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Foreword to the second part.

I think it useful to add to the general introductory remarks in the preface to the first

part, and to add a few introductory remarks on the content of this second part in

particular.

It contains, with the exception of a historical chapter, in which I have recorded the

precedents, the origin and course of these investigations, some additions and a

register of new or specially defined expressions used in this document, - three main

sections:

1) formulas and polings of the psychic measure;

2) special investigations on some sensory areas;

3) internal psychophysics.

The first of these sections essentially contains only the mathematical presentation

and linking of what is present in the first part of laws and facts, and will therefore

offer no new factual content to physiologists and psychologists. Also, after looking at

the mass formulas contained in this section, you will probably wonder what's actually

gained by that. I have set this out in relation to one of the main formulas, the measure

formula, briefly stated in Chap. 16, and in the other formulas I do not fail to point out

the applications which they promise or grant. Thus, the distributional formulas of

sensation in Chapter 21 give rise to many interesting implications the application of

the difference measure formula to the estimation of the star magnitudes and the

position formulas on the assessment of the ratios of constant errors are discussed in

special chapters (25th and 27th), and the resolution described in Chap. 30th of the

riddle of the octave has been given in the tone theory, may perhaps take a special

interest.

The main interest, however, as to these formulas for now, is always the theoretical,

previously missing measure not only for simple sensations, but also for the

representation of their functional relations, and the principles of the treatment of this

subject much more important than the formulas, which are only special cases of

applying the principles. The principles, as described in chap. 6, 7, 18, 22, 30, 31 and

32 are, according to their essentials, also understandable to those less knowledgeable

in mathematics, and their durability is based on the durability of the doctrine

presented in this work. As for the formulas, they may be subject to many

modifications. That they, as they are placed here, are only an approximation

everywhere, As long as one wishes to make use of it in the field of external

psychophysics, I have already explained it earlier, as I have just stated in the

beginning of this part, and emphasize it here again with special emphasis. These

formulas will require different senses, and indeed different modes of application of

the senses of various modifications or corrections, but which, even if they were



already established with greater certainty than at the time of the case, could not fit

into the general treatment of the subject here, not only because they have to be

different for different areas1) , but also because they would indisputably have to be

eliminated altogether for internal psychophysics. But also for the external and hereby

experimental psychophysics the formulas given here will remain, to which the further

development and more precise determination of the mathematical part of the theory

of sensation has to tie up, as well as a recent progress made with regard to the

sensation of light, of which I am in to remember the additions and really did.

1)



Thus, Weber's law, in its application to the sensitivity to differences in

weight according to Th. I, p. 197. 200, shows a deviation at the lower limit,

which is not the same as that at light differences according to Th. I, p Nature is,

and would require a different consideration in the formulas of external

psychophysics in order to be covered by it.



That I have given special names to the most important formulas can perhaps be

reproached as a sophisticated gimmick; and, indeed, if a special name were to be

given in all mathematical investigations of any formula, mathematics would soon

compete with botany and zoology for the wealth of names; but in view of the

manifold back reference which I had to make to the main formulas, and which will be

elsewhere in the future, if the doctrine put forward here takes place, the advantage of

brevity and saving of references thereby obtained will not be insignificant.

The second section may well give rise to the question of why some objects are so

extensively dealt with in it, and so much of the same claim to have been dealt with in

psychophysics has been completely ignored. My answer is simple. I have sought as

thoroughly as possible to treat the objects to which a new light has been thrown from

the doctrine presented here, or whose treatment has effectively intervened in the

general of this doctrine, as thoroughly as this Scripture as a whole more carries the

character of the investigation than the textbook; Incidentally, it was believed that I

would not be grateful to find again elsewhere in the Physiology and Physics of

elsewhere. It is indisputable that from a certain point of view the whole theory of

nerves and theories of the senses can be drawn into psychophysics, and physiology

and physics, in their ever-increasing extent, will in the future gladly leave to some

self-constituted psychophysics some border areas which they now draw into their

domain; but it will always be better for this doctrine to rely on and supplement it than

repeating it.

In connection with the presentation of a series of tactile experiments in the second

section, I have made a tentative completion of what has been said in the first volume

on the method of mean error, as to a few points; since I will probably only have to

wait and see whether the public will even take sufficient interest in the whole circle

of these investigations, the "measurement methods" to which I have referred in the

past to the detail of the methods and still have to refer in many respects to be able to

appear.



