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Abstract
Bose, Choudhuri and Hocquenghem (BCH) codes form a large class of powerful random
error-correcting cyclic codes. They are a class of cyclic linear-block codes with precise
control over the number of errors correctable by the code. This property renders them useful
in wireless and flash memory applications. For instance, in every computer memory and data
storage system, we expect to save our data and be able to retrieve it perfectly at any future
time. Therefore, data integrity is a fundamental aspect of storage, security and reliability.
However, increasing record density leading to ISI (Inter-Symbol Interference), manufacturing
defects, repeated read and write operations, and ageing in these systems pose a significant
threat to data integrity. In order to tackle this problem, an error correcting module is
employed in these systems. In this project, we propose an implementation of (4187, 4096)
BCH encoder- decoder pair which has an error correcting capability of t=7 bits for flash
memory applications. The encoder is based on Linear Feed Back Shift Register used for
polynomial division. The decoder has three main blocks – the syndrome calculator block, the
error- locator polynomial coefficient calculator block and the Chien search block. The
syndrome calculator block uses a pipelined approach to calculate syndromes one after the
other. The error-locator polynomial coefficient calculator block uses a non-iterative approach
to calculate the error-locator polynomial coefficients from the syndromes, thereby rendering
it fast. The Chien search block uses the Chien search approach to locate the errors and correct
them. The BCH encoder-decoder architecture is described using hardware description
language called Verilog and synthesized using Xilinx Design Suite 12.1 ISE. The
performance of the whole model is checked in terms of simulation using Xilinx Isim. The
RTL design is synthesized for Xilinx Virtex -5 5VLX30FF324-3 series of FPGA’s.
Keywords – BCH codes, Flash memories, FPGA, High- Speed decoding.
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Chapter 1
Introduction
In recent years there has been an increasing demand for digital transmission and storage
systems. This demand has been accelerated by the rapid development and availability of
VLSI technology and digital processing. It is necessary that a digital system must be fully
reliable, as a single error may shutdown the whole system, or cause an unacceptable
corruption of data. In such situations this error control techniques must be employed so that
an error may be detected and afterwards corrected.
For example, in case of the storage devices, the reliability levels that are required are
extremely high. This is primarily because, unlike communication systems, no retransmission
is generally possible. We expect to save our data and be able to retrieve it perfectly at any
future time. Therefore, data integrity is a fundamental aspect of storage, security and
reliability. As the recording density increases, a very large number of bits have to be
packaged into a very small physical area. Consequently, the physical space available to
accommodate a bit has become smaller and smaller over the years. This results in InterSymbol Interference in the sense that the detection of an information bit is influenced by bits
that are present in the recording medium in the immediate vicinity. This problem becomes
more and more acute as the recording density increases. The use of powerful error-control
algorithms can protect the integrity of user information against errors caused by ageing, wear
out due to repeated read and write operations and manufacturing defects.
The simplest way of detecting a single error is a parity checksum, which can be implemented
using only exclusive-or gates. But in storage device applications, this method is insufficient
and a more sophisticated error control strategy must be implemented. Hamming codes are
another simple subclass of linear block codes which can correct only one random error. They
are hardly used practically unless we need a simple error correction circuit. More
sophisticated codes are the Bose, Choudhuri and Hocquenghem (BCH) codes that are a
generalisation of the Hamming codes for multiple-error correction. BCH codes operate over
finite fields or Galois fields which are extensions of the base field
. Using these codes
for error- correction in storage systems is highly feasible.
In this project, we are implementing an error-correction module for flash memories based on
BCH codes. Generally, user memory is organized into blocks, pages and sectors. The smallest
unit is a sector. Each sector has
bytes reserved for storing information and
bytes
reserved for storing parity information. Therefore error-correction module must be able to
correct errors over a span of 4096 bits, i.e. a sector, by adding just 128 bits of redundancy. In
order to fulfil this requirement, we propose the implementation of a
BCH
encoder-decoder pair with
, i.e. it correct up to 7 errors over a span of 4096 bits by
adding 91 bits of redundancy. We have implemented
BCH encoder- decoder pair as a
prelude to the BCH
encoder- decoder pair. The design of
encoder- decoder pair involved control path and data path complexities due to large number
of wires and registers. Therefore, initially we proceeded with
BCH encoder - decoder
pair design and then scaled up the design to
encoder-decoder pair.
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Chapter 2
BCH codes
2.1 Introduction
In coding theory, BCH codes form a class of cyclic error-correcting codes that are constructed
using finite fields. BCH codes find itself in a very prominent place in error control
techniques. This prominence is because of relatively simple encoder and decoder blocks. And
also here we have a precise control over the number of errors correctable by code. They also
have a capability of correcting multiple bits.
So, it finds its applications in following areas





Flash memory devices
Wireless Communications
Two dimensional bar codes
CD players and DVDs.

2.2 Mathematics behind BCH codes
For any positive integer
following parameters




and

, there exists a binary BCH code with the

Block Length:
Number of parity-check digits:
Minimum distance :
+1

This code can correct t or fewer random errors over a span of
bit positions; therefore
it is a -error correcting BCH code. The generator polynomial of this code is specified in
terms of its roots from the Galois field
.
For instance, for a block length of 15, the generator polynomial has its roots in the Galois
field
.

2.3 The Generator polynomial
Consider the finite field
based on a primitive polynomial
. A -error correcting
BCH code can be constructed on this field. Let be a primitive element of
.
Then the generator polynomial
of a -error correcting
BCH code is the lowest
degree polynomial which has the following elements and conjugates as its roots.

Let
be the minimal polynomial of
the LCM of the following polynomials.

Then the generator polynomial

Therefore
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must be

Since is chosen to be primitive, the code above is called a primitive BCH code. Since the
powers of start from 1, it is also called a narrow-sense BCH codes. If is primitive, then
.
Now, let be a non- primitive element of
. Then the generator polynomial
of a
-error correcting
BCH code is the lowest degree polynomial which has the following
elements and conjugates as its roots.

Let
be the minimal polynomial of
the LCM of the following polynomials.

Then the generator polynomial

must be

Therefore
These codes are called general BCH codes. If

, then it is a narrow-sense code.

2.4 Design of a (15, 5) BCH code
Specification




Primitive, Narrow- sense.
, therefore
Over
) , since it is primitive,

Construction
Since

, we have

Where

is the minimal polynomial of

Elements

.

Minimal polynomial
=
=
=
Table 1. Minimal Polynomials of field elements in

Therefore the generator polynomial

.

is given by

2.5 Design of a (4187, 4096) BCH code
The (4187, 4096) BCH code which is a shortened form of the (8191, 4096) BCH code, finds
applications in Flash memories.
Specifications


Primitive, Narrow- sense.
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, therefore
Number of parity check digits,

Construction
Let

be the primitive polynomial of the field
as required roots.

. The generator polynomials must have

Roots

Minimal Polynomial

Table 2. Minimal Polynomials of field elements in
The generator polynomial

Where,

.

is given by

is the minimal polynomial of

.

Therefore, the generator polynomial is given by

2.6 Encoding of BCH codes
Let the polynomial representations of the
generator polynomial of the BCH code be

BCH codeword, the message bits, and the
,
and
respectively. Then

The encoding the BCH code in systematic form consists of the following steps:




Multiply the message polynomial
by
Divide
by
to obtain the remainder
The codeword
is given by

Encoding can be achieved by a
Linear Feedback Shift Register with feedback
connections based on the generator polynomial
.
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2.7 Decoding of BCH codes
Syndrome Calculation
The syndrome calculator is subsystem of the decoder and the design of this module is almost
same for all the BCH code decoders irrespective of the specification. The input to this module
is codeword which is received after being subjected to external noise which gets added to the
signal due the properties of the propagation channel and receiver. The polynomial
representations for the codeword, received bits and the error bits are:

respectively. The received bits are given by
In ideal case
would be identical to . But practically it is non- zero and hence we define
syndrome which is used to detect the error present in the received codeword. The syndrome is
independent of the word transmitted.
Since
And

The syndrome equation in BCH codes is given by the following equation (
syndrome vector)

Now, since,

Rewrite the syndrome equation as:

By the definition
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denotes the

Thus

Therefor the syndromes are dependent on the error vector, not the codeword. Therefore they
can be used to compute the error vector. The following equation can easily be implemented
on hardware by means of Galois multipliers and Galois adders.
Error-locator polynomial coefficient Calculation
This section explains a theory behind computation of the error- locator polynomial
coefficients. The computation of the error-locator polynomial is the step that requires the
highest computational resources and time. It is possible that all the necessary computational
steps can be performed using simple combinational circuits. As a result, decoding of the
received codeword can be accomplished in a time span much less than what would be needed
if we had employed contemporary iterative decoding techniques.
As cited before
is codeword transmitted,
is received codeword possibly corrupted
by additive noise. Let
denote the error pattern introduced by the channel. Then

For 1≤ j ≤2t, the jth component of the syndrome is given by

Let us assume that
has errors,
in positions
. Since the code is
binary, the errors in these positions have values
. So, syndrome sequence is reexpressed as follows [Costello].

