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var ( 'x , a1 , a2 , a3 , a4 , b1 , b2 , b3 , b4 , p1 , p2 , p3 , p4 , q1 , q2 , q3 , q4' )
w0 = SR. wi ld (0 )
sage_server .MAX_STDOUT_SIZE=250000
sage_server .MAX_OUTPUT=250000
#This d e f i n e s our va r i ab l e s , s e t s up our wi ld card and i n c r e a s e s max output f o r \

the program .
(x, a1, a2, a3, a4, b1, b2, b3, b4, p1, p2, p3, p4, q1, q2, q3, q4)

E=(x - a1*a2*a3*a4 ) *(x - a1*a2*a3*b4 ) *(x - a1*a2*b3*a4 ) *(x - a1*a2*b3*b4 ) *(x - a1*b2*a3*\
a4 ) *(x - a1*b2*a3*b4 ) *(x - a1*b2*b3*a4 ) *(x - a1*b2*b3*b4 ) *(x - b1*a2*a3*a4 ) *(x - b1*a2\
*a3*b4 ) *(x - b1*a2*b3*a4 ) *(x - b1*a2*b3*b4 ) *(x - b1*b2*a3*a4 ) *(x - b1*b2*a3*b4 ) *(x -\
b1*b2*b3*a4 ) *(x - b1*b2*b3*b4 )

F=E. expand ( )
#Mu l t i p l i c a t i o n o f the c h a r a c t e r i s t i c funct ion , t h i s i s not show do to l ength .

g13=-F . c o e f f i c i e n t (x , 1 3 )
g13
#Gathering o f the c o e f f i c i e n t f o r x^13 from our expansion o f the c h a r a c t e r i s t i c \

f unc t i on . We take the negat ive because we handle the s i gn in the f i n a l form\
o f the c h a r a c t e r i s t i c .