In the third section one would search in vain for a complete and well-rounded

system of internal psychophysics; entire main areas that once belonged to are

missing. Mainly it was only for the time being to obtain general points of view for the

same and first entry points into which the same research is possible with increasing

certainty of results. If I am not mistaken, those who are at the forefront of internal

psychophysics (chapters 36, 37, 38, 39) carry this character, and again I place the

emphasis on the principles. From the words I've tried, I've gradually left more and

more, and even now, I'm worried I've given too much rather than too little. But the

matter had to be attacked to show that she was capable of attack, Also, some attack

points should be replaced by more appropriate and some attacks by more skillful or

more valid in the future. From this point of view, I would like to consider the few

versions of internal psychophysics. Thus, the schematic representation of some of the

most general and important psychophysical relationships, of which I have made

particular use in the 42nd and 45th chapters, is from one side only a framework, from

another a surrogate. I find this presentation useful, indeed very useful, in contrast to

an otherwise empty void; but this framework must once be filled with certainty, the

surrogate replaced by more direct representations that it has yet to represent.

For those whose interest is primarily empirical, this volume offers some new

material of experience only in the 34th, 35th, and 44th chapters. The Observations on

Contrast Conditions, to which Th. II, Chap. 24, partly because they have not yet been

fully edited, partly have gained a little to a large extent, have not been able to find

room here, but are quite at the same time with this gang in the reports of the Saxon

Soc. Published in 1860 under the heading "About the Contrast Sensation". I report in

the additions on the, unfortunately unsuccessful, subsequent employment of an

important acoustic experiment in Th. II, p. 174, which also contains the reference to

some recent important investigations by Helmholtz.

If one wishes, one can consider as a supplement to this work a soon-to-bepublished, partly expanding, slightly expanding, little popular essay "On the Soul

Question," which concludes by briefly mentioning the text in the 45th chapter

Prospects opening up from a more general version of psychophysics into the field of

religion and natural philosophy are treated. The points of view from which it occurs,

without claiming an exactness in form and matter that is not yet sufficient here, are

likely to be as close to the exact ones as the nature of the tasks and our means of

knowledge permit since then, and I have them under that Sought to formulate names

of principles of faith more precisely. If the views summarized in this case in their

contradiction to the now prevailing mean, both as a theological and philosophical

view of the world, have not since enjoyed any particular resonance, and just as little

hope of finding one soon, can be deduced from the discussions of the 45th and 46th

chapters of the present specification are easily overlooked as being merely the

anticipation of the onetime goal of psychophysics evolving on the basis of the

principles of this work. It will not become universal without broadening, deepening

and increasing the mental scale of the world beyond the limits now assumed. I say

this with the conviction



Leipzig, 18 August 1860.



Continuation of external psychophysics.

Formulas and Consequences of Psychic Measure.

XIV. General reminder. The most important properties of the

logarithms .

In general, as I proceed to develop the formulas by means of which the psychic

measure is achievable, I have to note that here (apart from a chapter in which, for

example, another assumption is made) the validity of Weber's Law and the fact is

everywhere the threshold is assumed. Insofar as the former presupposition does not

apply everywhere, or only within certain limits, or only with a certain approximation

in the areas of the senses of mind, this will of course also apply to the formulas based

thereon; meanwhile, with regard to the limited applicability which can only be

attributed to these formulas, the following is to be remembered and remembered.

1) The chief relations which it is to be regarded in the realm of sensation in the

ordinary use of the senses, will always be under the control of the exact or

approximate validity of Weber's law, and of deviations of small order or under

exceptional cases of the use of the senses In the beginning, when it is only necessary

to overlook the main conditions, they can be abstracted, as Th. IS 66 f. was asserted.

2) The deviations from Weber's law at its lower limit, which depend on the

existence of internal causes of sensation, and many other deviations, do not invalidate

the formulas based on the law, but can be introduced into them in such a way that

they even their effects on sensation can be represented by these formulas; what will

be further discussed in the sequel opportunity.

3) Where the formulas based on Weber's law cease to be valid for external

psychophysics, they do not lose their significance for the inner, insofar as the validity

of Weber's law for psychophysical activities goes beyond indisputable Stimuli from

which they are triggered, like Th. L. P. 67 f. and will be the subject of further

discussion in the future.

4) Even where Weber's law is not sufficient, and there is another relationship

between constant increases in sensation and variable stimuli in the rise of sensation

and stimulus, which is expressed by Weber's law, this is sufficient in the seventh

chapter of the The first part discussed the principle according to which just as well

any other relation between those additional formulas of measure would be

grounded; but the following formulas can be considered, at any rate, as the most



important example of the application of this general principle; as already discussed in

Th. IS 65.

In the following, since we are constantly dealing with logarithms, and many

circumstances will come into consideration and application which do not occur in the

ordinary use of the logarithms, many who are no longer familiar with these

conditions may welcome a brief recapitulation of them.

If one successively raises a number fixed once and for all, which is called the

fundamental number of the logarithmic system, to different powers, then different

numbers result from it. The power to which the basic number must be raised in order

to obtain a given number is called the logarithm of that number.