{
represents error locations which indicate the positions of the errors in the received
codeword. Expanding it, for
for we obtain a sequence of 2t syndrome
equations in the v unknown error locations.
Instead of solving these non- linear equations directly, we have a new polynomial called
error-locator polynomial defined as follows[2].

Where
Once we knew the coefficients of
, we could find the zeros of
to
obtain the error locations. The roots of the error-locator polynomial are the reciprocals of the
error locators.
It is observed that there is a linear relationship between the syndromes and coefficients of
error-locator polynomial. This relationship is described by Newton’s identities [2].
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Newton’s identities are linear in the v unknown coefficients of the error-locator polynomial.
In a binary field (F2), the above system of equations can be greatly simplified. First, we note
that j
if j is odd, and j
0 if j is even. Furthermore,
.
We can thus write Newton’s identities as

The above equations can be put in a matrix form as described by A
S where A represents
a matrix of syndromes,
represents the column vector of coefficients of
and S
represents the column vector of syndromes. Finding the inverse of matrix and multiplying
with matrix S will yield us coefficients of
which is nothing but error locator
polynomial.
Following the same approach quoted above for (15, 5) BCH codes with
matrices in the following form.

, we obtain

These equations can easily be implemented on hardware using a multiplier and an inverse
element calculator. The implementation details are as given in section 3.3.2. The advantage
with this approach is that the implementation becomes purely combinational. Computation of
the error-locator polynomial coefficients is the most-time consuming step in decoding. By
making the computation non-iterative and combinational, we can significantly reduce the
delay associated with the computation [2].
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This approach can be used for calculation of the error-locator polynomial coefficients of the
BCH code. For seven error-correcting (4187, 4096) binary BCH codes, we can
write the Newton’s identities in matrix form as -

Solving equations similarly as above we get an error locator polynomial for (4187, 4096)
BCH codes.
Chien Search
The Chien Search algorithm is used for finding the roots of the error location polynomial.
Chien Search involves an exhaustive search over all the elements in the field. The principle of
the Chien Search algorithm is described here.
Once the error locator polynomial is available, we need to find the roots of this polynomial in
the field of interest
in order to find the location of the errors. Since this is a finite
field, we can determine the roots by performing a sequential search over all the elements of
the field.
Let the received vector be denoted as

And the error locator polynomial be denoted as follows:

In order to find the location of the errors, the polynomial
element in the field in succession:
For

is evaluated at each non-zero
.

If
, then
is a root of the error locator polynomial
number and the received bit
is erroneous.

,

is an error location

The above computations can be efficiently implemented in hardware. A set of
initially loaded with the coefficients of the error locator polynomial,
output is
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registers are
. The initial

If
, then
and therefore
is a root of the error locator polynomial.
Therefore the received bit is in error and it is corrected. At the next stage, each register is
multiplied by
. So, the registers contain
. Hence, the
output is the sum

Again, if
, then
and therefore
is a root of the error locator
polynomial. Therefore the received bit
is in error and it is corrected. The registers are
multiplied again by successive powers of , resulting in evaluation of the polynomial at those
powers. This procedure continues till
has been calculated at all non-zero elements in the
field.
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Chapter – 3
Implementation
This chapter deals with the implementation details of the encoder – decoder pair in hardware.
3.1 Basic blocks
Polynomial Basis Multiplier
A polynomial basis multiplication over

consists of two steps

1) Polynomial multiplication
2) Reduction with respect to the primitive polynomial
The polynomial basis multiplication can be described in terms of matrix-vector operations.
Two approaches can be used to achieve this [5]:
1) Polynomial multiplication is performed by any method. Reduction is performed using
a reduction matrix.
2) The polynomial multiplication and modular reduction are performed in a single step
using the Mastrovito matrix.
Let
and
denote two degree
polynomials representing the elements in
.
Let
denote their field product where,
is the primitive
polynomial of degree .

The coefficient vectors of the polynomials are given by

Here, all the elements of

and

are over

.

Let us define the following polynomials.

Where

The coefficient vectors representing these polynomials are
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Once the polynomial product
performing modular reduction on
matrix [5], as follows

is available, the field product
using a
matrix

can be obtained by
known as the reduction

The reduction matrix can be defined in terms of the primitive polynomial
used to
construct the field. Let
and
denote the coefficients of
and the entries of the
reduction matrix respectively. Then,

NOTE:
The field product

can also be obtained using the Mastrovito multiplication as follows

Where,
is the
Mastrovito matrix, whose entries are a function of coefficients of
and the primitive polynomial
The Mastrovito matrix

Where,

and

is related to the Reduction matrix

are defined as follows:

This is because of the fact that

Therefore,
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as follows:

In our project, we are working on a (15, 5) BCH encoder–decoder pair. Hence, the elements
are in the field
. Let
and
denote two degree
polynomials representing
the elements in
. Let
denote their field product where,

is the primitive polynomial of degree 4 with roots lying in
the polynomials are given by:

In order to find

, we have to first find the Mastrovito matrix

. The coefficient vectors of

for the field.

We know that

And,

Also, we know that,

Now, from the equation,

Therefore, the coefficient vector of the polynomial
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is given by

The design of the Mastrovito multiplier in hardware mirrors the matrix form of the finite field
multiplication given above and consists of two stages. The first stage computes all the multivariable M matrix elements and feeds it to the second stage. The second stage performs the
matrix multiplication and outputs the product. All the operations are performed in
combinational logic.

a3
a2
a1
a0

b3
b2
b1
b0
c3

c2

Fig 3.1 The Mastrovito Multiplier
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c1

c0

Squaring block
The hardware to implement this algorithm is as shown in figure above. The squaring of the
field element can be implemented using a simple circuit which involves permutations of
some of the bits and determination of the remaining bits by a few XOR operations [4], as
explained in the section below. It is a special case of the multiplier when
.
Therefore,

a0
c0
c1

a1

c2
a2
a3

c3

Fig 3.2 Squarer Block
Inverse Element Finder
The inverse element finder is a combinational block which is used to find the inverse of a
non-zero element belonging to the field of interest. Both the input and output to this block are
in terms of the polynomial representation. A lookup table is first tabulated for obtaining the
output for the given input. The output bits are then represented as a function of the input bits
to form a combinational circuit. The circuit is then implemented after performing logic
minimization.
Consider the case of the inverse element finder for the field
primitive polynomial
.
Input

Power
Representation
input

Power
of representation
output

15

generated by the
Output
of

The relation between the input and output are as shown in Table. The corresponding logic
equations are as follows:

The inverse element finder can be represented at the top level as

Inverse Element
Finder
Fig 3.3 Top level representation of inverse element finder

This scheme can be extended to any of the extension fields of
. But this design
becomes less practical at higher field orders. As an alternative to this approach, bit-serial
inversion circuits have been proposed which use serial-to-parallel operand conversion and a
parallel multiplier. Such an implementation makes use of the following principle:

From this relationship, an iterative relationship for finding the multiplicative inverse of
been derived [4].
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has

Input
buffer

Output
buffer

Parallel
Squaring
block

Mastrovito
Multiplier

Fig 3.4 Hardware to find inverse elements in a given field

3.2 Encoder
The encoder design for the (15, 5) BCH code on hardware consists of a LFSR with feedback
connections based on the generator polynomial

Which performs polynomial division. The input to the decoder is the 5-bit message, which is
encoded in a 15-bit code word by adding 10 parity bits.
The implementation is as shown below in the figure.

d1

d0

d2

d3

d4

d5

d6

d7

d8

d9

Fig 3.5 Hardware implementation of the encoder
Operation of the above design is as follows:


From clock cycle 1 to 5, the message bits are shifted serially into the LFSR from the
front end.
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As soon as the complete message has entered the circuit, the
bits in the
register form the remainder and thus are parity check digits.
The message bits and the parity bits are concatenated to from the codeword in the
systematic form. Also, a signal is asserted to indicate that the codeword is ready.



