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Winter 2016

Question 1.
The CAPM was fit, by OLS, (equation by equation) on monthly data from January

1978 to December 1987 for two financial assets (CITCRP and MOBIL):

Rit − rft = αi + βi (Rmt − rft) + εit, εit ∼ i.i.d.
(
0, σ2i

)
, t = 1, ..., T

where, for the month t, Rit is the return on asset i, rft is the riskless rate of return
and Rmt is the market rate of return. The CAPM assumes that for each asset αi = 0.
Estimation results (α̂i and β̂i) are reported in the following Table; OLS standard errors of
estimates are in parentheses (), Newey-West corrected standard errors are in brackets [].
Provide estimates for αi and βi corrected for contemporaneous correlation of regression
errors; specify the latter hypothesis formally.

Asset α̂i β̂i

CITCRP
.0025

(.0062)
[.0058]

.67
(.09)
[.14]

MOBIL
.0042

(.0059)
[.0051]

.72
(.09)
[.09]

Question 2
The following model (based on the Phillips curve) is suggested for t = 1, ..., 20 years

and i = 1, 2 (1 = Canada, 2 = US) countries:

Iti = βi0 + βi1Cti + uti

where Iti and Cti are the inflation rates and the unemployment rates respectively,

E(uit) = 0, E(u2it) = σ2i , E(u1tu2t) = 0.
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Evaluate the following proposition.
Since this model presents grouped heteroskedasticity problems, in order to obtain a

consistent and asymptotically effi cient estimate of βi0 and β
i
1, we should apply an appro-

priate FGLS.
If you approve, explain in details this FGLS and JUSTIFY your answer. Otherwise,

suggest an estimation method that allows us to obtain a consistent and asymptotically
effi cient estimate of βi0 and β

i
1.

Question 3.
Consider the system of equations:

Y1t = βXt + e1t,
Y2t = α + e2t,

, t = 1, ..., T, Xt is non-random

E(e1) = 0, V (e1) = 1, E(e2) = 0, V (e2) = 1, E(e1e
′
2) = σ12

1. Suppose α = 0. Is the OLS estimator of β unbiased?
2. Suppose σ12 = .5. Explain how you could obtain an effi cient estimator of β for α
unconstrained.

Question 4.

1. Consider a case where we regress a vector Y on a matrix X by OLS where OLS is
NOT consistent. What is it that OLS is estimating? [Discussion and proof required].

2. Consider a case where we regress a vector Y on a matrix X by OLS where OLS
is consistent. Can this estimator be considered as a special case of Instrumental
Variable (IV) estimation? [Discussion and proof required].

3. Consider a case where we regress a vector Y on a matrix X by OLS where OLS
is consistent, but the regression coeffi cient is ZERO. Can this estimator (if no
constraints are imposed) produce an EXACT zero as an estimate of the regression
coeffi cient? [Discussion required].

Question 5.
Equation (33) is proposed based on the Phillips curve for t = 1, ..., 20 years and

i = 1, ..., n countries:
Iit = β0i + β1iCit + εit (1)

where Iit andCit are, respectively, the inflation and unemployment rates. Explain in details
how one can obtain asymptotically effi cient estimators of the regression coeffi cients for
ONE of the following two cases:
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(CASE (A)) n = 10

β0i = β0 ∀i, β1i = β1 ∀i,
εit = uit + µi

E(ui) = 0, E(uiu
′
i) = σ2uI20, E(uiu

′
j) = 0,

where ui is the 20× 1 vector which includes the uit terms, t = 1, ..., 20, and

E(µi) = 0, E(µ2i ) = σ2µ, E(µiµj) = 0.

In addition, µi and ui are independent.
(CASE (B)) n = 3 and

V (εit) = σ2i ∀t,
COV (εit, εjt) = σij ∀t,
COV (εis, εjt) = 0 ∀t, s
COV (εit, εis) = 0 ∀t, s.

Question 6.
Consider the linear regression model

Y = Xβ + U (2)

where Y = [y1, ... , yT ]′, X is T × k, of full column rank, β is k × 1 (unknown) and
U = [u1, . . . , uT ]′ is the vector of error terms of variance σ2. You also have a set of h
instruments; let Z (of dimension T × h) the matrix of instruments.

1. Express the OLS estimator of β in the form of a GMM estimator.
2. Consider the estimator of β obtained by minimizing the quadratic form

(Y −Xβ)′Z (Z ′Z)
−1
Z ′(Y −Xβ). (3)

Show (justify your answer) that:

(a) this estimator is of the GMM form;
(b) for the exact-identified case, the minimum of expression (3) is equal to zero

and is attained with the usual IV estimator
(c) for the over-identified case, show that the weighting matrix Z ′Z (in the qua-

dratic form (3)) is proportional to the variance/covariance matrix of the vector
of underlying moments.
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Question 7.
A GMM estimator ân (of a parameter a) based on the data set Yi, Xi, i = 1, .., n, and

a weight matrix Sn, is typically defined as follows:

ân = arg min
a

[
n∑
i=1

h(Yi, Xi; a)

]′
Sn

[
n∑
i=1

h(Yi, Xi; a)

]
given relevant conditions for the function h(.; a) and the matrix Sn.

1. Show how a moment-matching argument is reflected in this objective function
2. How can instruments intervene in the above definition?
3. Is it possible that the minimum of the objective function is equal to zero? If yes,
give an example, with proofs.

4. Is it possible that the minimum of the objective function corresponds to an OLS
estimator? If yes, give an example, with proofs.

Question 8.

Consider the following model where i ≡ country (N = 10 countries), T = 20 years

Cit = α + β1Yit + β2Pit + β3Vit + eit, i = 1, . . . , N, t = 1, . . . , T, (4)

Cit ≡ ln(gas consumption, per car, Yit ≡ ln(per capita income), Pit ≡ ln(real price of
gas), Vit ≡ ln(stock of cars per capita). Define

Ci =


C1i
C2i
.
CT i

 , Yi =


Y1i
Y2i
.
YT i

 ,

Pi =


P1i
P2i
.
PT i

 , Vi =


V1i
V2i
.
VT i

 , ιn︸︷︷︸
n×1

=


1
1
.
1


Ci =

∑T
t=1Cit
T

, Y i =

∑T
t=1 Yit
T

,

P i =

∑T
t=1 Pit
T

, V i =

∑T
t=1 Vit
T

.

The following regressions are estimated by OLS, and the residuals are saved in each case.

Regression 1
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C1
C2
.
CN

 on

ιT
ιT
.
ιT

,

Y1
Y2
.
YN

 ,

P1
P2
.
PN

 and

V1
V2
.
VN


Regression 2

C1
C2
.
CN

 on ιN ,

Y 1

Y 2

.
Y N

 ,

P 1
P 2
.
PN

 and

V 1

V 2

.
V N


Regression 3

C1
C2
.
CN

 on

ιT

ιT
.
ιT

,

Y1
Y2
.
YN

 ,

P1
P2
.
PN

 and

V1
V2
.
VN


Regression 4

C1
C2
.
CN

 on

[
ιT Y1 P1 V1

]
0 . 0

0
[
ιT Y2 P2 V2

]
. 0

0 0 . 0
0 0 .

[
ιT YN PN VN

]


1. Can you, if given the outputs of regressions 1-4, obtain SURE-FGLS estimated
for the coeffi cients of model (4)? If yes, show how. If not, explain why. If more
calculations are needed, explain explicitly what is needed.

2. Can you, if given the outputs of regressions 1-4, obtain a Panel random-coeffi cients
estimator for the coeffi cients of model (4)? If yes, show how. If not, explain why. If
more calculations are needed, explain explicitly what is needed.