a1^2*a2^2*a3^3*a4^3*b1*b2 + a1*a2^2*a3^3*a4^3*b1^2*b2 + a1^2*a2*a3^3*a4^3*b1*b2^2 +
a1*a2*a3^3*a4^3*b1^2*b2^2 + a1^2*a2^3*a3^2*a4^3*b1*b3 + a1*a2^3*a3^2*a4^3*b1^2*b3 +
a1^3*a2^2*a3^2*a4^3*b2*b3 + 4*a1^2*a2^2*a3^2*a4^3*b1*b2*b3 +
4*a1*a2^2*a3^2*a4^3*b1^2*b2*b3 + a2^2*a3^2*a4^3*b1^3*b2*b3 + a1^3*a2*a3^2*a4^3*b2^2*b3 +
4*a1^2*a2*a3^2*a4^3*b1*b2^2*b3 + 4*a1*a2*a3^2*a4^3*b1^2*b2^2*b3 +
a2*a3^2*a4^3*b1^3*b2^2*b3 + a1^2*a3^2*a4^3*b1*b2^3*b3 + a1*a3^2*a4^3*b1^2*b2^3*b3 +
a1^2*a2^3*a3*a4^3*b1*b3^2 + a1*a2^3*a3*a4^3*b1^2*b3^2 + a1^3*a2^2*a3*a4^3*b2*b3^2 +
4*a1^2*a2^2*a3*a4^3*b1*b2*b3^2 + 4*a1*a2^2*a3*a4^3*b1^2*b2*b3^2 +
a2^2*a3*a4^3*b1^3*b2*b3^2 + a1^3*a2*a3*a4^3*b2^2*b3^2 + 4*a1^2*a2*a3*a4^3*b1*b2^2*b3^2 +
4*a1*a2*a3*a4^3*b1^2*b2^2*b3^2 + a2*a3*a4^3*b1^3*b2^2*b3^2 + a1^2*a3*a4^3*b1*b2^3*b3^2 +
a1*a3*a4^3*b1^2*b2^3*b3^2 + a1^2*a2^2*a4^3*b1*b2*b3^3 + a1*a2^2*a4^3*b1^2*b2*b3^3 +
a1^2*a2*a4^3*b1*b2^2*b3^3 + a1*a2*a4^3*b1^2*b2^2*b3^3 + a1^2*a2^3*a3^3*a4^2*b1*b4 +
a1*a2^3*a3^3*a4^2*b1^2*b4 + a1^3*a2^2*a3^3*a4^2*b2*b4 + 4*a1^2*a2^2*a3^3*a4^2*b1*b2*b4 +
4*a1*a2^2*a3^3*a4^2*b1^2*b2*b4 + a2^2*a3^3*a4^2*b1^3*b2*b4 + a1^3*a2*a3^3*a4^2*b2^2*b4 +
4*a1^2*a2*a3^3*a4^2*b1*b2^2*b4 + 4*a1*a2*a3^3*a4^2*b1^2*b2^2*b4 +
a2*a3^3*a4^2*b1^3*b2^2*b4 + a1^2*a3^3*a4^2*b1*b2^3*b4 + a1*a3^3*a4^2*b1^2*b2^3*b4 +
a1^3*a2^3*a3^2*a4^2*b3*b4 + 4*a1^2*a2^3*a3^2*a4^2*b1*b3*b4 +
4*a1*a2^3*a3^2*a4^2*b1^2*b3*b4 + a2^3*a3^2*a4^2*b1^3*b3*b4 +
4*a1^3*a2^2*a3^2*a4^2*b2*b3*b4 + 13*a1^2*a2^2*a3^2*a4^2*b1*b2*b3*b4 +
13*a1*a2^2*a3^2*a4^2*b1^2*b2*b3*b4 + 4*a2^2*a3^2*a4^2*b1^3*b2*b3*b4 +
4*a1^3*a2*a3^2*a4^2*b2^2*b3*b4 + 13*a1^2*a2*a3^2*a4^2*b1*b2^2*b3*b4 +
13*a1*a2*a3^2*a4^2*b1^2*b2^2*b3*b4 + 4*a2*a3^2*a4^2*b1^3*b2^2*b3*b4 +
a1^3*a3^2*a4^2*b2^3*b3*b4 + 4*a1^2*a3^2*a4^2*b1*b2^3*b3*b4 +
4*a1*a3^2*a4^2*b1^2*b2^3*b3*b4 + a3^2*a4^2*b1^3*b2^3*b3*b4 + a1^3*a2^3*a3*a4^2*b3^2*b4 +