3.3 Decoder
Syndrome Calculator Block
For a (15, 5) BCH code the polynomial representations can be simplified to:

The Block Diagram for calculating syndromes is as shown below:
α2

α

α4

α3

α5

α 14

α6

.....

0000
V1

α3

α2

α

0000

0000
V2

V3

α4
0000
V4

α5
0000
V5

α6
.....
0000
V6

α14

.
0000
V14
5

……...

Galois Adder

V0

Syndrome Vector
0000

0001

Fig 3.6 Syndrome Calculator Circuit
The first stage consists of multipliers. The 2nd stage consist of registers which store the value
obtained from multiplying the input and the previous value stored in it. The value in registers
gets updated at each clock. Therefore the values of the registers are:
1st clock cycle:
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2nd clock cycle:
3rd clock cycle:
The values of registers are passed to the next stage which consists of the multiplexers. Based
on the value of received codeword bit
, either a 0000 is passed (when
) or the
value from the register is passed when the (when
).The outputs from the multiplexers
are added using the Galois adder. The output of the Galois Adder is the syndrome. If the
output of Galois adder is 0 then there is no error in the received codeword and the syndrome
is 0 but if there is a non-zero syndrome then there is error in the received codeword.
Error Locator Polynomial Coefficient Calculator Block
In order to calculate the coefficients of the error locator polynomial from the syndromes
during decoding of the
BCH code, the approach suggested in Section 2.7 is used. A
fully combinational implementation of the coefficient calculator is obtained by the chaining
of operands as shown in the figure below. The coefficients are computed in one clock cycle.

S2
Λ

S1

S5

S3

Inverse

S4

S1

S6

Λ2

Λ1

Fig 3.7 Combinational Error Locator Polynomial Coefficient Calculator Circuit
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Λ3

Chien Search Block
Consider the case of a
BCH code. As explained in section 2.6.3, the hardware consists
of three registers initially loaded with the coefficients of the error locator polynomial
and . Therefore, the initial output is

If
, then
and therefore
is a root of the error locator polynomial.
Therefore the received bit
is in error and it is corrected. In the next stage, the three
registers are multiplied by
and
respectively. Hence, the registers contain
and
respectively. Hence, the output is the sum

If
, then
the received bit

and therefore is a root of the error locator polynomial. Therefore
is in error and it is corrected.

This process is repeated until the error locator polynomial has been evaluated at all the nonzero elements belonging to the field
and the corresponding errors, if any are
corrected.
rl
Corrected
bit vl

Λ1

Λ2

Λ3

α

α2

α3

Fig 3.8 Chien Search Block for (15, 5) Decoder
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Basic blocks
Polynomial Basis Finite Field Multiplier
In our project, we are working on a (4187, 4096) shortened BCH encoder–decoder pair.
Hence, the elements are in the field
. Let
and
denote two degree
polynomials representing the elements in
. Let
denote
their field product where,

is the primitive polynomial of degree 13 with roots lying in
of the polynomials are given by:

In order to find

, we have to first find the Mastrovito matrix

The Mastrovito matrix
previous chapter.

can be obtained from

and

. The coefficient vectors

for the field.

using the equation described in the

The product can be obtained using the equation

The design of the Mastrovito multiplier in hardware mirrors the matrix form of the finite field
multiplication given above and consists of two stages. The first stage computes all the multivariable M matrix elements and feeds it to the second stage. The second stage performs the
matrix multiplication and outputs the product. All the operations are performed in
combinational logic.
Optimization of Mastrovito Matrix for Primitive Pentanomials
As discussed in chapter 3, Mastrovito multipliers can be used to compute products of field
elements in a fast and efficient manner. This multiplier can be further optimized to obtain
better hardware by utilizing the relationship between the field elements resulting from the
field elements.
In our project, we are dealing with
the field elements is

, where the primitive polynomial used to generate

Let the two field elements to be multiplied be

21

The field product is

can be expressed as

In matrix form, this can be represented as

Where,

The Mastrovito multiplier performs polynomial multiplication and reduction modulo
a single step. The optimized Mastrovito matrix is obtained as follows

in

Where,

The coefficients of lower degrees of the product contribute to
after performing reduction modulo
.
To compute

we make use of the following equations:

22

. The matrix

is obtained

The reduction procedure is described in [16] and not explained here due to space constraints
induced by large matrices. The complexity of the Mastrovito multiplier is as follows:
No. of AND Gates
No. of XOR Gates
Squaring block
The squaring of the field element
can be implemented using a simple circuit which
involves permutations of some of the bits and determination of the remaining bits by a few
XOR operations [4]. It is a special case of the multiplier when
.
Inverse element
The inverse element finder is a combinational block which is used to find the inverse of a
non-zero element belonging to the field of interest. At lower field orders, the inverse element
can easily be found by means of a look-up table. But this design becomes less practical at
higher field orders. As an alternative to this approach, bit-serial inversion circuits have been
proposed which use serial-to-parallel operand conversion and a parallel multiplier. Such an
implementation makes use of the following principle:

From this relationship, an iterative relationship for finding the multiplicative inverse of has
been derived [4]. The implementation is discussed in Chapter 3, however the algorithm is
described here for the sake of clarity.

The decoder is being optimized for speed, and hence the need to make this implementation
parallel arises. This can be achieved as follows:

23





Given

, calculate
, in terms of
. This can be done in two wayso Cascading the squaring blocks
o Individually computing
, in terms of
Tap
as inputs to FFM’s in the form of a balanced tree.

Critical path computation of the two approaches
Let be the critical for the circuit computing . Let
be the computation time of the
FFM. Let
be the delay associated with the XOR13 gate.
First approach

Therefore, the longest path from input to output is given by

Second approach

Therefore, the longest path from input to output is given by

For computing
, the first approach has a longer critical path, which in turn
increases the clock period. Therefore, we embrace the second approach.
The approach outlined above effectively parallelizes the circuit shown in the diagram, and
enables the computation of the inverse element in a single clock cycle
Error-locator polynomial coefficient Calculation
Numerous methods to obtain the error locator polynomial from the syndrome vectors have
been discussed in literature. One of the popular methods is the Berlekamp - Massey
algorithm. Improvisations and optimizations have been suggested to this algorithm, and
numerous variants of the BM algorithm such as iBM, RiBM, uiBM, and SiBM exist. The
hardware and time complexity of each of them has been compared in [1].
Table 4.1 Summary of hardware complexity and delay cycles
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iBM
RiBM
uiBM
UiBM
SiBM
SiBM-2
SiBM-t
SiBM-2t

Folding
Factor
3
3t
2
t
2t

Adder

Mult

Reg

Muxes

Cycles

2t+1
3t+1
t+1
1
2t
t
2
1

3+3
6t+2
2t+2
2
4t
2t
4
2

4t+2
6t+2
7t+6
6t+2
2t+1
2t+1
2t+1
2t+1

t+1
3t+1
6t+1
1
2t
t
2
1

3t
2t
6t
6𝑡 2
t
2t
𝑡2
2𝑡 2

In our implementation, we decided to embrace an alternative approach - Gauss-Jordan
elimination, which is orthogonal to the approaches mentioned above. To the best of our
knowledge, this has never been implemented before. Our intention was to explore the
feasibility of implementation of this approach in hardware.
Gauss- Jordan Elimination
In linear algebra, Gaussian elimination is a method to solve a system of linear equations.
The method is named after Carl Friedrich Gauss.
Gaussian elimination consists of a sequence of operations performed on a matrix until the
lower-left hand corner of the matrix is filled with zeros i.e. until the matrix is reduced to
row-echelon form. These operations are elementary row operations, which are of three
types



Swapping two rows
Multiplying a row by a non-zero number
Adding a multiple of one row to another row.