Question 9.
Consider the following models

case 1: Yit = δiZit + eit i = 1, 2, t = 1, ..., 30 ,

case 2: Yit = δiZt + eit i = 1, 2, t = 1, ..., 30 .

case 3: Yit = δZt + eit i = 1, 2, t = 1, ..., 30

In all cases, the error terms are contemporaneously correlated. Explain how you can obtain
effi cient estimates for the coeffi cients of each model.
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Question 10.

1. Let ε(xt, θ) refer a vector of Euler errors of dimension Nε × 1 where xt includes all
data available, θ is an unknown parameter of dimension of is Nθ × 1, and ε(xt, θ)
may be non-linear in variables and in parameters, and can be heteroskedastic and
serially correlated. Setting ft (θ) = ht ⊗ ε(xt, θ), consider a model defined by

E(ft (θ0)) = 0.

2. Define the GMM estimator associated with this model and provide an expression
for its asymptotic variance

3. Suppose that the model is linear in variables and in parameters; explain how this
will affect the formulas you provided for the previous two sub-question. In particu-
lar, would you have analytical solutions for the point estimator and the standard
errors? If you need further assumptions to obtain analytical solutions, provide them
explicitly.

4. Show how this estimator can be applied to the inflation model

πt = λst + γfEtπt+1 + γbπt−1, (5)

λ =
(1− ω)(1− θ)(1− βθ)
θ + ω − ωθ + ωβθ

(6)

γf =
βθ

θ + ω − ωθ + ωβθ

γb =
ω

θ + ω − ωθ + ωβθ
.

provided on pages 5-7 of the lecture notes on GMM. In particular, explain how you
would proceed if you intend to estimate the "reduced form" parameters λ, γf and
γb only rather than the "deep parameters" ω, β and θ, and if you could assume i.i.d.
errors.

Question 11.

GMM estimation is motivated by the Law of Large numbers. Suppose that

Yt = µ+ ρYt−1 + ut, t = 1, ..., T,

where

E(ut) = 0, V (ut) = σ2, ∀t (7)

cov(uj, us) = 0 ∀j 6= s. (8)

6

Emmanuel
Comment on Text
moment condition where variables in h_t are orthogonal to e(x_t). 



Evaluate the following propositions [True, False, Uncertain; proof required]:

1. Since the series Yt , t = 1, ..., T is not i.i.d., then the law of large numbers does
not apply. If you need further assumptions to answer this question, provide them
explicitly. [

PLIM
1

T

T∑
t=1

Yt

]
6= E(Yt).

2. Now assume that

ut = εtht, t = 1, ..., T, h2t = α0 + α1u
2
t−1, (9)

εt ∼ N(0, 1) and εt is independent from ht, (10)

and assess the same proposition for ρ = 0 and ρ 6= 0. If you need further assumptions
to answer this question, provide them explicitly.

Question 12.
Consider the following regression

Yt = β0 + β1Xt + et, t = 1, . . . , T (11)

where Yt = wages, Xt = productivity, in the US for the period 1950-1999 (50 years).
Let β̂0 and β̂1 refer to the OLS estimates of β0 and β1. In the context of the auxiliary
regression

êt = ρêt−1 + error, (12)

êt = Yt − β̂0 + β̂1Xt,

let ρ̂ refer to the OLS estimator de ρ. Suppose that for the data at hand, ρ̂ = .998 with a
standard error of .002. An econometrician suggest that the latter result provides evidence
in favour of error serial correlation. Another econometrician suggests instead that the
latter evidence signals a spurious regression problem.

1. Apply two tests to assess the claims of both econometricians.
2. Discuss the implications of the test results for the two following cases: (i) Dickey-
Fuller tests on Yt and Xt are significant at the 5% level, and (ii) Dickey-Fuller tests
on Yt and Xt are NOT significant at the 5% level.
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Question 13.
True, false, Uncertain? (with proof). Propositions 1,2,3 refer to the following model where
Yt ≡ crude oil price

Yt = ρYt−1 + et, t = 2, . . . , T, et ∼ white noise (0, σ2) ;

the process has started in an infinite past and ρ̂ =
∑
YtYt−1∑
Y 2t−1

.

1. The error term et ∼ white noise ⇒ A test (at 5% level) for H0 : ρ = 1 can be
obtained based on the student statistic associated with ρ̂, by referring the latter
student statistic to a critical point from the student-t distribution.

2. Suppose |ρ| < 1

(a) Yt and Yt−k are not correlated for k ≥ 1.

(b) et and Yt−k are not correlated for k ≥ 0.

(c) The regressor Yt−1 is a "lagged endogenous variable" ⇒ ρ̂ is not consistent.

3. Suppose ρ = 1

(a) A shock that occurs at time t = 2 has a permanent effect on the series.
(b) Any regression that includes Yt on the right hand side will be spurious.

Question 14.

In order to estimate the parameters of a consumption function for the United states,

Ct = α + β Yt + ut, t = 1, ..., T, (1950− 93)

you have at hand the following results of several OLS regression [student-t statistics in
parenthesis], where Ct ≡ log(consumptiont), Yt ≡ log(revenuet), It ≡ log(investmentt)
and It is exogenous:

̂Ct − Ct−1 = 1088.6
(2.96)

+ 39.90
(2.79)

t− .1956
(−2.64)

Ct−1 (13)

Ĉt = −65.79
(−0.72)

+ 0.916
(2.64)

Yt (14)

̂ût − ût−1 = 2.940
(0.19)

− .207
(−2.64)

ût, where ût = Ct − (65.79 + 0.916Yt) . (15)
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Based on these regressions all estimated by OLS, is the value 0.916 an appropriate
estimate for β? If you have to perform ones or more unit root tests to answer this question,
use a 5% level.

Question 15.

Consider the following regression

Yt = δ + ρYt−1 + ut, t = 1, ..., T, (16)

where

E(ut) = 0, V (ut) = σ2, ∀t (17)

cov(uj, us) = 0 ∀j 6= s. (18)

Evaluate the following propositions [proof required].

1. If we assume that Y0 = 0 and ρ = 1, then the variance of Yt is equal to Tσ2, where
T is the sample size.

2. If we assume that Y0 = 0 and ρ = 1, then this series cannot fit a TIME TREND
because its expected value does not vary with time.

Question 16

Consider the following model where variables are in deviations from their (sample)
mean, Ct, Yt, It, and rt (consumption, revenue, investment and real interest rate) are
endogenous, Gt (government expenditures) is exogenous:

Ct = β1Yt + β3rt + ut (19)

It = γ1rt + γ2Yt−1 + vt (20)

Yt = Ct + It +Gt (21)

1. Study the identification [order condition] of each of the three equations (19), (20)
and (21).

2. 2SLS estimation [using Gt and Yt−1 as instruments] of the equation (19) over 35
years is summarized as follows, with standard errors in parentheses:

Ĉt = .586
(.135)

Yt − .00027
(.00076)

rt.

Explain in details how this estimation was carried out and how the standard errors
where obtained.
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3. The following regression was also conducted on the same data set by OLS, with
standard errors in parentheses:

4̂Y t = 1.65
(.67)
− .210

(.087)
Yt−1,

where 4Yt = Yt − Yt−1. Based on this last regression, can you signal a SPECIFIC
problem associated with the macroeconomic model under consideration or with the
2SLS estimation of equation (19)? If you decide to run a hypothesis test to answer
this question, use a 5% level and show all details of the test.