In the system of the common or so-called Briggian logarithms, for which the

ordinary tablets are arranged, 10 is the basic number and hereafter z. For example, 1

is the logarithm of 10; 2 the logarithm of 100; 3 the logarithm of 1000 usf

Depending on the choice of other basic numbers one obtains other logarithmic

systems; and while one stands still for practical use in the system of common

logarithms, mathematical analysis is often necessary, and in the following it will

often be necessary to refer to a different one, the so-called natural, logarithmic

system, the basic number of which , following always with e to be designated

Irrazionalzahl

e = 2.7182818284 ....

is. In this system, not 2, but 4,605170 is the logarithm of 100, in which e , raised to

this power, gives 100.

Notwithstanding that the logarithms in the ordinary and natural systems are very

different for the same number, the relation of them remains always the same, for

whatever number one may consider it. This constant ratio between the common and

natural logarithms

agrees with the common logarithm of the fundamental

number of the natural logarithm e; it is called the modulus of the common

logarithmic system and will always be denoted by M in the future. Its value is

0.434294481 .... So it has

M=



= log comm. e = 0.434294481



and hereafter:

log comm. = M log nat .; and log

nat. =

Accordingly, one can obtain the common logarithm of any number from the natural

one by multiplying it by M , and the natural logarithm of that number by dividing it



by M or



multiplying it by M. Since in such a transformation the common



logarithms of M and may be



of use, we establish them:

log comm. M = 0.6377843 - l.

log comm.



= 0.3622156.



A table of natural logarithms, which saves the translation from the common

logarithms by division with M , can be found in Hülsse's collection of mathematical

tables. Plate VI. p. 456th

From the general definition of the logarithm it follows that in order to find the

number from the logarithm of a number, one has to raise the basic number to the

power indicated by the logarithm of the number. In general, let b be the number, g its

logarithm



g = log b

so , if a is the basic number,



b=ag.

The equations g = log b and b = a g thus require each other mutually; and differ

only in that in the first g is expressed as a function of b , in the second b as a

function of g ; a relationship that needs to be taken into account, as it will decrease in

the future.

In every logarithmic system the logarithm of 1 is equal to zero, the logarithm of the

fundamental number is equal to 1, and if the logarithm of 0 has a negatively infinite

value , the logarithm of + ¥ has a positive infinite value.

In every logarithmic system, the logarithms of numbers exceeding 1 have positive

values, the logarithm of fractions smaller than 1; negative values.

The logarithm of a number and the logarithm of the reciprocal of the number, ie

z. B. log 4 and log ¼, log 3 and log 1 / 3 , a general log b and log are the absolute

values according to the same size everywhere and only of opposite sign. Therefore,

you can also log instead of log



- log b and instead of log b - log



Similarly, the logarithm of a fraction

of that fraction



.



and the logarithm of the reciprocal value



, which are also the numbers b , b , are equal in absolute value



and of opposite sign, so that one can also substitute log

instead



can set - log



- log



and log



.



It is also known that, instead of the sum of the logarithms of two numbers, one can

set the logarithm of their product and vice versa; instead of the difference of the

logarithms of two numbers, the logarithm of their quotient, and vice versa; instead

of n times the logarithm of a number, the logarithm of the n th power of the number

and vice versa; instead of the logarithm of the n th root of a number, the n th part of

the logarithm of the number



log b and vice versa.



Transformations of this kind will ceaselessly recur in the following, and it is

therefore necessary to familiarize them with them. Here is the compilation of the

formulas which contain their expression:

(1)

(2)

(3)

log b + log b = log b b



(4)



log b - log b = log



(5)

(6)

(7)



It is important to have an expression, such as



not with the printouts



to be confused. The former can be transformed according to previous sentences into

log b - log b , the latter does not permit such a transformation. Similarly,

log bb ' should not be confused with log b log b ' . The first expression can be

transformed into log b + log b ' , the latter not.



If a number differs only a little from 1, and a is the small positive or negative

difference between them of 1, then, inasmuch as the higher powers of a can be

neglected over the first, one can assume in the case of ordinary logarithms

log (1 + a ) = M a ,

where M is the modulus, or simply in the case of natural logarithms

log (1 + a ) = a .

The resulting substitution of M a or a for log (1 + a ) is often of useful

application. Generally one has, even with not very small values of a , in the case of

usual logarithms



which formula passes from a to the above by neglecting the higher powers , and by

substituting 1 for M also applies to natural logarithms.



XV. A mathematical auxiliary principle.

In our derivation of psychological measurement function from the Weber's law, a

mathematical auxiliary principle will be useful to us, what I want to first explain a

few examples before his general dictum 1) .

Logarithms and associated numbers do not progress proportionally. But if one takes

the difference of two numbers close to each other and the difference of the associated

logarithms, there is marked proportionality between the parts of the difference

belonging to each other or small increments of the one number and the associated

logarithm, whereupon the interpolation method by means of the in the logarithmic

tables underlying differences.