Using elementary row operations to reduce a matrix to reduced row echelon form is
called Gauss – Jordan elimination.
Given a system of linear equations with 𝑚 equations and 𝑚 unknowns, the algorithm for
Gauss-Jordan elimination is as given below.
Construct the augmented matrix A[m, m+1]
for k = 1 ... m:
Find pivot for column k:
p := non_zero (i = 1 ... m, A[i, k])
if p = 0
error "unsolvable”
Do for all rows:
for i = 1 ... m:
Do for all elements in current row:
for j = 1 ... m+1:
A[i, j] := A[i, j] - A[k, j] * (A[i, k] / A[k, k])
End
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End
End

All the computations are done in place, i.e. at the end of the sequence of operations matrix
𝐴 is lost.
In our implementation, we propose a parallel variant of Gauss-Jordan elimination for
solving a system of linear equations. A parallel version has already been proposed in [12],
however, our variant incorporates optimizations to the algorithm from the structure of the
matrix. The optimized Gauss Jordan elimination with 7 iterations consists of pivoting,
partial multiplicative inversion, normalization and elimination.
In [12], the authors have proposed four methods to enhance the algorithm –







Utilizing a three – input multiplier – In [13], it is has been shown that the delay of
a three input multiplier for 𝐺𝐹(213 ) is same as that of a cascaded combination of
two-input multipliers. Therefore, in our implementation, we stick to two-input
multipliers.
Partial inversion – This is useful only if we utilize three – input multipliers.
Consequently, we discard this notion.
Inversion, Elimination and Normalization are designed to be performed
simultaneously. We embrace this notion in order to obtain single clock cycle
operation.
During the elimination in the 𝑖th iteration, we simultaneously chose the pivot for
the next iteration. In our approach, this is done by means of single-bit registers
associated with each row, which is checked along with the (𝑖 + 1)th column during
the 𝑖th iteration for a non-zero value. The single bit registers store 1 if the row
hasn’t been pivoted yet, and store 0 if the row has been pivoted.

We add two more optimizations by observing the structure of the matrix.




There is no need to include the first row in the process of Gauss- Jordan elimination,
since 𝐴(1, 𝑗) = 0 ∀ 1 < 𝑗 < 8. The set of registers and multipliers associated with
the row can be removed, this optimization saves 8 registers, multiplexers, FFM’s
and multipliers.
The first pivot i.e. the pivot in the first iteration is always 𝐴(1,1) = 1. Therefore,
there is no need to include the first column in the process of Gauss- Jordan
Elimination, given that appropriate changes have been made to the matrix
coefficients. Since 𝐴(1, 𝑗) = 0 ∀ 1 < 𝑗 < 8, only the 8th column of the matrix will
be affected by the removal. We need to make appropriate changes to the elements
in the 8th column. This is done by dispatching required values to the FFM’s on the
8th column when the registers are loaded for the first time.

After adding these two optimizations, the matrix ready for Gauss- Jordan elimination is
given by
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𝑆1
𝑆3
𝑆5
𝑆7
𝑆9
[𝑆11

1
𝑆2
𝑆4
𝑆6
𝑆8
𝑆10

0
𝑆1
𝑆3
𝑆5
𝑆7
𝑆9

0
1
𝑆2
𝑆4
𝑆6
𝑆8

0
0
𝑆1
𝑆3
𝑆5
𝑆7

0
0
1
𝑆2
𝑆4
𝑆6

|
|
|
|
|
|

𝑆3 + 𝑆1 𝑆2
𝑆3 + 𝑆1 𝑆4
𝑆7 + 𝑆1 𝑆6
𝑆9 + 𝑆1 𝑆8
𝑆11 + 𝑆1 𝑆10
𝑆13 + 𝑆1 𝑆13 ]

Chien Search Algorithm
The Chien search algorithm is popular for its simplicity in hardware implementation.
However, since it involves an exhaustive search over all elements of the field, its time
complexity for the field under consideration is very large. Assuming each multiplication
and loading into the register takes 1 clock cycle, an exhaustive search over all elements of the
field in 𝐺𝐹(213 ) takes 4095 clock cycles.

Berlekamp- Rumsey-Solomon Algorithm
Definition 1:
A polynomial 𝐿(𝑦) in 𝐺𝐹(𝑝𝑚 ) is said to be a p-polynomial if, for 𝐿𝑖 𝜖 𝐺𝐹(𝑝𝑚 ), we have,
𝐿(𝑦) = ∑ 𝐿𝑖 𝑦 𝑝

𝑖

𝑖

In 𝐺𝐹(2𝑚 ), 𝐿(𝑦) is said to be a p-polynomial if, for 𝐿𝑖 𝜖 𝐺𝐹(2𝑚 ), we have,
𝑖

𝐿(𝑦) = ∑ 𝐿𝑖 𝑦 2
𝑖

Definition 2:
In 𝐺𝐹(2𝑚 ), 𝐴(𝑦) is said to be an affine polynomial if,
𝐴(𝑦) = 𝐿(𝑦) + 𝛽
Where 𝛽 𝜖 𝐺𝐹(2𝑚 ) and 𝐿(𝑦) is a p - polynomial.
Theorem:
Let 𝑦 𝜖 𝐺𝐹(2𝑚 ) and 𝛼 0 , 𝛼 1 , 𝛼 2 , … , 𝛼 𝑚−1 be the field elements. If 𝐿(𝑦) is the p-polynomial,
and 𝑦 is a field element such that 𝑦 = 𝑦0 𝛼 0 + 𝑦1 𝛼 1 + … + 𝑦𝑚−1 𝛼 𝑚−1 , then
𝑚−1

𝐿(𝑦) = ∑ 𝑦𝑘 𝐿(𝛼 𝑘 )
𝑖=0

Given a p- polynomial 𝐿(𝑦), we calculate the values of 𝐿𝑖 (𝛼 𝑘 ) for all 𝑘 𝜖 (0, 𝑚 − 1) in a
field 𝐺𝐹(2𝑚 ). Substitution of the values of 𝐿𝑖 (𝛼 𝑘 ) in the expression above yields a system
of linear equations over 𝐺𝐹(2). All solutions of this system of linear equations constitute
the roots of the polynomial under consideration.
Example:
Over 𝐺𝐹(25 ), with 𝛼 5 + 𝛼 2 + 1 = 0 solve the quadratic p-polynomial 𝑦 2 + 𝑦 + 𝛼 2 = 0
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𝐴(𝑦) = 𝑦 2 + 𝑦 + 𝛼 2 = 0
𝑦2 + 𝑦 = 𝛼2
The LHS is a p-polynomial over 𝐺𝐹(25 )
𝐿(𝑦) = 𝑦 2 + 𝑦
Therefore, we can write
𝐿(𝑦) = 𝛼 2
If 𝑦0 𝛼 0 + 𝑦1 𝛼 1 + 𝑦2 𝛼 2 + 𝑦3 𝛼 3 + 𝑦4 𝛼 4 𝜖 𝐺𝐹(25 ), then in accordance with the theorem,
we have,
𝑦0 𝐿(𝛼 0 ) + 𝑦1: 𝐿(𝛼1 ) + 𝑦2 𝐿(𝛼 2 ) + 𝑦3 𝐿(𝛼 3 ) + 𝑦4 𝐿(𝛼 4 ) = 𝛼 2
𝐿(𝛼 0 ) = 1 + 1 = 0
𝐿(𝛼 1 ) = 𝛼 1 + 𝛼 2
𝐿(𝛼 2 ) = 𝛼 2 + 𝛼 4
𝐿(𝛼 3 ) = 𝛼 3 + 𝛼 6 = 𝛼 3 + 𝛼(𝛼 2 + 1) = 𝛼
𝐿(𝛼 4 ) = 𝛼 4 + 𝛼 8 = 𝛼 4 + 𝛼 3 (𝛼 2 + 1) = 1 + 𝛼 2 + 𝛼 3 + 𝛼 4
Therefore,
(𝑦1: + 𝑦3 )𝛼 + (𝑦1: + 𝑦2 + 𝑦4 )𝛼 2 + (𝑦4 )𝛼 3 + (𝑦2 + 𝑦4 )𝛼 4 = 0
We obtain a set of linear equations –
(𝑦1: + 𝑦3 ) = 0,

(𝑦1: + 𝑦2 + 𝑦4 ) = 1,

𝑦4 = 0,

(𝑦2 + 𝑦4 ) = 0

From which we get,
𝑦4 = 𝑦2 = 0
𝑦1: = 𝑦3 = 1
𝑦0: = 0/1
We therefore obtain two solutions𝑣1 = 01010 , 𝑣2 = 11010
However, there are several problems associated with this approach:


Not all polynomials can be reduced to p-polynomials.