4. Consider the following four OLS regression: (1) of Ct on a constant, Gt and Yt−1; of
(2) of Yt on a constant, Gt and Yt−1; (3) of It on a constant, Gt and Yt−1; (4) of rt on
a constant, Gt and Yt−1. If in all four cases, the coeffi cient of Yt−1 turned out not to
be significant, can you signal a SPECIFIC problem associated the macroeconomic
model under consideration or with the 2SLS estimation of equation (19)?

5. Disregard all the above outputs and assume equation (19) is a cointegrating regres-
sion. Write the error correction form associated with this regression, and explain
how you can text whether the real interest does not "cause"consumption.

Question 17

In the following, treat every case independently. Equation (33) is proposed based on
the Phillips curve for t = 1, ..., 20 years and i = 1, ..., n countries:

Iit = β0i + β1iCit + εit (22)

where Iit andCit are, respectively, the inflation and unemployment rates. Explain in details
how one can obtain asymptotically effi cient estimators of the regression coeffi cients for
each of the following two cases:
(CASE (A)) n = 10

β0i = β0 ∀i, β1i = β1 ∀i,
εit = uit + µi

E(ui) = 0, E(uiu
′
i) = σ2uI20, E(uiu

′
j) = 0,

where ui is the 20× 1 vector which includes the uit terms, t = 1, ..., 20, and

E(µi) = 0, E(µ2i ) = σ2µ, E(µiµj) = 0.

In addition, µi and ui are independent.
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(CASE (B)) n = 3 and

V (εit) = σ2i ∀t,
COV (εit, εjt) = σij ∀t,
COV (εis, εjt) = 0 ∀t, s
COV (εit, εis) = 0 ∀t, s.
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Question 18. True / False/Uncertain? All sub-questions are independent.

1. Variables whose estimated parameters are statistically insignificant should always
be deleted and the model re-estimated without them.

2. Consider the following model:

Y = Xβ + u, u
iid∼ N(0, σ2I)

where X is a T ×K matrix of non-random regressors which includes a constant,
so T is the sample size and β is K × 1. Let β̂ = (X ′X)−1X ′Y and û = Y −Xβ̂. In
this model, since E(X ′u) = 0, then 1

T
X ′û = 0.

3. Suppose that yt, t = 1, ..., T follows the following process:

yt =
∞∑
j=0

ρjet−j,

et
iid∼ N(0, σ2).

Because the process for yt is persistent [that is, is temporally dependent], then
Y = 1

T

∑T
t=1 yt is not a consistent estimator of E(yt).

4. You estimated by OLS a cigarette demand function based on a sample of 1000
individuals for the US: the dependant variable is the number of cigarettes smoked
per day; the regressors are a constant, the log(yearly income), the log(price of a
pack of cigarettes), years of education, age, and a dummy variable that is equal
to 1 if the state of residence forbids cigarette smoking in restaurants. Furthermore,
you ran another OLS regression, as follows: the dependant variable is the squared
residuals from the demand regression and the regressors are the same as those you
used in the demand regression. The R2 of the regression based on the residuals was
very small (equal to 0.04); you can then safely conclude that the demand regression
is adequately specified.

5. In the context of the following complete [closed] model for t = 1, ..., T

Y1t = αY2t + e1t,

Y2t = βY1t + γ1X1t + γ2X2t + e2t,

E(e1t) = 0, V (e1t) = σ21,

E(e2t) = 0, V (e2t) = σ22,

E(e1te2t) = σ12 6= 0,

where X1t and X2t are exogenous, consider the following method to estimate the
PARAMETERS OF THE SECOND EQUATION: regress (using OLS) the
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series of Y1t on X1t and X2t and save the fitted values [denoted Ŷ1t] from this regres-
sion. In the second stage, regress (using OLS) Y2t onŶ1t, X1t and X2t. This method
leads to consistent estimates of β, γ1, γ2.
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A copy of 2010 exams.

Directives: All documents except those given with the exam kit (including statistical
tables and formulas, and scratch paper) are not allowed. Calculators are allowed, but
CANNOT be shared. An exam paper with no name will not be graded. Notations UNDE-
FINED will be penalized. In all questions, you may add any further assumption
needed to answer the question. To receive full credit for a question which covers a
statistical test, you need to discuss the following:

H0 & HA: ....
Test statistic = formula and value
Distribution of the statistic under H0: formula and value
Critical value: value, (specify level)
Decision: statistical and economical

Question I (30%)
Equation (33) is proposed based on the Phillips curve for t = 1, ..., 20 years and

i = 1, ..., n countries:
Iit = β0i + β1iCit + εit (23)

where Iit andCit are, respectively, the inflation and unemployment rates. Explain in details
how one can obtain asymptotically effi cient estimators of the regression coeffi cients for
the following two cases:
(CASE (A), 15%) n = 10

β0i = β0 ∀i, β1i = β1 ∀i,
εit = uit + µi

E(ui) = 0, E(uiu
′
i) = σ2uI20, E(uiu

′
j) = 0,

where ui is the 20× 1 vector which includes the uit terms, t = 1, ..., 20, and

E(µi) = 0, E(µ2i ) = σ2µ, E(µiµj) = 0.

In addition, µi and ui are independent.
(CASE (B), 15%) n = 3 and

V (εit) = σ2i ∀t,
COV (εit, εjt) = σij ∀t,
COV (εis, εjt) = 0 ∀t, s
COV (εit, εis) = 0 ∀t, s.
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Question II (35%)
Let ε(xt, θ) refer to a vector of Euler errors of dimension Nε × 1 where xt includes

all data available at time t, θ an unknown parameter of dimension of is Nθ × 1. ε(xt, θ)
may be non-linear in variables and in parameters, and can be heteroskedastic and serially
correlated. Setting ft (θ) = ht ⊗ ε(xt, θ), consider a model defined by

E(ft (θ0)) = 0.

1. [10%] Define the GMM estimator associated with this model and sample of size T
(that is t = 1, ..., T ).

2. [10%] Suppose that the model is linear in variables and in parameters; explain
how this will affect the formulas you provided for the previous sub-question. In
particular, would you have analytical solutions for the point estimator? If you need
further assumptions to obtain analytical solutions, provide them explicitly.

3. [5%] Show how the GMM estimator can be applied to estimating ω, β and θ in the
inflation model

πt = λst + γfEtπt+1 + γbπt−1, (24)

λ =
(1− ω)(1− θ)(1− βθ)
θ + ω − ωθ + ωβθ

(25)

γf =
βθ

θ + ω − ωθ + ωβθ

γb =
ω

θ + ω − ωθ + ωβθ
.

where πt is inflation, Etπt+1 is expected inflation for period t + 1, and st is real
marginal costs (expressed as a percentage deviation with respect to its steady-state
value).

4. [5%] Show how the GMM estimator can be applied to estimating the "reduced
form" parameters λ, γf and γb (ignoring their mapping into ω, β and θ) if you could
assume i.i.d. errors in equation (46).

Question III (15%)
Consider a model for estimating the choice for means of transportation,

yi = 1, car
= 0, bus

for individual i, as a function of a constant and

xi = duration of bus ride− duration of car ride.
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Let β0 and β1 refer to the associated coeffi cients. The Logit estimates [given a sample of
individuals] are: β̂0 = −.2376, β̂1 = .0531. The Probit estimates are β̂0 = −.0644, β̂1 =
.0299. Do you agree with the following proposition: Because the probit and logit estimates
differ importantly, then based on the two models, the estimated probability to choose the
car when xi = 30 should differ between the two models.