A curve generally does not progress in proportion to the length of the abscissa. But

if one takes such a small part of the curve that it agrees markedly with a straight line,

there is noticeable proportionality between the mutually belonging increases in the

abscissa and the length of the curve for this small part.

The movement of the earth around the sun is not uniform, but in the vicinity of the

sun larger spaces are covered in the same time as in the distance from the sun; In

short, the progress of time and the associated progress of the earth in space do not go

in proportion to each other as a whole. But in a third and a half days, the third and

half of the space that is covered in a whole day is noticeably covered. It is only this

third, this half as well as the whole in a day passed space in the sun nearer than in the

Sonnenferne.



1)



It is found, inter alia, in Cournot's Traitê des fonctions (Ie 19) and

emphasized with special emphasis.



The light illuminates an area at twice the distance with only ¼ of the intensity, as at

a simple distance. So the strength of the lighting as a whole does not decrease in the

simple, but in the quadratic ratio of the distance of the light from the illuminated

surface. If, however, only a slight displacement of the light is envisaged, the change

in the illumination to change the distance will not be quadratic, but simple, but the

quadratic relationship will again assert itself as the change in illumination for a given

distance at twice the distance of light small displacement of light is less than at

simple light intervals.

In general, the relative changes, increases of two interdependent continuous

magnitudes, pursued by a constant initial value on or within any part of the

magnitudes, are perceptibly proportional to each other as long as they remain very

small, as well as the dependence relationship between magnitudes and how much the

course of the great and the whole may deviate from the law of proportionality.

It is not to be overlooked that, while the mutually related changes of two

magnitudes, following from a given initial value, are proportional to each other, so

long as they remain very small, the magnitude of these relative changes may be very

different after being pursued by this or that initial value, or within this or that related

parts of both quantities, as has already been asserted in the last explanatory examples.

If one asks, what does it mean to say very small in the expression of the principle? very small is quite relative - so the remaining uncertainty in the expression of the

principle is to be raised by the following explanation: In any case, the parts belonging

to each other can be so small that the law of proportionality between the smaller ones

Sharing the same noticeable; or, in so far as the expression also noticeably includes

an indeterminacy, that it exists so far that the deviation falls below an arbitrary

limit. However, how small they are to be taken depends, on the one hand, on the

functional relation of the quantities and, on the other hand, on the approximation

required, and both admit no general rule. Absolutely exactly, of course,

proportionality, apart from special cases,

Pay attention that the pronounced principle is bound not only to no definite

relationship of dependence between the given quantities but also to any specific

nature of these quantities, ie of the objects to which the concept of size applies, but is

bound only to the general concept of continuous size-dependence. So where there is a

constant size dependence, it applies. Now, however, there is one between stimulus

size and sensation size. To be sure, we are not yet able to give a definite relation

according to which the sensation changes with the action of the stimulus, as long as

we have no measure of sensation; but we know that the sensation changes in constant

dependence on the stimulus effect, that the sensation of light,



We can therefore safely pronounce the sentence: the changes in sensation are

noticeably proportional to the changes in stimulus size as long as the changes remain

very small on both sides.

Set z. For example, two weights have a certain small difference, and this is

perceived with a certain strength, intensity, and distinctness, so we can say, in our

principle, that a difference twice as large, from the same starting point, is perceptibly

twice as large. a threefold is perceived as noticeably three times as large; but this

remains valid only as long as the difference of the weights remains small, and that

does not exclude that an equal weight difference between weights of different size is

felt with quite different values, about which the mathematical principle gives no

information, but here the weaver The law comes in addition to the experience side.

One can not demand a direct experimental proof that this is so; rather, the task of

determining the size-dependence between stimulus and sensation in the sense of

mathematical principles, the application of the mathematical principles of sizedependence, valid without regard to all experiment just mentioned belongs,

presupposes of itself. An indirect proof of the applicability of this principle to psychic

quantities, however, can be found in the fact that the dependence between psychic

and physical quantities determined by the same, to the exposition of which we now

turn, leads to empirically proven results, as will be shown in the sequel ,



XVI. The Fandamental formula and measurement formula. 1)

still have a measure of sensation without, you can but the pronounced by the

Weber's law case the sensation difference remains the same as the relative stimulus

difference remains the same, and justified by the auxiliary mathematical principle

proposition that small Empfindungszuwüchse the Pursuit proportions, in conjunction

with a sharp mathematical expression.

Suppose, as in the experiments for the proof of Weber's law in general, that the

difference between two stimuli, or, what is the same thing, the growth of stimuli, is

very small in proportion to this. The attraction takes place at which the increment

hot, b , the small increment hot d b , where the letter d is not to be regarded as a

special size, but merely as a sign that d b a small increment to b is; Already now one

can think of the differential sign. Such is the relative stimulus growth

. The

sensation on the other hand, which depends on the stimulus b , is called g, The small

increment of sensation, which in terms of growth of the stimulus to d b arises

hot d g , where d again to be understood only as a sign of small

Zuwuchses. d b and d g are each a unit of their kind that is arbitrary to think related.