The complexity of the hardware associated with computation of the solutions of an
underdetermined system of linear equations is high.

As a result, this approach is not suitable for hardware implementation. Infact, to the best of
our knowledge, no hardware implementation of a BCH decoder has ever used this
algorithm.
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For the decoder under consideration, we have to solve a polynomial of degree 𝑚 = 7. The
process of conversion of a general polynomial of degree 7 to a form which can be evaluated
using aforementioned theorem is as outlined in [12]. Given a polynomial of degree 𝑚 = 7,
to be solved,
𝜎(𝑥) = 𝜎0 + 𝜎1 𝑥 1 + 𝜎2 𝑥 2 + 𝜎3 𝑥 3 + 𝜎4 𝑥 4 + 𝜎5 𝑥 5 + 𝜎6 𝑥 6 + 𝜎7 𝑥 7 = 0 − (1)
Making the substitution 𝑦 = 𝑥 + 𝑎, 𝑎 = 𝜎6 /𝜎7 yields,
𝑐0 + 𝑐1 𝑦 1 + 𝑐2 𝑦 2 + 𝑐3 𝑦 3 + 𝑐4 𝑦 4 + 𝑐5 𝑦 5 + 𝑐7 𝑦 7 = 0 − (2)
Where,
𝑐0 = 𝜎0 + 𝜎1 𝑎 + 𝜎2 𝑎2 + 𝜎3 𝑎3 + 𝜎4 𝑎4 + 𝜎5 𝑎5 + 𝜎6 𝑎6 + 𝜎7 𝑎7
𝑐1 = 𝜎1 + 𝜎3 𝑎2 + 𝜎5 𝑎4 + 𝜎7 𝑎6
𝑐2 = 𝜎2 + 𝜎3 𝑎 + 𝜎6 𝑎4 + 𝜎7 𝑎5
𝑐3 = 𝜎3 + 𝜎7 𝑎4
𝑐4 = 𝜎4 + 𝜎5 𝑎 + 𝜎7 𝑎3
𝑐5 = 𝜎5 + 𝜎7 𝑎2
𝑐7 = 𝜎7
The equation (2) can be re-written in the form𝑐0 + 𝑐1 𝑦1 + 𝑐2 𝑦 2 + 𝑐4 𝑦 4 = 𝑦 3 (𝑐3 + 𝑐5 𝑦 2 + 𝑐7 𝑦 4 )
Take 𝐴7 (𝑦) = 𝑐0 + 𝑐1 𝑦 1 + 𝑐2 𝑦 2 + 𝑐4 𝑦 4 and 𝐵7 (𝑦) = 𝑐3 + 𝑐5 𝑦 2 + 𝑐7 𝑦 4 , therefore,
𝐴7 (𝑦) = 𝑦 3 𝐵7 (𝑦)
Both 𝐴7 (𝑦) and 𝐵7 (𝑦) can be calculated using the BRS algorithm. The set of elements in
𝐺𝐹(2𝑚 ) that satisfy this relation form the solution of equation (2). Solutions of equation
(1) can be easily obtained by using the transformation 𝑥 = 𝑦 + 𝑎.
Using this approach decreases the hardware complexity. If we scrutinize the LHS of the
equation in the theorem more carefully, we observe that calculating the values of 𝐴7 (𝛼 𝑘 )
and 𝐵7 (𝛼 𝑘 ) for all 𝑘 𝜖 (0, 𝑚 − 1) is sufficient to evaluate the error locator polynomial at
all error locations.
𝑚−1

𝑚−1
𝑘

𝐴7 (𝑦) = ∑ 𝑦𝑘 𝐴7 (𝛼 ) , 𝐵7 (𝑦) = ∑ 𝑦𝑘 𝐵7 (𝛼 𝑘 )
𝑖=0

𝑖=0

We observe that 𝐴7 (𝑦)/ 𝐵7 (𝑦) for 𝑦 𝜖 𝐺𝐹(2𝑚 )is calculated by adding 𝐴7 (𝛼 𝑘 )/𝐵7 (𝛼 𝑘 )
for 𝑘 𝜖 (0, 𝑚 − 1), subject to the condition that 𝑦𝑘 = 1. This can easily be implemented in
hardware by using multiplexers with 𝑦𝑘 as the select line, instead of FFM’s.
This method can be used to simplify the hardware complexity in parallel Chien search. We
can also employ strength reduction scheme/IMA/GMA for the multipliers used to calculate
the values of 𝐴7 (𝛼 𝑘 )/𝐵7 (𝛼 𝑘 ), further reducing the hardware complexity.
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Fast polynomial evaluation algorithm
This algorithm uses the concept of affine polynomials and p-polynomials in order to reduce
the time complexity of the root finding.
Statement 1:
Let 𝑡 be the degree of the polynomial under consideration, and let the polynomial be𝑡

𝑓(𝑥) = ∑ 𝑓𝑗 𝑥 𝑗
𝑗=0

Then 𝑓(𝑥) can be represented as⌈

𝑡−4
⌉
5

3

3
𝑗

5𝑖

𝑓(𝑥) = 𝑓3 𝑥 + ∑ 𝑥 (𝑓5𝑖 + ∑ 𝑓5𝑖+2𝑗 𝑥 2 )
𝑖=0

𝑗=0

𝑗

Where 𝐴𝑖 (𝑥) = 𝑓5𝑖 + ∑3𝑗=0 𝑓5𝑖+2𝑗 𝑥 2 is an affine polynomial.
Preprocessing
It is necessary to order the elements as a gray code. This is done in order to ease the
computation of 𝐴𝑖 (𝑥) for 𝑥𝑗 𝜖 𝐺𝐹(2𝑚 ). We have,
𝐴(𝑥𝑖 ) = 𝐿(𝑥𝑖 ) + 𝛽
𝐴(𝑥𝑖−1 ) = 𝐿(𝑥𝑖−1 ) + 𝛽
If 𝑥𝑖−1 and 𝑥𝑖 are neighbours in gray code order, then
𝐴(𝑥𝑖 ) − 𝐴(𝑥𝑖−1 ) = 𝐿(𝑥𝑖 =) − 𝐿(𝑥𝑖−1 ) = 𝛼 𝛿(𝑥𝑖−1 ,

𝑥𝑖 )

Example:
Consider 𝐺𝐹(23 ) based on the primitive polynomial 𝑝(𝑥) = 1 + 𝑥 + 𝑥 3 . The field
elements are 0, 1, 𝛼1 , 𝛼 2 , 𝛼 3 , 1 + 𝛼 1 , 𝛼 1 + 𝛼 2 , 1 + 𝛼 1 + 𝛼 2 , 1 + 𝛼 2 which in 3- tuple
representation become –
000, 001, 010, 100, 011, 110, 111, 101
The field elements in gray code ordering - 0, 1, 𝛼 3 , 𝛼, 𝛼 4 , 𝛼 5 , 𝛼 6
The algorithm is as follows𝑡−4



Calculate 𝐿𝑖 (𝛼 𝑘 ) for all 𝑘 𝜖 (0, 𝑚 − 1) and 𝑖 𝜖 (0, ⌈



Initialize 𝐴𝑖 (0) = 𝑓5𝑖



For each element 𝑥𝑗 , Calculate 𝐴𝑖 (𝑗) = 𝐴𝑖 (𝑗−1) + 𝐿𝑖 (𝛼 𝛿(𝑥𝑗−1 ,
𝑗 𝜖 (1, 2𝑚−1 )
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5

⌉).
𝑥𝑗 )

) where



⌈

𝑡−4

⌉

5
For each element 𝑥𝑗 , 𝐹(𝑥𝑗 ) =
+ ∑𝑖=0
𝑥𝑗5𝑖 𝐴𝑖 (𝑗) . If 𝐹(𝑥𝑗 ) = 0, then 𝑥𝑗 is a
root and hence a bit in the received vector is flipped at the appropriate location.