Question IV (20%)
Consider the following system

xt = c1 + α11xt−1 + α12xt−2 + β11yt−1 + β12yt−2 + ε1t

yt = c2 + α21xt−1 + α22xt−2 + β21yt−1 + β22yt−2 + ε2t

where xt ≡ daily spot price (in log) and yt ≡ daily futures price (in log) of oil from June
1998 to February 1999 [338 observations]. The F statistic associated with testing

xt = c1 + α11xt−1 + α12xt−2 + β11yt−1 + β12yt−2 + ε1t

yt = c2 + β21yt−1 + β22yt−2 + ε2t

against the unrestricted system is equal to 118.195. Furthermore, the F statistic associated
with testing

xt = c1 + α11xt−1 + α12xt−2 + ε1t

yt = c2 + α21xt−1 + α22xt−2 + β21yt−1 + β22yt−2 + ε2t

against the unrestricted system is equal to 7.197.
The augmented Dickey-Fuller (ADF) statistic calculated on the two series are sum-

marized in the following table:

Test on log(price) returns [log differences]
spot -2.66 -24.45
futures -2.66 -22.73

1. [8%] Use the above F statistics to test the following hypothesis: the spot price does
not cause [according to Granger] the future price.

2. [12%] Do you think the information from the ADF tests invalidates the F-test you
conducted in the previous sub-question? Explain why or why not and discuss.
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Directives: All documents except those given with the exam kit (including statistical
tables and formulas, and scratch paper) are not allowed. Calculators are allowed, but
CANNOT be shared. An exam paper with no name will not be graded. Notations UNDE-
FINED will be penalized. In all questions, you may add any further assumption
needed to answer the question. To receive full credit for a question which covers a
statistical test, you need to discuss the following:

H0 & HA: ....
Test statistic = formula and value
Distribution of the statistic under H0: formula and value
Critical value: value, (specify level)
Decision: statistical and economical

Question I (33%)
True / False/Uncertain? All sub-questions are independent.

1. (8%) Consider the following model:

Y = Xβ + u, u
iid∼ N(0, σ2I)

where X is a T ×K matrix of non-random regressors which includes a constant,
so T is the sample size and β is K × 1. Let β̂ = (X ′X)−1X ′Y and û = Y −Xβ̂. In
this model, since E(X ′u) = 0, then 1

T
X ′û = 0.

2. (8%) Suppose that yt, t = 1, ..., T follows the following process:

yt =
∞∑
j=0

ρjet−j,

et
iid∼ N(0, σ2).

In this model, Y = 1
T

∑T
t=1 yt is not a consistent estimator of E(yt).

3. (8%) You estimated by OLS a cigarette demand function based on a sample of 1000
individuals for the US: the dependant variable is the number of cigarettes smoked
per day; the regressors are a constant, the log(yearly income), the log(price of a
pack of cigarettes), years of education, age, and a dummy variable that is equal
to 1 if the state of residence forbids cigarette smoking in restaurants. Furthermore,
you ran another OLS regression, as follows: the dependant variable is the squared
residuals from the demand regression and the regressors are the same as those you
used in the demand regression. The R2 of the regression based on the residuals was
very small (equal to 0.04); you can then safely conclude that the demand regression
is adequately specified.
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4. (9%) In the context of the following complete [closed] model for t = 1, ..., T

Y1t = αY2t + e1t,

Y2t = βY1t + γ1X1t + γ2X2t + e2t,

E(e1t) = 0, V (e1t) = σ21,

E(e2t) = 0, V (e2t) = σ22,

E(e1te2t) = σ12 6= 0,

where X1t and X2t are exogenous, consider the following method to estimate the
PARAMETERS OF THE SECOND EQUATION: regress (using OLS) the
series of Y1t on X1t and X2t and save the fitted values [denoted Ŷ1t] from this regres-
sion. In the second stage, regress (using OLS) Y2t onŶ1t, X1t and X2t. This method
leads to consistent estimates of β, γ1, γ2.

Question II (34%)

1. (8%) Consider a case where we regress a vector Y on a matrix X by OLS where
OLS is NOT consistent. What is it that OLS is estimating? [Discussion and proof
required].

2. (8%) Consider a case where we regress a vector Y on a matrix X by OLS where
OLS is consistent. Can this estimator be considered as a special case of Instrumental
Variable (IV) estimation? [Discussion and proof required].

3. (8%) Consider a case where we regress a vector Y on a matrix X by OLS where
OLS is consistent, but the regression coeffi cient is ZERO. Can this estimator (if no
constraints are imposed) produce an EXACT zero as an estimate of the regression
coeffi cient? [Discussion required].

4. (10%) Consider the linear regression model

Y = Xβ + U (26)

where Y = [y1, ... , yT ]′, X is T × k, of full column rank, β is k× 1 (unknown) and
U = [u1, . . . , uT ]′ is the vector of error terms of variance σ2. You also have a set
of h instruments; let Z (of dimension T ×h) the matrix of instruments. Express the
OLS estimator of β in the form of a GMM estimator.

Question III (33%)
In order to estimate the parameters of a consumption function for the United states,

Ct = α + β Yt + ut, t = 1, ..., T, (1950− 93)
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you have at hand the following results of several OLS regressions [Student-t statistics
in parenthesis], where Ct ≡ log(consumptiont), Yt ≡ log(revenuet), It ≡ log(investmentt)
and It is exogenous:

̂Ct − Ct−1 = 1088.6
(2.96)

+ 39.90
(2.79)

t− .1956
(−2.64)

Ct−1 (27)

Ĉt = −65.79
(−0.72)

+ 0.916
(2.64)

Yt (28)

̂ût − ût−1 = 2.940
(0.19)

− .207
(−2.64)

ût, where ût = Ct − (65.79 + 0.916Yt) . (29)

1. (20%) Use these results to test the series for Ct and Yt for cointegration, at the 5%
level.

2. (13%) Explain how you can use the Johansen Method to implement the same test. ∗

∗This sub-question is not relevant for the present course.
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A copy of 2011 exam.

Directives: All documents except those given with the exam kit (including statistical
tables and formulas, and scratch paper) are not allowed. Calculators are allowed, but
CANNOT be shared. An exam paper with no name will not be graded. Notations UNDE-
FINED will be penalized. In all questions, you may add any further assumption
needed to answer the question. To receive full credit for a question which covers a
statistical test, you need to discuss the following:

H0 & HA: ....
Test statistic = formula and value
Distribution of the statistic under H0: formula and value
Critical value: value, (specify level)
Decision: statistical and economical

Question I (35%)
Equation (33) is proposed based on the Phillips curve for t = 1, ..., 20 years and

i = 1, ..., n countries:
Iit = βUi,t−1 + εit (30)

where Iit and Uit are, respectively, the inflation and unemployment rates. Explain in
details how one can obtain consistent estimators of β for the following three cases:
(CASE (A), 15%) n = 10

εit = vit + µi

where µi is a country-specific intercept and

V (vit) = σ2 ∀t;
COV (vit, vjt) = 0 ∀t; COV (vis, vjt) = 0 ∀t, s; COV (vit, vis) = 0 ∀t, s.

(CASE (B), 10%) n = 3 and

V (εit) = σ2i ∀t,
COV (εit, εjt) = 0 ∀t; COV (εis, εjt) = 0 ∀t, s; COV (εit, εis) = 0 ∀t, s.

(CASE (C), 10%) n = 3 and

V (εit) = σ2i ∀t,
COV (εit, εjt) = σij 6= 0 ∀t; COV (εis, εjt) = 0 ∀t, s; COV (εit, εis) = 0 ∀t, s.
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Question II (30%)
Let ε(xt, θ) refer to a model-based scalar Euler errors where xt includes all data avai-

lable at time t, and θ is an unknown parameter of dimension Nθ × 1. Setting ft (θ) =
htε(xt, θ), where ht is a vector of instruments of dimension NH × 1, define θ0 such that

E(ft (θ0)) = 0.