4*a1^2*a2^3*a3*a4^2*b1*b3^2*b4 + 4*a1*a2^3*a3*a4^2*b1^2*b3^2*b4 +
a2^3*a3*a4^2*b1^3*b3^2*b4 + 4*a1^3*a2^2*a3*a4^2*b2*b3^2*b4 +
13*a1^2*a2^2*a3*a4^2*b1*b2*b3^2*b4 + 13*a1*a2^2*a3*a4^2*b1^2*b2*b3^2*b4 +
4*a2^2*a3*a4^2*b1^3*b2*b3^2*b4 + 4*a1^3*a2*a3*a4^2*b2^2*b3^2*b4 +
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13*a1^2*a2*a3*a4^2*b1*b2^2*b3^2*b4 + 13*a1*a2*a3*a4^2*b1^2*b2^2*b3^2*b4 +
4*a2*a3*a4^2*b1^3*b2^2*b3^2*b4 + a1^3*a3*a4^2*b2^3*b3^2*b4 +
4*a1^2*a3*a4^2*b1*b2^3*b3^2*b4 + 4*a1*a3*a4^2*b1^2*b2^3*b3^2*b4 +
a3*a4^2*b1^3*b2^3*b3^2*b4 + a1^2*a2^3*a4^2*b1*b3^3*b4 + a1*a2^3*a4^2*b1^2*b3^3*b4 +
a1^3*a2^2*a4^2*b2*b3^3*b4 + 4*a1^2*a2^2*a4^2*b1*b2*b3^3*b4 +
4*a1*a2^2*a4^2*b1^2*b2*b3^3*b4 + a2^2*a4^2*b1^3*b2*b3^3*b4 + a1^3*a2*a4^2*b2^2*b3^3*b4 +
4*a1^2*a2*a4^2*b1*b2^2*b3^3*b4 + 4*a1*a2*a4^2*b1^2*b2^2*b3^3*b4 +
a2*a4^2*b1^3*b2^2*b3^3*b4 + a1^2*a4^2*b1*b2^3*b3^3*b4 + a1*a4^2*b1^2*b2^3*b3^3*b4 +
a1^2*a2^3*a3^3*a4*b1*b4^2 + a1*a2^3*a3^3*a4*b1^2*b4^2 + a1^3*a2^2*a3^3*a4*b2*b4^2 +
4*a1^2*a2^2*a3^3*a4*b1*b2*b4^2 + 4*a1*a2^2*a3^3*a4*b1^2*b2*b4^2 +
a2^2*a3^3*a4*b1^3*b2*b4^2 + a1^3*a2*a3^3*a4*b2^2*b4^2 + 4*a1^2*a2*a3^3*a4*b1*b2^2*b4^2 +
4*a1*a2*a3^3*a4*b1^2*b2^2*b4^2 + a2*a3^3*a4*b1^3*b2^2*b4^2 + a1^2*a3^3*a4*b1*b2^3*b4^2 +
a1*a3^3*a4*b1^2*b2^3*b4^2 + a1^3*a2^3*a3^2*a4*b3*b4^2 + 4*a1^2*a2^3*a3^2*a4*b1*b3*b4^2 +
4*a1*a2^3*a3^2*a4*b1^2*b3*b4^2 + a2^3*a3^2*a4*b1^3*b3*b4^2 +
4*a1^3*a2^2*a3^2*a4*b2*b3*b4^2 + 13*a1^2*a2^2*a3^2*a4*b1*b2*b3*b4^2 +
13*a1*a2^2*a3^2*a4*b1^2*b2*b3*b4^2 + 4*a2^2*a3^2*a4*b1^3*b2*b3*b4^2 +
4*a1^3*a2*a3^2*a4*b2^2*b3*b4^2 + 13*a1^2*a2*a3^2*a4*b1*b2^2*b3*b4^2 +
13*a1*a2*a3^2*a4*b1^2*b2^2*b3*b4^2 + 4*a2*a3^2*a4*b1^3*b2^2*b3*b4^2 +
a1^3*a3^2*a4*b2^3*b3*b4^2 + 4*a1^2*a3^2*a4*b1*b2^3*b3*b4^2 +
4*a1*a3^2*a4*b1^2*b2^3*b3*b4^2 + a3^2*a4*b1^3*b2^3*b3*b4^2 + a1^3*a2^3*a3*a4*b3^2*b4^2 +