1)



In terms of p. 7-14. Revision p. 182 ff. Psych. Maßprinzipien, p. 199 f. For

divergent interpretations and formulations of Weber's law cf. P. 14 ff. Revision



p. 194 ff. P. 221 ff. Psych. Maßprinzipien, p. 162 ff.



According to Weber's law, d g remains constant when

constant. which absolute

values also assume d b and b ; and after the a priori valid auxiliary mathematical

principle the changes remain d g , and d b proportional to each other as long as they

remain very small. Both ratios can be expressed in the context of the following

equation

(1)

where K is a constant ( dependent on g and b units). In fact, multiply d b and b both

by arbitrary, but always both by the same numbers, so the ratio remains unchanged,

hence the difference in sensation d g constant. This is Weber's Law. It will double,

verdreifache the amount of change d b alone, without the output value b to change, so

does the change d gtwice, three times the value. This is the mathematical

principle. the equation

Thus, at the same time, it completely satisfies that

law and principle; and indeed no other equation satisfies both together. It shall be

called the fundamental formula, by the derivation of all further formulas based on it.

The fundamental formula does not presuppose any measure of sensation, but it

does not provide any such, but merely expresses the legal relation which takes place

between small relative stimulus growths and sensory growths. In a word, it is nothing

else than the one-word expression of Weber's law and the mathematical auxiliary

principle through mathematical signs.

But with this formula, by infinitesimal summation, there is connected another,

which establishes a general relation of magnitudes between the quantity of stimulus

summed up from stimulus gains and the sensation summed up from sensation gains,

in such a way that with the correctness of the first formula, the fact is co-prerequisite

the threshold is shown in solidarity at the same time the correctness of the last.

Subject to the later more precise derivation, I first of all seek to make the

connection between the two formulas generally comprehensible as follows.

It is easy to note that the relation between the increments d g and d b in the

fundamental formula corresponds to the relationship between the increments of a

logarithm and the increments of the corresponding number. For, as one can easily

convince, be it from theory or from the plates, the logarithms grow by the same

amount, not when the corresponding numbers grow by the same amount, but when

they grow by the same proportion; in other words, the increments of the logarithms

remain the same if the relative number increases remain the same. So z. For example,

combine the following numbers and logarithms:

Number. Logarithm.



10 1.000000

11 1.0413927

100 2.000000

110 2.0413927

1000 3.000000

1100 3.04l3927

according to which the increase of the number 10 by 1 carries with it an increase of

the corresponding logarithm just as great as the number 100 by 10 and the number

1000 by 100. Everywhere the logarithmic increase is 0.0413927. Besides, as was

stated earlier for the explanation of the mathematical auxiliary principle, increases in

logarithms are proportional to increases of numbers as long as they remain very

small. It can therefore be said that Weber's law and the mathematical auxiliary

principle apply equally to the growth of logarithm and number relative to one

another, rather than to the growth of sensation and stimulus.

The fact of the threshold is just as valid in the relation between logarithm and

number as in the relation between sensation and stimulus. The sensation begins with

values that exceed the zero value, not at the zero value, but at a finite value of the

stimulus, the thresholds, and thus a logarithm begins with values that exceed the null

value, not at the zero value of the numbers, but at one finite values of the numbers,

the value 1, if the logarithm of l is equal to zero.

If, after all, the growth of sensation and stimulus stand in a corresponding relation,

as that of logarithm and number, the point from which sensible values begin to

assume stands in a corresponding relation to the stimulus, as the point from which If

one obtains positive values for the logarithms, as numbers, then one may expect that

sensation and stimulus itself are in a corresponding relation, as logarithm and

number, which, like these, can be regarded as summed up from successive increases.

After that, the simplest relationship between the two we can set up would be



g = log b .

In fact, it will soon be shown that by choosing appropriate units of stimulus and

sensation, the functional relationship between the two returns to this simplest form. In

the meantime it is not the most general which can be established, but only under the

presupposition of certain units of sensation and charm, of which later, valid, and to

require a direct and strict for the preceding indirect and non-strict derivation.

The expert immediately overlooks how this can be achieved by treating and

integrating the fundamental formula as a differential formula. In the following

chapter one finds this carried out; here it is presupposed to have happened, and to the

one who is unable to follow a simple infinitesimal derivation, he claims to accept the

result as a mathematical fact. This result is the following function formula between

stimulus and sensation, which leads to the name Maßformel and is now to be

discussed further:



g = k (log b - log b ) (2).



In this formula, k , in turn, a, and, dependent on the chosen units and at the same time

from the logarithmic systems constant, b is a second constant which the threshold

value of the stimulus b denotes where the sensation g begins and shrinks.