1. [10%] Define the GMM estimator associated with this model and a sample of size T
2. [10%] Show how the GMM estimator can be applied to estimating β in the inflation
model

It = βUt + εit (31)

where It and Ut are, respectively, the inflation and unemployment rates, the latter
assumed endogenous. Suggest a choice for ht explicitly. If this estimator can be
obtained analytically, explain how you can do so. Would the minimum of the GMM
objective function be zero in this case?

3. [10%] Show how the GMM estimator can be applied to estimating β in the inflation
model

Iit = βUi,t−1 + εit (32)

where Iit and Uit are, respectively, the inflation and unemployment rates. Suggest a
choice for ht explicitly. If this estimator can be obtained analytically, explain how
you can do so. Would the minimum of the GMM objective function be zero in this
case?

Question III (35%)
True, false, Uncertain? Justify your answer. Propositions 1,2,3 refer to the following

model where Yt ≡ log(outputt) in the US for 1950− 93 :

Yt = ρYt−1 + et, t = 2, . . . , T, et ∼ white noise (0, σ2) .

1. Suppose |ρ| < 1

(a) [5%] A shock that occurs at time t = 4 has a permanent effect on output.
(b) [10%] Y = 1

T

∑T
t=1 Yt is not a consistent estimator of E(Yt) because the model

suffers from serial correlation.

2. Suppose ρ = 1

(a) [10%] A shock that occurs at time t = 4 has a permanent effect on output.
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(b) [10%] If the above defined output series was used to estimate the following
consumption function (t-statistics in parentheses)

Ĉt = −65.79
(−0.72)

+ 0.916
(2.64)

Yt

̂ût − ût−1 = − .207
(−2.64)

ût−1, ût = Ct + 65.79− 0.916Yt,

then the value 0.916 is not reliable as an estimate for the output coeffi cient
because cointegration is rejected.
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A copy of 2012 exam I

Question I (35%)
Equation (33) is proposed based on the Phillips curve for t = 1, ..., 20 years and

i = 1, ..., n countries:
Iit = βUit + εit (33)

where Iit and Uit are, respectively, the inflation and unemployment rates. Explain in
details how one can obtain consistent estimators of β for the following three cases.
In each case, if further assumptions are needed to ensure consistency of your proposed
estimator, provide these assumptions. †

(CASE (A), 10%) n = 60

εit = vit + µi

where µi is a country-specific intercept and vit is i.i.d..
(CASE (B), 15%) n = 1, so only one country is considered, the error term ε1t for the

considered country is serially correlated and possibly correlated with U1t. A unit root test
on the inflation series is NOT significant at conventional levels. A unit root test on the
unemployment series is also NOT significant at conventional levels.
(CASE (C), 10%) n = 1, so only one country is considered, the error term ε1t for the

considered country is NOT correlated with U1t, but ε1t is serially correlated. A unit root
test on the inflation series is significant at 5%. A unit root test on the unemployment
series is also significant at 5%.

Question II (30%)
Let ε(xt, θ) refer to a model-based scalar Euler error where xt includes all data available

at time t, and θ is an unknown parameter of dimension Nθ× 1. Setting ft (θ) = htε(xt, θ),
where ht is a vector of instruments of dimension NH × 1, define θ0 such that

E(ft (θ0)) = 0.

1. [10%] Define the GMM estimator associated with this model and a sample of size T
2. [10%] Show how the GMM estimator can be applied to estimating the forward
looking interest rate equation:

Rt = γπ (1− ρ)Et (πt+1) + γy (1− ρ) yt + ρRt−1 + εt ,

where, for t = 1, ..., T , πt is aggregate inflation, yt is the output gap assumed
endogenous, Rt is the nominal interest rate. Suggest a choice for ht explicitly.

†The grade will be adjusted downward if fundamental assumptions are missing.
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3. [10%] Show how the GMM estimator can be applied to estimating the forward
looking interest rate equation:

Rt = δEt (πt+1) + θyt + λRt−1 ,

where, for t = 1, ..., T , πt is aggregate inflation, yt is the output gap assumed
endogenous, Rt is the nominal interest rate. Suggest a choice for ht that will ensure
that this estimator can be obtained analytically so that the minimum of the GMM
objective function is zero.

Question III (35%)
True, false, Uncertain? Justify your answer.

1. In the context of the following model where Yt ≡ log(outputt) in the US for 1950−
2010 with quarterly data

Yt = ρYt−1 + et

where et is a white noise:

(a) [5%] A shock that occurs at time t = 4 has a permanent effect on output.
(b) [10%] Y = 1

T

∑T
t=1 Yt is not a consistent estimator of E(Yt) because the model

suffers from serial correlation.

2. In the context of the following complete [closed] model for t = 1, ..., T

Y1t = αY2t + e1t, (First equation)

Y2t = βY1t + γ1X1t + γ2X2t + e2t, (Second equation)

where

E(e1t) = 0, V (e1t) = σ21,

E(e2t) = 0, V (e2t) = σ22,

E(e1te2t) = σ12 6= 0,

X1t and X2t are exogenous: exogeneity of Y2t in the FIRST equation CANNOT be
tested [10%] .

3. In the context of the following complete [closed] model for t = 1, ..., T

Y1t = αY2t + e1t,

Y2t = βY1t + γ1X1t + γ2X2t + e2t,

E(e1t) = 0, V (e1t) = σ21,

E(e2t) = 0, V (e2t) = σ22,

E(e1te2t) = σ12 6= 0,
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where X1t and X2t are exogenous, consider the following method to estimate the
PARAMETERS OF THE SECOND EQUATION: regress (using OLS) the
series of Y1t on X1t and X2t and save the fitted values [denoted Ŷ1t] from this regres-
sion. In the second stage, regress (using OLS) Y2t on Ŷ1t, X1t and X2t. This method
leads to consistent estimates of β, γ1, γ2 [10%].
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A copy of 2012 exam II

Question I (30%)

1. [10%] Consider a case where we regress a vector Y on a matrix X by OLS where
OLS is NOT consistent. What is it that OLS is estimating? Discussion is required.

2. [10%] Consider a case where we regress a vector Y on a matrix X by OLS where
OLS is consistent. Can this estimator be considered as a special case of Instrumental
Variable (IV) estimation? Discussion is required.

3. [10%] Consider a case where we regress a vector Y on a matrix X by OLS where
OLS is consistent, but the regression coeffi cient is ZERO. Can this estimator (if no
constraints are imposed) produce an EXACT zero as an estimate of the regression
coeffi cient? Discussion is required.

Question II (35%)
Let ε(xt, θ) refer to a model-based scalar Euler error where xt includes all data available

at time t, and θ is an unknown parameter of dimension Nθ× 1. Setting ft (θ) = htε(xt, θ),
where ht is a vector of instruments of dimension NH × 1, define θ0 such that

E(ft (θ0)) = 0.

1. [15%] Define the GMM estimator associated with this model and a sample of size
T.

2. [10%] Show how the GMM estimator can be applied to estimating the forward
looking interest rate equation:

Rt = γπEt (πt+1) + γyyt + ρRt−1 + εt ,

where, for t = 1, ..., T , πt is aggregate inflation, yt is the output gap assumed
endogenous, Rt is the nominal interest rate.

3. [10] In the context of sub-question 2, suggest a choice for ht explicitly. In other words,
suggest an explicit choice for the instruments to be used for the GMM estimator
you are proposing. Justification is required.