𝑓3 𝑥𝑗3

The author claims that the algorithm is associated with a decrease in time complexity when
implemented in software. To the best of our knowledge, the complexity of this algorithm
in hardware has not been explored.
4.2 Parallelization
Parallelization of encoding
Error correcting codes used in flash memories require high error correcting capability. To
achieve this, BCH codes of long length are used. BCH encoders are generally implemented
with a serial Linear Feedback Shift Register architecture [14]. This architecture takes as
many clock cycles to encode as the length of the information block to be encoded. For
block codes of long length and applications that demand high speed, a serial approach is
not feasible and hence parallelization of the encoding process to reduce latency in encoding
is desired.
A parallelization of factor 𝑚 achieved over the serial encoding results in the decrease of
time required for encoding by a factor of 𝑚. For an (𝑛, 𝑘) code, the encoding process can
be regarded as a traversal of 𝑘 states of the LFSR with the parity check digits available as
output in the final stage. To implement a parallel BCH encoder, we need to traverse through
these states faster. This can be achieved by avoiding traversal of all the k states and a
mechanism to determine and traverse only certain states of the LFSR.
To get an 𝑚-parallel encoder (𝑚 > 1), we need to know the state of the LFSR at time 𝑡 +
𝑚 from the state at time 𝑡 and 𝑚 input bits.
Let the generator polynomial 𝑔(𝑥) be
𝑔(𝑥) = 𝑔𝑅 𝑥 𝑅 + 𝑔𝑅−1 𝑥 𝑅−1 + ⋯ + 𝑔1 𝑥 + 𝑔0 ,

𝑅 =𝑛−𝑘

Let the state of the LFSR at time 𝑡 be
𝑋(𝑡) = [𝑋𝑅−1 (𝑡), 𝑋𝑅−2 (𝑡), ⋯ , 𝑋1 (𝑡), 𝑋0 (𝑡)]𝑇
If 𝑧(𝑡 + 1) is the information input at time 𝑡 + 1, then the state of the registers can be
expressed as
𝑋𝑅−1 (𝑡 + 1) = 𝑋𝑅−2 (𝑡) + 𝑔𝑅−1 [𝑋𝑅−1 (𝑡) + 𝑧(𝑡 + 1)]
𝑋𝑅−2 (𝑡 + 1) = 𝑋𝑅−3 (𝑡) + 𝑔𝑅−2 [𝑋𝑅−1 (𝑡) + 𝑧(𝑡 + 1)]
⋮
𝑋1 (𝑡 + 1) = 𝑋0 (𝑡) + 𝑔1 [𝑋𝑅−1 (𝑡) + 𝑧(𝑡 + 1)]
𝑋0 (𝑡 + 1) = 𝑋𝑅−1 (𝑡) + 𝑧(𝑡 + 1)
Expressing the above equations in the form of a matrix product,
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𝑋𝑅−1 (𝑡 + 1)
𝑔𝑅−1 1
𝑋𝑅−2 (𝑡 + 1)
𝑔𝑅−2 0
𝑔
0
𝑋𝑅−3 (𝑡 + 1)
= 𝑅−3
⋮
⋮
⋮
𝑔
0
𝑋1 (𝑡 + 1)
1
[ 𝑋0 (𝑡 + 1) ] [ 𝑔0 0

0
1
0
⋮
0
0

0
0
1
⋮
0
0

⋯
⋯
⋯
⋮
⋯
⋯

𝑋𝑅−1 (𝑡) + 𝑧(𝑡 + 1)
0
𝑋𝑅−2 (𝑡)
0
𝑋𝑅−3 (𝑡)
0
×
⋮
⋮
𝑋1 (𝑡)
1
0] [
𝑋0 (𝑡)
]

Let the multiplicand matrix be represented as F. Therefore,
𝑔𝑅−1 1
𝑔𝑅−2 0
𝑔
0
𝐹 = 𝑅−3
⋮
⋮
𝑔1 0
[ 𝑔0 0

0
1
0
⋮
0
0

0
0
1
⋮
0
0

⋯
⋯
⋯
⋮
⋯
⋯

0
0
0
⋮
1
0]

It can be observed that the first column of 𝐹 consists of the coefficients of the generator
polynomial 𝑔(𝑥).To simplify the above expressions, we define the following:
𝑋𝑅−1 (𝑡 + 1)
𝑋𝑅−2 (𝑡 + 1)
𝑋 (𝑡 + 1)
𝑋(𝑡 + 1) = 𝑅−3
,
⋮
𝑋1 (𝑡 + 1)
[ 𝑋0 (𝑡 + 1) ]

𝑋𝑅−1 (𝑡)
𝑋𝑅−2 (𝑡)
𝑋 (𝑡)
𝑋(𝑡) = 𝑅−3
⋮
𝑋1 (𝑡)
[ 𝑋0 (𝑡) ]

Also,
𝑧(𝑡 + 1)
0
0
𝑍(𝑡 + 1) =
⋮
0
[ 0 ]
Then, we can write
𝑋(𝑡 + 1) = 𝐹 × [𝑋(𝑡) + 𝑍(𝑡 + 1)]
Applying the above formula recursively, after 𝑚 iterations, we have
𝑋(𝑡 + 𝑚) = 𝐹 𝑚 × [𝑋(𝑡) + 𝑍𝑚 ]
Where, the 𝑚 bits (𝑚 ≤ 𝑅) of parallel input are
𝑧(𝑡 + 1)
𝑧(𝑡 + 2)
⋮
𝑍𝑚 = 𝑧(𝑡 + 𝑚)
0
⋮
[
]
0
The matrix 𝐹 𝑚 can be constructed by recursion. As a general formula we have,

32

𝑔𝑅−1
𝑔𝑅−2
𝑔𝑅−3 |
𝐹 𝑖 = 𝐹 𝑖−1 × ⋮
𝑇ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑅 − 1 𝑐𝑜𝑙𝑢𝑚𝑛𝑠 𝑜𝑓 𝐹 𝑖−1
|
𝑔1
[
[ 𝑔0 ]
]
By applying this method to speed up the process of encoding, the encoding can be
completed in 𝑘/𝑚 number of clock cycles.
Parallelization of Chien Search
Chien Search forms the slowest part of the decoding process of BCH codes. Chien Search
takes as many clock cycles as the length of the code to determine the error vector and
arrive at an estimate of the transmitted polynomial.

Figure 4.1 Conventional Chien Search architecture
In our case of (4187,4096) BCH code, the Chien Search procedure takes 4187 clock cycles
if we proceed via the conventional approach. For applications which need high speed such
as storage memory devices, this approach is extremely slow. There is ample scope for
parallelism though, and exploiting it can speed up decoding tremendously. Two evident
approaches to introduce parallelism with a parallel factor of 𝑝 based on the above
architecture shown below.