4*a1^2*a2^3*a3*a4*b1*b3^2*b4^2 + 4*a1*a2^3*a3*a4*b1^2*b3^2*b4^2 +
a2^3*a3*a4*b1^3*b3^2*b4^2 + 4*a1^3*a2^2*a3*a4*b2*b3^2*b4^2 +
13*a1^2*a2^2*a3*a4*b1*b2*b3^2*b4^2 + 13*a1*a2^2*a3*a4*b1^2*b2*b3^2*b4^2 +
4*a2^2*a3*a4*b1^3*b2*b3^2*b4^2 + 4*a1^3*a2*a3*a4*b2^2*b3^2*b4^2 +
13*a1^2*a2*a3*a4*b1*b2^2*b3^2*b4^2 + 13*a1*a2*a3*a4*b1^2*b2^2*b3^2*b4^2 +
4*a2*a3*a4*b1^3*b2^2*b3^2*b4^2 + a1^3*a3*a4*b2^3*b3^2*b4^2 +
4*a1^2*a3*a4*b1*b2^3*b3^2*b4^2 + 4*a1*a3*a4*b1^2*b2^3*b3^2*b4^2 +
a3*a4*b1^3*b2^3*b3^2*b4^2 + a1^2*a2^3*a4*b1*b3^3*b4^2 + a1*a2^3*a4*b1^2*b3^3*b4^2 +
a1^3*a2^2*a4*b2*b3^3*b4^2 + 4*a1^2*a2^2*a4*b1*b2*b3^3*b4^2 +
4*a1*a2^2*a4*b1^2*b2*b3^3*b4^2 + a2^2*a4*b1^3*b2*b3^3*b4^2 + a1^3*a2*a4*b2^2*b3^3*b4^2 +
4*a1^2*a2*a4*b1*b2^2*b3^3*b4^2 + 4*a1*a2*a4*b1^2*b2^2*b3^3*b4^2 +
a2*a4*b1^3*b2^2*b3^3*b4^2 + a1^2*a4*b1*b2^3*b3^3*b4^2 + a1*a4*b1^2*b2^3*b3^3*b4^2 +
a1^2*a2^2*a3^3*b1*b2*b4^3 + a1*a2^2*a3^3*b1^2*b2*b4^3 + a1^2*a2*a3^3*b1*b2^2*b4^3 +
a1*a2*a3^3*b1^2*b2^2*b4^3 + a1^2*a2^3*a3^2*b1*b3*b4^3 + a1*a2^3*a3^2*b1^2*b3*b4^3 +
a1^3*a2^2*a3^2*b2*b3*b4^3 + 4*a1^2*a2^2*a3^2*b1*b2*b3*b4^3 +
4*a1*a2^2*a3^2*b1^2*b2*b3*b4^3 + a2^2*a3^2*b1^3*b2*b3*b4^3 + a1^3*a2*a3^2*b2^2*b3*b4^3 +
4*a1^2*a2*a3^2*b1*b2^2*b3*b4^3 + 4*a1*a2*a3^2*b1^2*b2^2*b3*b4^3 +
a2*a3^2*b1^3*b2^2*b3*b4^3 + a1^2*a3^2*b1*b2^3*b3*b4^3 + a1*a3^2*b1^2*b2^3*b3*b4^3 +
a1^2*a2^3*a3*b1*b3^2*b4^3 + a1*a2^3*a3*b1^2*b3^2*b4^3 + a1^3*a2^2*a3*b2*b3^2*b4^3 +
4*a1^2*a2^2*a3*b1*b2*b3^2*b4^3 + 4*a1*a2^2*a3*b1^2*b2*b3^2*b4^3 +
a2^2*a3*b1^3*b2*b3^2*b4^3 + a1^3*a2*a3*b2^2*b3^2*b4^3 + 4*a1^2*a2*a3*b1*b2^2*b3^2*b4^3 +
4*a1*a2*a3*b1^2*b2^2*b3^2*b4^3 + a2*a3*b1^3*b2^2*b3^2*b4^3 + a1^2*a3*b1*b2^3*b3^2*b4^3 +
a1*a3*b1^2*b2^3*b3^2*b4^3 + a1^2*a2^2*b1*b2*b3^3*b4^3 + a1*a2^2*b1^2*b2*b3^3*b4^3 +
a1^2*a2*b1*b2^2*b3^3*b4^3 + a1*a2*b1^2*b2^2*b3^3*b4^3