According to the derivation of the formula given in the following chapter, the

constant k coincides with the constant K of the fundamental formula when using

natural logarithms; while using ordinary logarithms

and K = kM , where M

is the modulus of the common logarithmic system in the meaning already given.

According to the proposition that the logarithm of its quotient is substitutable for

the difference of the logarithms of two numbers (see Chapter 14), one can substitute

for the above form of the dimensional formula also the following more convenient,

usually for the derivation of conclusions



g = k log



(3).



Flows from this form that sensation size g not as a simple function of the stimulus

value b , but its relationship to the threshold values b, is to look at where the

sensation begins and shrinks. In the future, this relative stimulus value should be

called the fundamental stimulus value or fundamental value of the stimulus.

Translated into words, the measure formula is:

The size of the sensation ( g ) is in proportion not to the absolute size of the

stimulus ( b ), but to the logarithm of the size of the stimulus when it is related to

its threshold value ( b ), that is to say the unit size at which Sensation arises and

disappears, or in short, it is proportional to the logarithm of the fundamental

stimulus value.

Let us hurry, before proceeding further, to show that the dimensional formula

correctly expresses as inference the relations between stimulus and sensation from

which it is derived, and thus finds its probation backward in so far as they are

confirmed in experience , At the same time we receive the simplest examples of the

application of the dimensional formula.

The measure formula is based on Weber's law and the fact of the stimulus

threshold; and both must therefore flow out of it again.

As far as Weber's law is concerned, it can be obtained by the differentiation of the

measure-formula under the form that equal increases of sensation belong to the same

relative stimulus increases, provided that this returns to the fundamental formula

which contains the expression of the law in this form.

In the other form, that the same differences in sensation belong to the same

stimulus-relations, it can be deduced quite fundamentally as follows.

Let be two sensations whose difference we have to consider, g and g ', and the

stimuli b and b ' which belong to them . Then we have the measurement formula



g = k (log b - log b )

g '= k (log b ' - log b )

and therefore for the sensation difference



g-g¢=

k (log b - log b ')

or, since log b - log b '= log



,



g - g ' = k log .

It follows from this formula that the sensation difference g - g 'is a function of the

stimulus ratio

, and it remains the same, whatever values b , b ' may assume, if

only their ratio remains unchanged, which is the statement of Weber's law.

In a later chapter, we will come back to the above formula, as one of the simplest

implications of the measure formula, under the name of the difference formula.

As for the fact of the threshold, which rests in the fact that the sensation has its zero

value not at a zero value, but at finite values of the stimulus, from where it first

begins to assume appreciable values as the stimulus value increases, it is contained in

the measure formula insofar as as g does not assume the value zero according to the

measure formula, if b = 0, but if b is equal to the finite value b , as is evident from

the form (2) and (3) of the measure formula, from (2) directly, from (3) in

consideration that when b is equal to b is, log



= log1 is, and log1 = 0.



Of course, all the implications of Weber's law and the fact of the threshold will also

be the consequences of our measure formula.

It flows from the former law that every given increase in a stimulus gives rise to

less increase in sensation than the stimulus to which it grows, is greater, and at high

degrees of stimulation is no longer felt considerably, while in the lower it may seem

exceptionally considerable.

In fact, the increase of a large number b by a given quantity only implies a smaller

increase in the associated logarithm g without comparison , than the increase of a

small number bby the same increase. If the number 10 increases by 10, ie increases to

20, then the logarithm 1 belonging to 10 increases to 1.3010. But if the number 1000

increases by 10, then the logarithm 3 belonging to 1000 grows to only 3.0043. First

case has the logarithm by about 1 / 3 , in the latter case by only about 1 / 700 increases

its size.

The consequence of the fact of the threshold is the fact that the more the stimulus

sinks below its threshold, the farther the sensibility is removed. This distance of the

sensibility from the distinctiveness, or depth, of it below the threshold, is, according



to our measure-formula, represented just as well by negative values of g , as the

elevation over the same by positive values .

In fact is overlooked from the mold (2) immediately that, if b is less than b and thus

log b as a small log b is the sensation g assumes negative values; and the same flows

from the form (3) after considering that

becomes a true break if b &lt;b; the

logarithm of a true fraction, however, is negative.

Insofar as we call sensations which are stimulated by a stimulus but are not

sufficiently conscious to affect consciousness, in short unconscious, those which

affect it, the unconscious sensations become negative, the conscious ones positive

values in our formula represents. We will return to this representation in a special

chapter (chapter 18) because of its special importance, and perhaps not every

immediately obvious meaningfulness. For now I do not want to stop it.

Our measurement formula corresponds to the above experience:

1) In the equals cases , where a sensation difference remains constant when the

absolute strength of the stimuli changes (Weber's Law).

