)w(∂wσ)) is a

surjection. Hence, we obtain a surjection π1(NB(∂wσ))� π1(N(σ)).
�
�

Example 3.12. Suppose that X is a space endowed with a geodesic type
rule (S,F), and suppose σ ⊂ S is a simplex with Vert(σ) = {1, 2, 3, 4, 5, 6}.
Further, suppose that

N(σ) ={{F1}, {F2}, {F3}, {F4}, {F5}, {F6}, {F1, F2}, {F2, F3}, {F3, F4}, {F1, F4},
{F1, F5}, {F1, F6}, {F5, F6}, {F1, F5, F6}}

We will apply the Theorem 3.11 and the preceding observations to remove
as many vertices as possible so that the fundamental group of the nerve
remains nontrivial.
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F1F3
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F6

(a) N(σ)

F2

F4

F1

F5

F6

(b) N(∂3σ)

F2

F4

F1

F5

(c) N(∂6∂3σ)

F2

F4

F1

(d) N(∂5∂6∂3σ)

Figure 5. In the above Figure, we are considering a simplex σ ⊂ S
the number i is used to represent the vertex i. The nerve N(σ)
in question is depicted in (a). Note that N(σ) = NB(σ). N3(σ)
is contractible, and therefore by Theorem 3.11, there exists a sur-
jection NB(∂3(σ)) � N(σ), so we may remove vertex 3. In fact,
by Observation 3.9, vertices 2 and 4 must become adjacent after
3 is removed, and by Observation 3.8, the other simplices remain
unchanged. Thus, N(∂3σ) is forced to be the simplicial complex
that is depicted in (b).
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Next, note that N(∂3σ) = NB(∂3(σ)), and notice that N6(∂3σ) is
contractible. Thus, by Theorem 3.11, there will exist a surjection
from NB(∂6∂3σ) to N(∂3σ). In this case, by Observations 3.7 and
3.8 there is no ambiguity of how the nerve will change - N(∂6∂3σ)
is depicted in (c). By the same reasoning, we may subsequently
remove v5 from N(∂v6∂v3σ) and the resulting nerve is depicted in
(d). We were thus able to detect the hole with a 3-subsimplex.

The reader can easily verify that removing vertices 2 or 4 in the
first stage would yield a nerve identical to that depicted in (b). It
also can be verified that if we removed 5 or 6 in the first stage we
would observe similar behavior as we observed in the last stages
of removal above. We may now ask: What happens if we were to
remove vertex 1 in the first stage? The answer to this is that there
are many possibilities for the nerve, but all of these possibilities will
have a bridge nerve with nontrivial fundamental group, because
N1(σ) is contractible, and thus, by Theorem 3.11, there will exist
a surjection π1(NB(∂v1σ))� π1(N(σ)).

4. Scope for additional study
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