g13 . f a c t o r ( )
#This i s an i n i t i a l f a c t o r i n g to try and make th ings e a s i e r .
(a1*a2*a3^2*a4^2*b1*b2 + a1*a2^2*a3*a4^2*b1*b3 + a1^2*a2*a3*a4^2*b2*b3 +
a1*a2*a3*a4^2*b1*b2*b3 + a2*a3*a4^2*b1^2*b2*b3 + a1*a3*a4^2*b1*b2^2*b3 +
a1*a2*a4^2*b1*b2*b3^2 + a1*a2^2*a3^2*a4*b1*b4 + a1^2*a2*a3^2*a4*b2*b4 +
a1*a2*a3^2*a4*b1*b2*b4 + a2*a3^2*a4*b1^2*b2*b4 + a1*a3^2*a4*b1*b2^2*b4 +
a1^2*a2^2*a3*a4*b3*b4 + a1*a2^2*a3*a4*b1*b3*b4 + a2^2*a3*a4*b1^2*b3*b4 +
a1^2*a2*a3*a4*b2*b3*b4 + 3*a1*a2*a3*a4*b1*b2*b3*b4 + a2*a3*a4*b1^2*b2*b3*b4 +
a1^2*a3*a4*b2^2*b3*b4 + a1*a3*a4*b1*b2^2*b3*b4 + a3*a4*b1^2*b2^2*b3*b4 +
a1*a2^2*a4*b1*b3^2*b4 + a1^2*a2*a4*b2*b3^2*b4 + a1*a2*a4*b1*b2*b3^2*b4 +
a2*a4*b1^2*b2*b3^2*b4 + a1*a4*b1*b2^2*b3^2*b4 + a1*a2*a3^2*b1*b2*b4^2 +
a1*a2^2*a3*b1*b3*b4^2 + a1^2*a2*a3*b2*b3*b4^2 + a1*a2*a3*b1*b2*b3*b4^2 +
a2*a3*b1^2*b2*b3*b4^2 + a1*a3*b1*b2^2*b3*b4^2 + a1*a2*b1*b2*b3^2*b4^2)*(a1 + b1)*(a2 +
b2)*(a3 + b3)*(a4 + b4)
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t=(a1 + b1 ) *( a2 + b2 ) *( a3 + b3 ) *( a4 + b4 )
t
f13=g13 . f a c t o r ( ) / t
f13
#This s ep e r a t e s the f a c t o r i z a t i o n above in to two par t s .
(a1 + b1)*(a2 + b2)*(a3 + b3)*(a4 + b4)
a1*a2*a3^2*a4^2*b1*b2 + a1*a2^2*a3*a4^2*b1*b3 + a1^2*a2*a3*a4^2*b2*b3 +
a1*a2*a3*a4^2*b1*b2*b3 + a2*a3*a4^2*b1^2*b2*b3 + a1*a3*a4^2*b1*b2^2*b3 +
a1*a2*a4^2*b1*b2*b3^2 + a1*a2^2*a3^2*a4*b1*b4 + a1^2*a2*a3^2*a4*b2*b4 +
a1*a2*a3^2*a4*b1*b2*b4 + a2*a3^2*a4*b1^2*b2*b4 + a1*a3^2*a4*b1*b2^2*b4 +
a1^2*a2^2*a3*a4*b3*b4 + a1*a2^2*a3*a4*b1*b3*b4 + a2^2*a3*a4*b1^2*b3*b4 +
a1^2*a2*a3*a4*b2*b3*b4 + 3*a1*a2*a3*a4*b1*b2*b3*b4 + a2*a3*a4*b1^2*b2*b3*b4 +
a1^2*a3*a4*b2^2*b3*b4 + a1*a3*a4*b1*b2^2*b3*b4 + a3*a4*b1^2*b2^2*b3*b4 +
a1*a2^2*a4*b1*b3^2*b4 + a1^2*a2*a4*b2*b3^2*b4 + a1*a2*a4*b1*b2*b3^2*b4 +
a2*a4*b1^2*b2*b3^2*b4 + a1*a4*b1*b2^2*b3^2*b4 + a1*a2*a3^2*b1*b2*b4^2 +
a1*a2^2*a3*b1*b3*b4^2 + a1^2*a2*a3*b2*b3*b4^2 + a1*a2*a3*b1*b2*b3*b4^2 +
a2*a3*b1^2*b2*b3*b4^2 + a1*a3*b1*b2^2*b3*b4^2 + a1*a2*b1*b2*b3^2*b4^2