2) In the borderline cases , where the sensation itself, and where its change ceases

to be noticeable or significant, the former, when it comes to the threshold, the latter,

when it has risen so high that a given stimulus increase is no longer felt significantly.

3) In the contrasting cases between sensations, which exceed the finesse and

which do not reach the notability, briefly conscious and unconscious sensations.

Hereafter, she should be regarded as well-founded.

For the first sight one might be inclined to believe, not only the fact of the stimulus

threshold, but also the threshold of difference must be deduced from the measureformula, because this was based on it. In fact, Weber's law, and herewith the main

document of the measure-formula, is largely inferred from the method of just

noticeable differences from experiments on the constancy of a just noticeable

difference in sensation, which is related to the threshold of difference and closely

approximates. But, let us see more closely, it is only the same magnitude of this

difference with the same relative differences of stimulus, not that the notability occurs

only in the case of a finite value of this difference in stimulus, which is used for the

foundation of the fundamental formula and hence measure-formula; Therefore, the

difference of this justification, which is just noticeable, can be represented just as

well by an average, rather than just noticeable, as by the method of right and wrong

cases, or by an average smaller, as in the case of the mean error. insofar as it allows

an assessment of equality. On the other hand, the fact that the threshold of difference

does not contradict the measure-formula, but necessarily takes account of it and

takes it into a mathematical expression, enters into a more general formula

(difference-measure-formula), the reasoning and discussion of which is reserved for

a later chapter , a formula which accomplishes the same thing for specially

understood (so-called perceived) differences between sensations,



The parallel law, according to which a difference in sensation remains the same, if

the irritability and herewith the threshold b for the different stimuli change in the

same ratio, is an inference of our formula, if k remains constant, only that after a

proper course the constancy of k itself can only be inferred from the parallel law, as

shown below.

With the measure-formula, we have now obtained a general dependence

relationship between the magnitude of the fundamental stimulus value and the

size of the corresponding sensation, which is no longer valid only for equality

cases of sensation, and which allows one to calculate from the proportions of the

first the how-many-times of the last the sensation is given.

A n times stronger sensation g will henceforth not be the one which belongs

to n times as large values of the external or equivalent internal stimulus b , but which

belongs to such a value of b , which according to the measure formula is n times as

large Value of g gives.

If the sensation g is given for a certain fundamental value of the stimulus, then g

will increase to n times the value of the fundamental stimulus, increasing

to n times the power, and decreasing to

stimulus the n -th root is pulled.



its value, if from the fundamental



For what the first is concerned, we shall have, by acting on both sides of the

measurement formula with n multiplied

n g = nk log

(4).

Since, however, the n- fold logarithm of a number can be substituted for the

logarithm of the n- th power of the number, one can also substitute log for log n and

thus obtains:

n g = k log



(5).



No less, one has to divide by n on both sides of the measure formula , or, what

comes to the same thing, to multiply by 1 / n :



(6)



if known generally



.



In general, however, the relation of two sensations g , g ' belongs to the

stimuli b , b ' :



(7)

that is, equal to the ratio of the logarithms of the fundamental stimuli.

In the measure-formula and its derivations, both the magnitude of the stimulus and

the sensation are each related to a unity of their kind. For since stimulus and

sensation are of a very heterogeneous nature, they can only be specially measured by

units of their kind, but they can not be given a common unity. In fact, in our measure

of the sensation, we do not explain it as a multiple of the stimulus, but as a multiple

of a sentient quantity of the same kind, and only the relation of the sensation to its

unity is determined by the relation of the stimulus to its unity. in that both relations

are a function of each other, which is such that if one relationship is given, the other

is to be inferred from it. This function is what is represented by our measurement

formula.

In the arbitrary choice of the units of stimulus and sensation, various considerations

can be determined. One can let the units of stimulus and sensation coincide, ie,

assume the unity of sensation in the stimulus value, which is assumed to be the unity

of the stimulus, but it can just as well fall apart, ie, the unity of the sensation in a

stimulus other than the stimulus Take the stimulus unit, since there is no need to bring

both together. Only with every other choice of units do the constants of the formula

change, and herewith the absolute size of the number, by which a sentiment is

expressed, but without the proportions of sensation, which alone matter in the

measure, others thereby become.

If you ask for the simplest possible form of the measurement formula



g = log b



(8)



in which b = 1, k = 1, one can not shift the units of stimulus and sensation to the same

point. Because, to set b = 1, one is bound to the threshold value of the stimulus as a

unit; on which one can not at the same time drop the unity of the sensation, since the

null-sensation falls upon it, which grants no unity. But the simplest form is obtained

by taking the unit of stimulus at thresholds, whereby all stimuli become fundamental,

but the unit of sensation in a fundamental stimulus whose logarithm is 1, which is

equal to the fundamental number of logarithms applied, that is, using common

logarithms at 10 times, using natural at the etimes (2,718 .. .fold) the threshold.