Question III (30%)

1. Consider the following system

xt = c1 + α11xt−1 + α12xt−2 + β11yt−1 + β12yt−2 + ε1t

yt = c2 + α21xt−1 + α22xt−2 + β21yt−1 + β22yt−2 + ε2t
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where xt ≡ daily spot price (in log) and yt ≡ daily futures price (in log) of oil
from June 1998 to February 1999 [338 observations]. The F statistic associated with
testing

xt = c1 + α11xt−1 + α12xt−2 + β11yt−1 + β12yt−2 + ε1t

yt = c2 + β21yt−1 + β22yt−2 + ε2t

against the unrestricted system is equal to 118.195. Furthermore, the F statistic
associated with testing

xt = c1 + α11xt−1 + α12xt−2 + ε1t

yt = c2 + α21xt−1 + α22xt−2 + β21yt−1 + β22yt−2 + ε2t

against the unrestricted system is equal to 7.197.

The augmented Dickey-Fuller (ADF) statistic calculated on the two series are sum-
marized in the following table:

Test on log(price) returns [log differences]
spot -2.66 -24.45
futures -2.66 -22.73

1. [15%] Use the above F statistics to test the following hypothesis: the spot price does
not cause [according to Granger] the future price.

2. [15%] Do you think the information from the ADF tests invalidates the F-test you
conducted in the previous sub-question? Explain why or why not and discuss.
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A copy of 2013 exam I

Question I (45%) True, false, uncertain. A zero grade will be assigned for any
answer without justification. Formal proofs are NOT required, yet formal justifications
are required.

1. [10%] Consider the following processes

Xt = µxt + ext, Yt = µyt + eyt

where µxt and µyt are independent random walks and ext and eyt are independent
stationary white noises that satisfy the following: there exists a vector (β1, β2) such
that β1Xt + β2Yt is stationary. Then Xt and Yt have a common stochastic trend.

2. [10%] Consider the case of two series {Xt} and {Yt} that are integrated of order
1 and cointegrated with cointegration vector (−β, 1). In the context of the error
correction model

∆Yt = cy (Yt−1 − βXt−1) + εyt

∆Xt = cx (Yt−1 − βXt−1) + εxt

where εyt and εxt are white noises, the special case cy = cx = 0 suggests that {Yt}
does not cause {Xt} in the sense of Granger AND that {Xt} does not cause {Yt}
in the sense of Granger.

3. [10%] Consider the following model for estimating the choice for long distance
inter-city transportation:

Pn(i) =
eXinβ

J∑
j=1

eXjnβ

where Pn(i) is the choice probability associated with the alternative i chosen by deci-
sion maker n (n = 1, . . . , N), each decision maker n faces J = 3 discrete alternatives
[train, plane, automobile] and Xin is a (1 × K) vector of observable covariates. In
this model, whether an individual chooses to drive (the automobile option) as an al-
ternative to flying (the plane option) is not affected by whether this same individual
prefers trains to planes in general.
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4. [15%] Consider the following model

Yt = ρYt−1 + ut, t = 1, ..., T,

ut = εtht, t = 1, ..., T, h2t = α0 + α1u
2
t−1,

εt
iid∼ N(0, 1) and εt is independent from ht,

0 < α1 < 1 and 0 < ρ < 1.

Since the series {Yt} is not i.i.d., then[
PLIM

1

T

T∑
t=1

Yt

]
6= E(Yt).

Question II (35%)
A GMM estimator ân (of a parameter a) based on the data set Yi, Xi, i = 1, .., n, and

a weight matrix Sn, is typically defined as follows:

ân = arg min
a

[
n∑
i=1

h(Yi, Xi; a)

]′
Sn

[
n∑
i=1

h(Yi, Xi; a)

]
given relevant conditions for the function h(.; a) and the matrix Sn.

1. [10%] Show how a moment-matching argument is reflected in this objective function
2. [10%] How can instruments intervene in the above definition?
3. [15%] Show how the GMM estimator can be applied to estimating the forward
looking interest rate equation:

Rt = δEt (πt+1) + θyt + λRt−1 ,

where, for t = 1, ..., T , πt is aggregate inflation, yt is the output gap assumed
endogenous, Rt is the nominal interest rate. Suggest a choice for ht that will ensure
that this estimator can be obtained analytically so that the minimum of the GMM
objective function is zero.

Question III (20%)
Consider the following system

xt = c1 + α11xt−1 + α12xt−2 + β11yt−1 + β12yt−2 + ε1t

yt = c2 + α21xt−1 + α22xt−2 + β21yt−1 + β22yt−2 + ε2t
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where xt ≡ daily spot price (in log) and yt ≡ daily futures price (in log) of oil from June
1998 to February 1999 [338 observations]. The F statistic associated with testing

xt = c1 + α11xt−1 + α12xt−2 + β11yt−1 + β12yt−2 + ε1t

yt = c2 + β21yt−1 + β22yt−2 + ε2t

against the unrestricted system is equal to 118.195. Furthermore, the F statistic associated
with testing

xt = c1 + α11xt−1 + α12xt−2 + ε1t

yt = c2 + α21xt−1 + α22xt−2 + β21yt−1 + β22yt−2 + ε2t

against the unrestricted system is equal to 7.197.
The augmented Dickey-Fuller (ADF) statistic calculated on the two series are sum-

marized in the following table:

Test on log(price) returns [log differences]
spot -2.66 -24.45
futures -2.66 -22.73

1. [8%] Use the above F statistics to test the following hypothesis: the spot price does
not cause [according to Granger] the future price.

2. [12%] Do you think the information from the ADF tests invalidates the F-test you
conducted in the previous sub-question? Explain why or why not and discuss.
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A copy of 2013 exam II

Question I (45%) True, false, uncertain. A zero grade will be assigned for any
answer without justification. Formal proofs are NOT required, yet formal justifications
are required.

1. [10%] Let {Xt, t ∈ T} be I(1) (for example, a unit-root process), and let {εt, t ∈ T}
be a white noise. Then

{Xt, t ∈ T} and {Xt + εt, t ∈ T}

are cointegrated.
2. [10%] Consider the case of two series {Xt} and {Yt} that are integrated of order
1 and cointegrated with cointegration vector (−β, 1). In the context of the error
correction model

∆Yt = cy (Yt−1 − βXt−1) + εyt

∆Xt = cx (Yt−1 − βXt−1) + εxt

where εyt and εxt are white noises, the special case cx = cy = 0 suggests that {Xt}
does not cause {Yt} in the sense of Granger.

3. [10%] Consider, in turn, the logit and probit models for estimating the choice for
means of transportation,

yi = 1, car
= 0, bus

for individual i, as a function of a constant and

xi = duration of bus ride− duration of car ride.

Let β0 and β1 refer to the associated coeffi cients. The logit estimates [given a sample
of individuals] are: β̂0 = −.2376, β̂1 = .0531. The probit estimates [given this same
sample] are β̂0 = −.0644, β̂1 = .0299. Based on these estimates, the estimated
probability to choose the car when xi = 30 should differ between the logit and
probit case.