s=p1*p2*p3*p4
s
#This i s our s ub s t i t u t i o n f o r t .
p1*p2*p3*p4

c3=sum( f13 . f i nd (3*w0) )
c3
s3=3*q1*q2*q3*q4
s3
#This i s the term with a c o e f f i c i e n t o f 3 from f13 and i t s s ub s t i t u t i o n .
3*a1*a2*a3*a4*b1*b2*b3*b4
3*q1*q2*q3*q4

c1=sum( f13 . f i nd (1*w0) ) - c3
c1
#This i s the sum of the terms with a c o e f f i c i e n t o f 1 from f13 . We group these\

by i f they have exac t l y three o f f our a v a r i a b l e s to the f i r s t power in \
them and i f they have exac t l y two o f the four a v a r i a b l e s to the f i r s t power\
in them .

a1*a2*a3^2*a4^2*b1*b2 + a1*a2^2*a3*a4^2*b1*b3 + a1^2*a2*a3*a4^2*b2*b3 +
a1*a2*a3*a4^2*b1*b2*b3 + a2*a3*a4^2*b1^2*b2*b3 + a1*a3*a4^2*b1*b2^2*b3 +
a1*a2*a4^2*b1*b2*b3^2 + a1*a2^2*a3^2*a4*b1*b4 + a1^2*a2*a3^2*a4*b2*b4 +
a1*a2*a3^2*a4*b1*b2*b4 + a2*a3^2*a4*b1^2*b2*b4 + a1*a3^2*a4*b1*b2^2*b4 +
a1^2*a2^2*a3*a4*b3*b4 + a1*a2^2*a3*a4*b1*b3*b4 + a2^2*a3*a4*b1^2*b3*b4 +
a1^2*a2*a3*a4*b2*b3*b4 + a2*a3*a4*b1^2*b2*b3*b4 + a1^2*a3*a4*b2^2*b3*b4 +
a1*a3*a4*b1*b2^2*b3*b4 + a3*a4*b1^2*b2^2*b3*b4 + a1*a2^2*a4*b1*b3^2*b4 +
a1^2*a2*a4*b2*b3^2*b4 + a1*a2*a4*b1*b2*b3^2*b4 + a2*a4*b1^2*b2*b3^2*b4 +
a1*a4*b1*b2^2*b3^2*b4 + a1*a2*a3^2*b1*b2*b4^2 + a1*a2^2*a3*b1*b3*b4^2 +
a1^2*a2*a3*b2*b3*b4^2 + a1*a2*a3*b1*b2*b3*b4^2 + a2*a3*b1^2*b2*b3*b4^2 +
a1*a3*b1*b2^2*b3*b4^2 + a1*a2*b1*b2*b3^2*b4^2

c1123=sum( c1 . f i nd ( a1*a2*a3*w0) )
c1123
c1123 . f a c t o r ( )
s1123=-(p4^2+2*q4 ) *q1*q2*q3
s1123
#This i s the group with a1 , a2 , and a3 a l l to the f i r s t power , i t s \

f a c t o r i z a t i o n , and i t s s ub s t i t u t i o n .
a1*a2*a3*a4^2*b1*b2*b3 + a1*a2*a3*b1*b2*b3*b4^2
(a4^2 + b4^2)*a1*a2*a3*b1*b2*b3
-(p4^2 + 2*q4)*q1*q2*q3

c1124=sum( c1 . f i nd ( a1*a2*a4*w0) )
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c1124
c1124 . f a c t o r ( )
s1124=-(p3^2+2*q3 ) *q1*q2*q4
s1124
#This i s the group with a1 , a2 , and a4 a l l to the f i r s t power , i t s \

f a c t o r i z a t i o n , and i t s s ub s t i t u t i o n .
a1*a2*a3^2*a4*b1*b2*b4 + a1*a2*a4*b1*b2*b3^2*b4
(a3^2 + b3^2)*a1*a2*a4*b1*b2*b4
-(p3^2 + 2*q3)*q1*q2*q4

c1134=sum( c1 . f i nd ( a1*a3*a4*w0) )
c1134
c1134 . f a c t o r ( )
s1134=-(p2^2+2*q2 ) *q1*q3*q4
s1134
#This i s the group with a1 , a3 , and a4 a l l to the f i r s t power , i t s \

f a c t o r i z a t i o n , and i t s s ub s t i t u t i o n .
a1*a2^2*a3*a4*b1*b3*b4 + a1*a3*a4*b1*b2^2*b3*b4
(a2^2 + b2^2)*a1*a3*a4*b1*b3*b4
-(p2^2 + 2*q2)*q1*q3*q4

c1234=sum( c1 . f i nd ( a2*a3*a4*w0) )
c1234
c1234 . f a c t o r ( )
s1234=-(p1^2+2*q1 ) *q2*q3*q4
s1234
#This i s the group with a2 , a3 , and a4 a l l to the f i r s t power , i t s \

f a c t o r i z a t i o n , and i t s s ub s t i t u t i o n .
a1^2*a2*a3*a4*b2*b3*b4 + a2*a3*a4*b1^2*b2*b3*b4
(a1^2 + b1^2)*a2*a3*a4*b2*b3*b4
-(p1^2 + 2*q1)*q2*q3*q4