Figure 4.2 Parallel Chien Search Architecture without replication of multipliers
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The design shown in Figure reduces the number of clock cycles searching for error
locations from 𝑛 to ⌊𝑛/𝑝⌋ [15].
An alternative architecture employing a similar approach but involves reuse of multipliers,
but also a longer critical path is shown in Figure

Figure 4.3 Parallel Chien Search Architecture with replication of multipliers
A Finite Field Multiplier (FFM) on the 𝑖th row and 𝑗th column (1 ≤ 𝑖 ≤ 𝑝, 1 ≤ 𝑗 ≤ 𝑡) can
be represented as
𝑃𝑖𝑗 = 𝛼 𝑖𝑗 Λ𝑗
= 𝛼 𝑖𝑗 (𝜆𝑗,0 + 𝜆𝑗,1 𝛼 + ⋯ + 𝜆𝑗,𝑚−1 𝛼 𝑚−1 )
𝑖𝑗

𝛼0

𝑖𝑗
𝛼1

=

⋮

𝑖𝑗
[𝛼𝑚−1

𝑖𝑗+1

𝑖𝑗+𝑚−1

𝛼0

⋯ 𝛼0

𝑖𝑗+1
𝛼1

𝑖𝑗+𝑚−1
𝛼1

𝜆𝑗,0
𝜆𝑗,1
⋮

⋯
×
⋱
⋮
𝑖𝑗+𝑚−1
⋯ 𝛼𝑚−1 ] [𝜆𝑗,𝑚−1 ]

⋮

𝑖𝑗+1
𝛼𝑚−1

= [𝛼𝑐𝑜𝑒𝑓𝑓 ] × [𝜆𝑗 ]
The output of each row is

𝑡
𝑖

Λ(𝛼 ) = ∑ 𝑃𝑖𝑗
𝑗=1

Considering that the arithmetic for the BCH code is based on a modulo operation with the
primitive polynomial, the error locator polynomial is derived as
Λ(𝛼 𝑖 ) = 𝑅𝑓(𝑥) [𝛼 𝑖𝑗 Λ𝑗 ]
= 𝑅𝑓(𝑥) [𝛼 𝑖 Λ1 ] + 𝑅𝑓(𝑥) [𝛼 2𝑖 Λ 2 ] + ⋯ + 𝑅𝑓(𝑥) [𝛼 𝑡𝑖 Λ 𝑡 ]

34

Λ(𝛼 𝑖 ) = 𝑅𝑓(𝑥) [𝛼 𝑖 Λ1 + 𝛼 2𝑖 Λ 2 + ⋯ + 𝛼 𝑡𝑖 Λ 𝑡 ]
The effective hardware using this approach is as follows

Figure 4.4 Strength reduced parallel Chien Search architecture
The architecture is different in three parts basically. Firstly, the (𝑝 − 1)𝑡 FFMs (except the
lowermost FFMs) of the conventional architecture are replaced with the same amount of
shifters. These shifters consume no cell area, since their function is a mere alteration of the
interconnection between multiplexers and Finite Field Adders (FFAs). The FFMs are
strength reduced to shifters. The lowermost FFMs should be remained in order to preserve
the result of intermediate multiplications. Secondly, the operands of the FFAs in the
modified architecture are laid obliquely as shown.

Figure 4.5 Layout of FFAs
The last difference is that the modified architecture requires (𝑝 − 1) FFMs attached on the
rightmost column, which are not needed in the conventional architecture. These FFMs play
the role of compensating the enlarged operand’s width into 𝑚-bit.
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The detailed function of the compensational FFM on the 𝑖-th row can be expressed as
shown in the figure below
′

𝑃𝑖 = [𝛼𝑐𝑜𝑒𝑓𝑓 ] × [𝜆𝑖 ]′
When 1 ≤ 𝑖 ≤ 𝑚,
𝛼0𝑖+1
𝑖+1
= 𝛼1
⋮
𝑖+1
[𝛼𝑚−1

𝛼0𝑖+2
𝛼1𝑖+2
⋮
𝑖+2
𝛼𝑚−1

⋯
⋯
⋱
⋯

𝜆𝑖,0
𝛼0𝑡𝑖+𝑚
𝜆𝑖,1
𝛼1𝑡𝑖+𝑚 ×
⋮
⋮
𝑡𝑖+𝑚
𝜆
𝛼𝑚−1 ] [ 𝑖,𝑚+(𝑡−1)𝑖−1 ]

When 𝑚 < 𝑖 ≤ 𝑝 − 1,
𝛼0𝑖+1 ⋯ 𝛼0𝑖+𝑚 𝛼02𝑖+1
𝑖+1
⋯ 𝛼1𝑖+𝑚 |𝛼12𝑖+1
= 𝛼1
⋮
⋱
⋮
⋮
𝑖+1
𝑖+𝑚
2𝑖+1
[𝛼𝑚−1 ⋯ 𝛼𝑚−1 𝛼𝑚−1

⋯ 𝛼0𝑡𝑖+1
⋯| 𝛼1𝑡𝑖+1
⋯ ⋮
𝑡𝑖+1
⋯ 𝛼𝑚−1

⋯ 𝛼0𝑡𝑖+𝑚
⋯ 𝛼1𝑡𝑖+𝑚
⋱
⋮
𝑡𝑖+𝑚
⋯ 𝛼𝑚−1 ]

Iterative Matching Algorithm
This is used to reduce the area of the block and the main principle behind it is to use
iterative sub-structure sharing to remove redundant computations

Where, 1 ≤ 𝑖 ≤ 𝑡𝑝
The iterative matching algorithm involves 4 main steps [15]:


Determine the bit-wise (non-zero) matches between all the rows in the[ αcoeff]
matrix



Choose the best match



Eliminate redundancy from the best match and return remainders to the 2 rows that
contribute to the best match , append an additional row at the bottom to hold the
redundancies



Repeat the above steps for all rows in the binary matrix until including the
appended row until the best match is not greater than 1 bit.
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Syndrome Generation
For t-bit error correcting capabilities:

We explored different methods of syndrome detection and each of the methods have an
advantage but with a specific trade-off of either throughput or the amount of hardware
required. The four different methods to obtain syndrome are discussed as follows.
Completely serial approach to calculate syndrome
For this method of syndrome generation we need
clock cycles for calculating the
syndrome vectors as 4187 computations need to be performed. This method of calculating
syndrome is applicable when there are severe hardware constraints and when smaller fields
are considered. For binary BCH codes, simplification is possible using the following
property.

We need just one delay element, one multiplier and one adder as hardware for this method.
The completely serial approach is as highlighted in the Fig 4.5.

α32i

D

R0R1 .. Rn-

Si

1

Fig 4.6 Serial approach
Completely parallel approach to calculate syndrome
For this method of syndrome generation we need just 1 clock cycle to calculate the syndrome
vectors as all the syndromes are calculated in parallel. This method requires multipliers and
multiplexers and hence can used only for smaller fields where throughput is the main
concern. We can optimize the hardware by using squarer blocks instead of multipliers. The
completely parallel approach is as highlighted in the Fig 4.6.
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Partially serial and partially parallel approach to calculate syndrome
Here we parallelize the conventional serial approach to calculate syndrome by replicating the
hardware by a factor ‘p’ and processing p inputs at a time. This is a faster approach and
requires [n/p] clock cycles. We need

multipliers,

adders and

delay elements as

hardware. This method is applicable to larger fields where one has to process inputs in
parallel to get a faster output. Optimizations can be made by using squarer blocks in
hardware. The partially parallel approach is as highlighted in the Fig 4.7.
α
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α3

α5

α 4187

α6
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0..00
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α3

α2
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0..00

0..00
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V3

α4

α5

0..00

α6

V5

0..00

0..00

0..00

V4

α4187

V6

V4187

Galois Adder

V0

Syndrome Vector
0..00

0001

Fig 4.7 Parallel approach
Partially serial and partially parallel approach (area efficient)
In this method we parallelize the conventional approach by replicating the hardware
but this method requires lesser number of multipliers and hence it is very efficient in
terms of area. It requires more number of clock cycles compared to the previous
approach

. This method requires p number of multipliers and 1 adder and p multiplexors.

We can optimize the number of multipliers as just

computations are needed in

with the increase in number of registers. This is a better approach for the larger fields.
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seconds

A combination of hardware in Fig 4.6 and 4.8 is used to implement this approach.

Rp-1.....

α(p-1)i

α32i
R4.....

α4i

R3.....

α3i

R2.....

α2i

R1.....

αi

D

R0.....