4. [15%] In the context of the following complete [closed] model for t = 1, ..., T

Y1t = αY2t + e1t,

Y2t = βY1t + γ1X1t + γ2X2t + e2t,

E(e1t) = 0, V (e1t) = σ21,

E(e2t) = 0, V (e2t) = σ22,

E(e1te2t) = σ12 6= 0,
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where X1t and X2t are exogenous, consider the following method to estimate the
PARAMETERS OF THE SECOND EQUATION: regress (using OLS) the
series of Y1t on X1t and X2t and save the fitted values [denoted Ŷ1t] from this regres-
sion. In the second stage, regress (using OLS) Y2t onŶ1t, X1t and X2t. This method
leads to consistent estimates of β, γ1, γ2.
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Question II (35%)
A prototypical New Keynesian Phillips Curve [NKPC] takes the form

πt = λst + γfEtπt+1 + γbπt−1 + ηt, t = 1, ..., T (34)

where πt is inflation, st is a driving variable [assumed endogenous] measured via the output
gap, unemployment or real marginal costs and ηt is an unobserved shock. For estimation
purposes, rational expectations are imposed

πt+1 = Etπt+1 + υt+1 (35)

leading to the estimating equation

πt = λst + γfπt+1 + γbπt−1 + εt, t = 1, ..., T (36)

where εt includes expectation errors. Macroeconomic theory also supports versions of the
curve that exclude the ηt shock, of the form

πt = λst + γfEtπt+1 + γbπt−1, t = 1, ..., T (37)

in which case rational expectations introduce expectation errors into the estimating equa-
tion via (47).

1. [15%] Explain how the GMM method can be applied to estimating each of (46)
and (37) imposing rational expectations.

2. [10%] Explain how instruments can be introduced into your proposed objective
function.

3. [10%] Suppose that in the context of (46), we aim to estimate ϑ and φ rather than
γf and γb, with the same data and instrument sets where

γf =
φ

1 + φϑ
, γb =

ϑ

1 + φϑ
. (38)

The parameter ϑ captures the extent of indexation to past inflation and φ is the
subjective discount rate. Explain how this estimation can be done using GMM and
emphasize in what way your proposed method differs from your answer to sub-
question 1. Specifically, suppose the GMM estimators you obtain are denoted ϑ̂ and
φ̂. Now define

γ̂f =
φ̂

1 + φ̂ϑ̂
, γ̂b =

ϑ̂

1 + φ̂ϑ̂
. (39)

Do you expect γ̂f and γ̂b to numerically coincide with the output of the GMM
estimator you introduced as an answer to sub-question 1 if the same data and
instruments sets are used? Justify your answer.

33



Question III (20%)
Consider the following regression

Yt = β0 + β1Xt + et, t = 1, . . . , T (40)

where Yt = wages, Xt = productivity, in the US for the period 1950-1999 (50 years).
Let β̂0 and β̂1 refer to the OLS estimates of β0 and β1. In the context of the auxiliary
regression

êt = ρêt−1 + error, (41)

êt = Yt − β̂0 + β̂1Xt,

let ρ̂ refer to the OLS estimator de ρ. Suppose that for the data at hand, ρ̂ = .998 with a
standard error of .002. An econometrician suggest that the latter result provides evidence
in favour of error serial correlation. Another econometrician suggests instead that the
latter evidence signals a spurious regression problem.

1. [10%] Apply two tests to assess the claims of both econometricians.
2. [10%] Discuss the implications of the test results knowing that Dickey-Fuller tests
on Yt and Xt are significant at the 5% level.
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A copy of 2014 Exam

Question I (20%)
True, false, uncertain. A zero grade will be assigned for any answer without justifica-

tion. Formal proofs are NOT required, yet formal justifications are required.

1. [10%] Consider the case of two series {Xt} and {Yt} that are integrated of order
1 and cointegrated with cointegration vector (−β, 1). In the context of the error
correction model

∆Yt = cy (Yt−1 − βXt−1) + a1∆Yt−1 + εyt

∆Xt = cx (Yt−1 − βXt−1) + a2∆Yt−1 + εxt

where εyt and εxt are white noises, the special case cy = 0 suggests that {Yt} does
not cause {Xt} in the sense of Granger.

2. [10%] Consider the following model

Yt = ρYt−1 + ut, t = 1, ..., T,

ut = εtht, t = 1, ..., T, h2t = α0 + α1u
2
t−1,

εt
iid∼ N(0, 1) and εt is independent from ht,

0 < α1 < 1 and 0 ≤ ρ < 1.

Since the series {Yt} is not white noise even if ρ = 0.

Question II (30%)
Let ε(xt, θ) refer to a scalar Euler error function where xt includes data available at

time t and θ is an unknown parameter of dimension Nθ × 1. ε(xt, θ) may be non-linear in
variables and in parameters, and can be heteroskedastic and serially correlated. Consider
a model defined by

E(ht(xt, θ0)) = 0

where θ0 is the true value of the parameter θ and ht are observations on variables you
have data on, whose number exceeds Nθ.

1. [15%] Explain how you can estimate θ associated with this model and a sample of
size T (that is t = 1, ..., T ). Provide details, and a coherent notation.

2. [15%] Can you apply the estimator your proposed to the following model

πt = λst + γfEtπt+1 + γbπt−1, (42)
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where πt is inflation, Etπt+1 is expected inflation for period t + 1, and st is real
marginal costs (expressed as a percentage deviation with respect to its steady-state
value) imposing rational expectations. If yes, provide details and suggest possible
choices for ht.

Question III (50%)
Assume that there is some underlying (and unobserved) latent propensity variable y∗i

where i refers to a sample "unit" and

y∗i ∈ (−∞,∞).

We do not observe y∗ directly, but we do observe a binary outcome y such that

yi = 1(y∗i < 0)

where 1(.) is the indicator function taking the value 1 if the condition within parentheses
is satisfied, and 0 otherwise. The latent equation in linear form is defined as:

y∗i = x′iβ + ui,

where ui is random with symmetric density f(.) and corresponding cumulative density
function (cdf) F (.), and xi is a continuous random variable.

1. [5%] Compute E(yi|xi) and specify what it is measuring.
2. [5%] Compute ∂E(yi|xi)

∂xi
and specify what it is measuring.

3. Assume that the error term ui follows the logistic distribution.

(a) [7%] Define and derive the objective function you will use to estimate β.
(b) [8%] Calculate the first order condition associated with this objective function.

Explain what this first order condition is used for.

4. Define and derive the marginal effects associated with this model imposing, in turn,
the following on ui:

(a) [7%] linear probability (LPM) model assumptions; in this case, for presentation
clarity, refer to β as βLPM .

(b) [8%] a logistic model assumption; in this case, for presentation clarity, refer to
β as βL.

5. [5%] Explain the relationship, if any, between βLPM and βL.
6. [5%] Assume now that your regressors include a discrete binary variable di, for
example

y∗i = x′iβ + diδ + ui,

where di takes the values 0 or 1. How do you measure the marginal effects associated
with a discrete change in di?
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A copy of 2015 Exam

Question I (20%)
True, false, uncertain. A zero grade will be assigned for any answer without justifica-

tion. Formal proofs are NOT required, yet formal justifications are required.

1. [10%] Consider the following regression

Yt = δ + ρYt−1 + ut, t = 1, ..., T, (43)

E(ut) = 0, V (ut) = σ2, ∀t (44)

cov(uj, us) = 0 ∀j 6= s. (45)

If we assume that Y0 = 0 and ρ = 1, then this series cannot fit a TIME TREND
because its expected value does not vary with time.

2. [10%] The models

yt = βxt + ut, ut = ρut−1 + vt

yt = γyyt−1 + γxxt−1 + βxt + vt,

where vt are white noise are equivalent.

Question II (30%)

1. (15%) Consider a New Keynesian Phillips Curve of the form

πt = λst + γfEtπt+1 + γbπt−1, t = 1, ..., T (46)

where πt is inflation and st is the output gap assumed endogenous. For estimation
purposes, rational expectations are imposed

πt+1 = Etπt+1 + υt+1 (47)

leading to the estimating equation

πt = λst + γfπt+1 + γbπt−1 + εt, t = 1, ..., T (48)

where εt includes expectation errors. Explain how the GMM method can be applied
to (46) imposing rational expectations; suggest reasonable instruments.
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2. (15%) Consider the following model where Ct, Yt and rt are consumption, income
and the real interest rate

Ct = β1Yt + β3rt + ut.