c112=sum( c1 . f i nd ( a1*a2*w0) ) - c1123 - c1124
c112
c112 . f a c t o r ( )
s112=(p3^2 + 2*q3 ) *( p4^2+2*q4 ) *q1*q2
s112
#This i s the group with only a1 and a2 to the f i r s t power , i t s f a c t o r i z a t i o n , \

and i t s s ub s t i t u t i o n .
a1*a2*a3^2*a4^2*b1*b2 + a1*a2*a4^2*b1*b2*b3^2 + a1*a2*a3^2*b1*b2*b4^2 +
a1*a2*b1*b2*b3^2*b4^2
(a3^2 + b3^2)*(a4^2 + b4^2)*a1*a2*b1*b2
(p3^2 + 2*q3)*(p4^2 + 2*q4)*q1*q2

c113=sum( c1 . f i nd ( a1*a3*w0) ) - c1123 - c1134
c113
c113 . f a c t o r ( )
s113=(p2^2 + 2*q2 ) *( p4^2+2*q4 ) *q1*q3
s113
#This i s the group with only a1 and a3 to the f i r s t power , i t s f a c t o r i z a t i o n , \

and i t s s ub s t i t u t i o n .
a1*a2^2*a3*a4^2*b1*b3 + a1*a3*a4^2*b1*b2^2*b3 + a1*a2^2*a3*b1*b3*b4^2 +
a1*a3*b1*b2^2*b3*b4^2
(a2^2 + b2^2)*(a4^2 + b4^2)*a1*a3*b1*b3
(p2^2 + 2*q2)*(p4^2 + 2*q4)*q1*q3

c114=sum( c1 . f i nd ( a1*a4*w0) ) - c1124 - c1134
c114
c114 . f a c t o r ( )
s114=(p2^2 + 2*q2 ) *( p3^2+2*q3 ) *q1*q4
s114
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#This i s the group with only a1 and a4 to the f i r s t power , i t s f a c t o r i z a t i o n , \
and i t s s ub s t i t u t i o n .

a1*a2^2*a3^2*a4*b1*b4 + a1*a3^2*a4*b1*b2^2*b4 + a1*a2^2*a4*b1*b3^2*b4 +
a1*a4*b1*b2^2*b3^2*b4
(a2^2 + b2^2)*(a3^2 + b3^2)*a1*a4*b1*b4
(p2^2 + 2*q2)*(p3^2 + 2*q3)*q1*q4

c123=sum( c1 . f i nd ( a2*a3*w0) ) - c1123 - c1234
c123
c123 . f a c t o r ( )
s123=(p1^2 + 2*q1 ) *( p4^2+2*q4 ) *q2*q3
s123
#This i s the group with only a2 and a3 to the f i r s t power , i t s f a c t o r i z a t i o n , \

and i t s s ub s t i t u t i o n .
a1^2*a2*a3*a4^2*b2*b3 + a2*a3*a4^2*b1^2*b2*b3 + a1^2*a2*a3*b2*b3*b4^2 +
a2*a3*b1^2*b2*b3*b4^2
(a1^2 + b1^2)*(a4^2 + b4^2)*a2*a3*b2*b3
(p1^2 + 2*q1)*(p4^2 + 2*q4)*q2*q3

c124=sum( c1 . f i nd ( a2*a4*w0) ) - c1124 - c1234
c124
c124 . f a c t o r ( )
s124=(p1^2 + 2*q1 ) *( p3^2+2*q3 ) *q2*q4
s124
#This i s the group with only a2 and a4 to the f i r s t power , i t s f a c t o r i z a t i o n , \

and i t s s ub s t i t u t i o n .
a1^2*a2*a3^2*a4*b2*b4 + a2*a3^2*a4*b1^2*b2*b4 + a1^2*a2*a4*b2*b3^2*b4 +
a2*a4*b1^2*b2*b3^2*b4
(a1^2 + b1^2)*(a3^2 + b3^2)*a2*a4*b2*b4
(p1^2 + 2*q1)*(p3^2 + 2*q3)*q2*q4