Fig 4.8 Partially parallel approach (high throughput)

α32i

D

Fig 4.9 Partially parallel approach (area efficient)
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Chapter 5
Implementation Results
In this section, we have presented the results of our implementation. Synthesis reports of the
encoder and decoder blocks are included. RTL Simulation screenshots of the encoder and
decoder blocks are also included.
5.1 Synthesis Report
For the (15,5) encoder, the resource utilization is as follows.
Selected Device

5vlx30ff324-3

Number of Slice Registers

50 out of 19200

Number of Slice LUT’s

19 out of 19200

Number of IO’s

18 out of 220

Number of bonded IOB’s

18 out of 220

Number of IOB Flip- Flops / Latches

16

Number of BUFG / BUFGCTRL

1 out of 32

For the (15,5) encoder, the timing summary is as follows.
Minimum Period

1.422 ns

Maximum Frequency

703.235 MHz

Minimum Input arrival time before clock

1.486 ns

Minimum Output required time after clock

2.775 ns

Maximum Combinational Path Delay

No path found

Similarly, for the (15,5) decoder, the resource utilization is as follows.
Selected Device

5vlx30ff324-3

Number of Slice Registers

174 out of 19200

Number of Slice LUT’s

249 out of 19200

Number of IO’s

32

Number of bonded IOB’s

32 out of 220

Number of IOB Flip- Flops / Latches

15
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Number of BUFG / BUFGCTRL

1

For the (15,5) decoder, the timing summary is as follows.
Minimum Period

3.627 ns

Maximum Frequency

275.695 MHz

Minimum Input arrival time before clock

2.735 ns

Minimum Output required time after clock

2.775 ns

Maximum Combinational Path Delay

No path found

The chip area taken up by the encoder-decoder pair is very small. Therefore, other designs can be
comfortably integrated with the encoder – decoder pair on the same FPGA. Also, the existing
architecture can be scaled up in order to decode BCH codes over higher degree finite fields.
For the (4187, 4096) decoder Gauss Jordan Elimination circuit, resource utilization is as
follows.
Selected Device

5vlx30ff324-3

Number of Slice Registers

3740 out of 19200

Number of Slice LUT’s

11392 out of 19200

Number of IO’s

-

Number of bonded IOB’s

-

Number of IOB Flip- Flops / Latches

92

Number of BUFG / BUFGCTRL

1

For the (4187, 4096) decoder Gauss Jordan Elimination circuit, timing summary is as follows.
Minimum Period

8.115 ns

Maximum Frequency

123.233 MHz

Minimum Input arrival time before clock

1.401 ns

Minimum Output required time after clock

2.775 ns

Maximum Combinational Path Delay

No path found
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For the (4187, 4096) decoder Strength reduced Chien Search circuit, resource utilization is as
follows.
Selected Device

5vlx30ff324-3

Number of Slice Registers

99 out of 19200

Number of Slice LUT’s

3473 out of 19200

Number of IO’s

-

Number of bonded IOB’s

-

Number of IOB Flip- Flops / Latches

125

Number of BUFG / BUFGCTRL

1

For the (4187, 4096) decoder Strength reduced Chien Search circuit, timing summary is as
follows.
Minimum Period

3.075 ns

Maximum Frequency

325.468 MHz

Minimum Input arrival time before clock

9.290 ns

Minimum Output required time after clock

9.019 ns

Maximum Combinational Path Delay

No path found
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5.2 Simulation Results
RTL Simulation of the encoder – decoder pair was performed using the Xilinx ISim Simulator.
Behavioural verification was done by analysing the simulation results. The results of the
simulations conducted are as shown below.

Fig 5.1 Encoder simulation
As the message bits are fed to the encoder, on every 5th clock cycle, the codeword calculation
completes since the parity bits are ready. DONE signal to asserted to indicate that the codeword
is ready.

Fig 5.2 Decoder simulation without errors

5.2.1 (15, 5) decoder simulation without error
The decoder takes 24 clock cycles to decode a (15, 5) codeword. In the first stage of simulation,
a codeword is fed to the decoder as the received vector. The syndrome vectors will be zero,
consequently the error locator polynomial coefficients will be identical to zero. There is no
correction to be performed and the 5 least significant bits of the received vector are taken to be
the decoded message, DECODED_MSG, and the 10 most significant bits of the received vector
are taken to be the decoded parity bits, DECODED_PAR. The decoded parity bits can be used to
signal a decode error in the later stage of the design.
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5.2.2 (15, 5) decoder simulation with error
In the second stage of the simulation, three errors are introduced at random locations in the
codeword and the resultant vector is fed to the decoder. In this case, syndrome vectors are non –
zero and the error – locator polynomial coefficients are non-zero. Correction needs to be
performed at locations for the error. The decoder detects the locations of the error and corrects
them.

Fig 5.3 Decoder simulation with errors
In the case above, the actual codeword is 011110001001101. However errors are introduced at
locations 2, 3 and 4, and the resultant vector fed to the decoder is
000010001001101. The decoder successfully corrects all these errors, and outputs the parity
and the message bits on DECODED_PAR and DECODED_MSG,
Similar trials were conducted for received vectors with two errors and one error. The decoder
corrected the errors in all the cases successfully.
5.2.3 Gauss Jordan elimination circuit simulation
The Gauss Jordan elimination circuit takes 7 clock cycles in order to compute the error locator
polynomial coefficients from the syndrome vectors. The results of simulation of the Gauss
Jordan elimination circuit is as shown in Fig 5.4. The signals coeff1, coeff2… coeff7 represent the
error locator polynomial coefficients. The signals s1, s2 … s14 represent the syndrome vector.
The done signal represents the handshake signal which indicates that the computation of the error
locator polynomial coefficients has been completed. This signal is used to activate the Chien
search block in the top module.
5.2.4 Strength reduced Chien Search circuit simulation
4187

The Strength reduced Chien search block takes 32 ≅ 131 clock cycles in order to compute the
error locations from the error locator polynomial coefficients and correct them. The results of the
simulation of the Strength reduced Chien Search circuit is as shown in Fig 5.5.
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Fig 5.4 Gauss Jordan Elimination circuit simulation

The error_coeff_vector[90:0] signal is the concatenation of the 7 coefficients of the error locator
polynomial each of which are 13 bits wide. The signals mux1, mux2…mux7 hold the 7
coefficients separately. The output signal error_pattern[31:0] provides the estimated error
pattern which is added to the received vector to obtain an estimate of the transmitted vector. In
the figure, two errors are detected in the received vector in a single clock cycle.

Fig 5.5 Strength reduced Chien search circuit simulation
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5.2.5 Syndrome calculator circuit simulation
4187

The Syndrome calculator block takes 32 ≅ 131 clock cycles in order to compute the syndrome
vectors from the received vector. The result of the simulation of the syndrome calculator circuit
is not shown because of the space constraints induced by the large number of clock cycles it
takes to calculate a single syndrome vector.
5.2.6 Encoder circuit simulation
4187

The encoder takes 32 ≅ 131 clock cycles in order to compute the code vector from the
message vector. The results of the simulation of the encoder is not shown because of the space
constraints induced by the large number of clock cycles it takes to calculate a single code vector.
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Chapter 6
Conclusion
In this project we have illustrated how error control coding can be used to enhance data
storage and improve the security of data. We have explained and implemented both the
encoding and decoding of a (15, 5) narrow sense, primitive BCH code and we have also
studied approaches to extend these ideas and adapt the designs to longer codes such as a
(4187, 4096) narrow sense, primitive BCH code. The implementation of the (15, 5) decoder
made us aware of the design complexities involved in the design of a (4187, 4096) decoder.
The design steps, input signals and output signals along with the simulation results of
design and synthesis result are discussed in detail. We have used a non-iterative algorithm
for the computation of error locator polynomial coefficients and this method of approach
is much better when compared to other decoding methods because the design is very simple
(can be implemented by combinational circuits) and it has increased speed because the
method is non-iterative. This can be advantageously employed in applications which
employ BCH codes for error protection, and systems where high-speed/low-complexity
decoding is essential. We have also discussed steps to increase parallelism in the circuits
when possible to improve the throughput for high speed applications.
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