Assume the considered model is a cointegrating regression. Write the error cor-
rection form associated with this regression, and explain how you can test whether
the real interest does not cause consumption.

Question III (30%)
Assume that there is some underlying (and unobserved) latent propensity variable y∗

where
y∗ ∈ (−∞,∞).

We do not observe y∗ directly, but we do observe a binary outcome y such that

y = 1(y∗ < h)

where 1(.) is the indicator function taking the value 1 if the condition within parentheses
is satisfied, and 0 otherwise and "h" is a known constant.

The latent equation in linear form is defined as:

y∗ = x′β + u,

where u is random with symmetric density f(.) and corresponding cdf F (.). and is a
continuous independent variable.

1. Compute E(y|x) and specify what is measuring. Compute ∂E(y|x)
∂x

and specify what
is measuring

2. Assume that ui follows an i.i.d Normal distribution with mean zero and variance σ2.
In this case define what are the parameters of the model and the objective function
you will use to estimate the parameters of the model. State the optimization stages
required to estimate these parameters?

3. What are the marginal effects for the unobserved outcome y∗ and for the observed
outcome y. If the assumptions of the error term do not reject neither model described
in class besides the one stated above (i.e. also do not reject the linear probability
model (LPM) and the logistc model) what would be the relationship between the
three marginal effects obtained via Probit, LPM and logistic models? What would
the relationship between the βP , βLPM and βL be?
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4. Assume now that you have also a discrete binary variable "d" in the model (for
example a gender dummy). How do you measure the "marginal effect" associated
with a discrete change in "d".

Question IV (20%)
Consider the following panel data models.
CASE A:

yit = x′itβ + αi + εit

where i = 1, ..., N and t = 1, ..., T , and αi is i.i.d. with mean zero and variance σ2α and εit
is i.i.d. with mean-zero and variance σ2ε,i.
CASE B (two-way panel ):

yit = x′itβ + αi + γt + εit

where i = 1, ..., N and t = 1, ..., T , αi are known parameters and γt follows

γt = ργt−1 + vt,

where vt is i.i.d. with mean zero and variance σ2v and εit is i.i.d.(0, σ
2
ε) . The random

variables γ and ε are mutually independent.

1. For each of the two cases above, write out the full variance-covariance matrix of the
errors when N = 3 and T = 3.

2. For each of the two cases above, outline an estimation strategy that will produce
consistent and asymptotically effi cient estimates for β.
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Formula Sheet

� yi = β1 + β2X2i + εi ⇒ β̂2 =

∑n
i=1

[
(Xi −X)(yi − y)

]∑n
i=1(Xi −X)2

, β̂1 = y − β̂2X

� yi = β2X2i + εi ⇒ β̂2 =

∑n
i=1Xiyi∑n
i=1Xi

2

d =

∑T
t=2(ε̂t − ε̂t−1)2∑T

t=1 ε̂
2
t

' 2(1− ρ̂)

β̂c = β̂ − (X ′X)−1R′
[
R(X ′X)−1R′

]−1 (
Rβ̂ − q

)
,

ε̂c = ε̂+X(X ′X)−1R′
[
R(X ′X)−1R′

]−1 (
Rβ̂ − q

)
σ̂2c − σ̂2 =

1

n

(
Rβ̂ − q

)′ [
R(X ′X)−1R′

]−1 (
Rβ̂ − q

)

F =

(
ε̂′cε̂c − ε̂′ε̂

)
/J(

ε̂′ε̂
)
/(n−K)

=

(
ε̂′cε̂c − ε̂′ε̂

)(
ε̂′ε̂
) n−K

J
∼ F (J, n−K)

W = n
ε̂′cε̂c − ε̂′ε̂

ε̂′ε̂
, LR = n

(
ln ε̂′cε̂c − ln ε̂′ε̂

)
, LM = n

(
ε̂′cε̂c − ε̂′ε̂
ε̂′cε̂c

)

(R2 −R2c) /J
(1−R2)/(n−K)

∼ F (J, n−K),
R2/(K − 1)

(1−R2)/(n−K)
∼ F (K−1, n−K), (t)2 ∼ χ2(1)

I Wald =
nJ

n−KF J, I LM =
n[

1
F
] [

n−K
J

]
+ 1
J, I LR = n ln

[
F J

n−K + 1

]
J

L(y,X, β, σ2,Ω) = −n
2

ln(2π)− n

2
lnσ2 − 1

2σ2
(y −Xβ)′Ω−1(y −Xβ)′ − 1

2
ln |σ2Ω|

V̂ (β̂OLS) = (X ′X)−1 Λ̂︸︷︷︸(X ′X)−1, Λ̂ =
T∑
t=1

ê2i
(1×1)

(xi
(k×1)

x′i)
(1×k)
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V̂ (β̂OLS) = (X ′X)−1 Q̂ (X ′X)−1

Q̂ =

n∑
i=1

ε̂2ixix
′
i +

L∑
l=1

n∑
i=l+1

wlε̂iε̂i−l
(
xix
′
i−l + xi−lx

′
i

)
, wl = 1− l

L+ 1

Xt = vt
√
ht, ht = α0 + α1X

2
t−1,

L (θ) = −(T −m)

2
ln (2π)− 1

2

T∑
t=m+1

ln (ht)−
1

2

T∑
t=m+1

(Yt −X ′tβ)2

ht
.

F =
1

J
(Rβ̃ − r)′

[
R
(
x′(Σ̃−1 ⊗ IT )x

)−1
R′
]

(Rβ̃ − r)

LR = T ln

(
|Σ̃0|
|Σ̃|

)
asyv χ2(J)

LM = T
N∑
i=2

i−1∑
j=1

r2ij
asyv χ2

(
N(N − 1)

2

)

Yi = ιTα +Xiβ + ui + ιT εi

PLIM
(
s2POOLED

)
= σ2ε + σ2u; PLIM

(
s2BETWEEN

)
= σ2ε + σ2u/T ; PLIM

(
s2LSDV

)
= σ2u.

θ = 1− σu√
σ2u + Tσ2ε

LOGIT : Pi = Λ(X ′iβ)

Λ(z) =
ez

1 + ez

PROBIT :
Pi =

∫ β1+β2Xi
−∞ φ(z)dz

φ(z) = 1√
2π
e

(
−z2
2

)

Matrix Theory and statistics.

1. εi ∼ N(µ, σ2)⇒ pdf =
(

1√
2πσ2

)
exp

{
− (εi−µ)2

2σ2

}
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2. E (u) = Ev (E (u|v)); cov(u, v) = covv [v, (E (u|v))]; V (u) = Vv [E (u|v)] + Ev [V (u|v)] .

3. εiid∼N (0, σ2In) ⇒ Let M be a symmetric idempotent matrix, then
[
ε
σ

]′
M
[
ε
σ

]
∼

χ2(rank(M) = trace(M)).

4. Lz and z′Az are statistically independent if LA = 0.
5. z′ (A−B) z > 0 for any z ⇒ A−B is positive definite (A � B)

6. ∂a′z
∂z

= a, ∂z′Az
∂z

= 2Az.

7. Ω is symmetric positive definite ⇒ ∃ P such that P ′P =Ω−1 and PΩP ′ = I.

8. (A⊗B) means that every entry in A is multiplied by B. Important properties:

(A⊗B)(C ⊗D) = (AC ⊗BD)

(A⊗B)′ = A′ ⊗B′(A⊗B)−1 = A−1 ⊗B−1
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