c134=sum( c1 . f i nd ( a3*a4*w0) ) - c1134 - c1234
c134
c134 . f a c t o r ( )
s134=(p1^2 + 2*q1 ) *( p2^2+2*q2 ) *q3*q4
s134
#This i s the group with only a3 and a4 to the f i r s t power , i t s f a c t o r i z a t i o n , \

and i t s s ub s t i t u t i o n .
a1^2*a2^2*a3*a4*b3*b4 + a2^2*a3*a4*b1^2*b3*b4 + a1^2*a3*a4*b2^2*b3*b4 +
a3*a4*b1^2*b2^2*b3*b4
(a1^2 + b1^2)*(a2^2 + b2^2)*a3*a4*b3*b4
(p1^2 + 2*q1)*(p2^2 + 2*q2)*q3*q4

L=s *( s1123+s1124+s1134+s1234+s112+s113+s114+s123+s124+s134+s3 )
L
#This l i n e br ing s a l l the group s ub s t i t u t i o n s back in to one exp r e s s i on .
((p3^2 + 2*q3)*(p4^2 + 2*q4)*q1*q2 + (p2^2 + 2*q2)*(p4^2 + 2*q4)*q1*q3 + (p1^2 +
2*q1)*(p4^2 + 2*q4)*q2*q3 - (p4^2 + 2*q4)*q1*q2*q3 + (p2^2 + 2*q2)*(p3^2 + 2*q3)*q1*q4 +
(p1^2 + 2*q1)*(p3^2 + 2*q3)*q2*q4 - (p3^2 + 2*q3)*q1*q2*q4 + (p1^2 + 2*q1)*(p2^2 +
2*q2)*q3*q4 - (p2^2 + 2*q2)*q1*q3*q4 - (p1^2 + 2*q1)*q2*q3*q4 + 3*q1*q2*q3*q4)*p1*p2*p3*p4

L1=L(p1=a1+b1 , p2=a2+b2 , p3=a3+b3 , p4=a4+b4 , q1=-1*a1*b1 , q2=-1*a2*b2 , q3=-1*a3\
*b3 , q4=-1*a4*b4 )

bool (L1==g13 )
#This i s a check to make sure that when back sub s t i t u t e we end up with the \

o r i g i n a l c o e f f i c i e n t .
True

L . expand ( )
l a t e x (L . expand ( ) )
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#This i s the expansion o f our c o e f f i c i e n t and a l a t ex output f o r easy copying \
to the t h e s i s paper .

p1*p2*p3^3*p4^3*q1*q2 + p1*p2^3*p3*p4^3*q1*q3 + p1^3*p2*p3*p4^3*q2*q3 +
p1*p2^3*p3^3*p4*q1*q4 + p1^3*p2*p3^3*p4*q2*q4 + p1^3*p2^3*p3*p4*q3*q4 +
5*p1*p2*p3*p4^3*q1*q2*q3 + 5*p1*p2*p3^3*p4*q1*q2*q4 + 5*p1*p2^3*p3*p4*q1*q3*q4 +
5*p1^3*p2*p3*p4*q2*q3*q4 + 19*p1*p2*p3*p4*q1*q2*q3*q4
p_{1} p_{2} p_{3}^{3} p_{4}^{3} q_{1} q_{2} + p_{1} p_{2}^{3} p_{3} p_{4}^{3} q_{1} q_{3}
+ p_{1}^{3} p_{2} p_{3} p_{4}^{3} q_{2} q_{3} + p_{1} p_{2}^{3} p_{3}^{3} p_{4} q_{1}
q_{4} + p_{1}^{3} p_{2} p_{3}^{3} p_{4} q_{2} q_{4} + p_{1}^{3} p_{2}^{3} p_{3} p_{4}
q_{3} q_{4} + 5 \, p_{1} p_{2} p_{3} p_{4}^{3} q_{1} q_{2} q_{3} + 5 \, p_{1} p_{2}
p_{3}^{3} p_{4} q_{1} q_{2} q_{4} + 5 \, p_{1} p_{2}^{3} p_{3} p_{4} q_{1} q_{3} q_{4} + 5
\, p_{1}^{3} p_{2} p_{3} p_{4} q_{2} q_{3} q_{4} + 19 \, p_{1} p_{2} p_{3} p_{4} q_{1}
q_{2} q_{3} q_{4}
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