That k = 1 , if you set the sensation unit at a fundamental stimulus values equal to

the base number of the logarithm applied, is easily found as: Be generally, in some

systems taken, basic number a, then one has by at the sensation unit

ie g = 1, after substitution of these values into the formula



sets ,



1 = k log a

therefore



Since in every system the logarithm of the basic number is log a = 1, this gives k the

value 1.

These units of stimulus and sensation, which make b = 1 and k = 1, and thus reduce

the simplest possible form of the measure formula g = log b , will in future be called

the fundamental units, ordinary or natural, depending on whether they are ordinary or

natural logarithms presupposes. The stimulus unit remains the same in both cases; but

the unit of sensation changes according to the logarithmic system in the ratio of

10 : 2,718 ....

On the premise of the fundamental units, one can simply say that the strength of

the sensation is the logarithm of the strength of the stimulus , and the number

expression for the size of the sensation varies, depending on the logarithmic system

used, but the absolute magnitude is different in view of the different ones To find the

unit of equal size, as one can set the length 12 for the length 1, and with the latter

number will denote no greater length than with the former, if one understands by

twelve twelve inches and under one foot.

After that z. For example, using ordinary fundamental units, a doubling of

sensation 1 will take place if the stimulus increases tenfold, since log 10 = 1, log 100

= 2. But one would be wrong to say that any sensation ever doubles when the

stimulus but only that sensation 1, which belongs to the value b = 10, ie a stimulus

that is 10 times greater than its threshold value. Should the sensation 2, which

belongs to the stimulus 100, be doubled, this would take place with a stimulus whose

logarithm is 4, ie, at 10,000, that is, the stimulus need not increase tenfold, but must

multiply an hundredfold, and so on

Also, when sensation 1 using ordinary fundamental units doubles when the

stimulus is increased tenfold, it does not take place when using natural fundamental

units, because sensation 1 here amounts to a lower stimulus, not 10 times, but

2,718 ... -fold the threshold value, and thus corresponds to a lower absolute

magnitude of the sensation. This will double when the stimulus rises to 2.718 times.

If one wishes to combine the unit of sensation and the unit of stimulus in the same

point, one will obtain the next simple form of the measure-formula, if the stimulus

unit and the unit of sensation are taken together at a fundamental stimulus value equal



to the fundamental number of the applied logarithms. This form of measurement

formula is



g = log ß + 1 (9).

In fact, the condition that g = 1, if

the measure formula



= a , gives by substituting these values into

1 = k log a



di k = 1, because log a = 1.

Further, the condition that g and b are 1 at the same time by substituting 1 for

both g and b in the form of the measure formula (2) and setting k = 1

1 = log 1 - log b .

But since log 1 = 0, we get - log b = + 1.

If one finally substitutes these values k = 1 and - log b = + 1 into the general form

of the dimensional formula g = k (log b - log b ), we obtain the above form.

The simplest form of the measure formula g = log b can serve everywhere and will

permit everywhere the simplest derivation of the results, where the threshold value of

the stimulus remains constant, then always having it in its power to apply the

fundamental units, thus the unity of the stimulus constant at b, and that of sensation at

the fundamental stimulus value equal to the basic number of logarithms used. But

where changes in irritability occur, or the possibility of them being considered, b can

not be set generally = 1; and we will therefore frequently, but not always, use the

simplest form of the dimensional formula.

How easy it is to consider that the dependence of sensation on the stimulus

automatically implies the reverse dependence of the stimulus on sensation, not

insofar as the stimulus in its existence is dependent on the sensation, but insofar the

size of the stimulus which is necessary given sensation depends on the size of the

sensation. This dependency ratio is expressed by reversing the dimensional formula

(10)

where a is the basic number of applied logarithms, which formula simplifies using

the fundamental units to the following:

b=ag

For the formula g = k log

too



=



and this too



leads first to log



(11)

, this according to Chap. 14



.



With regard to the meaning and use of the dimensional formula, the following

remarks are important.



It is a formula which, according to its founding principle, can directly be regarded

as authoritative only for the dependence of the intensity or strength of the sensation

on the intensity or strength of the stimulus, if a stimulus at a point or in the same ratio

exists at all points where it exists. decreases or increases. Therefore, when we speak

of the measurement of sensation by the stimulus by means of the measure-formula,

the measurement of the intensity of sensation by intensity, not by the quantity of

stimulus extending over a given temporal or spatial extension, is always meant by it.

If the sensation is to be measured simply as a function of the stimulus by means of

the measure formula, then the threshold value of the stimulus b must be known and,

like k,constant at the various degrees of stimulus . Now, k remains unchanged by the

action of stimuli, as I show especially below, but not b, in that irritability changes by

stimulus. But the more it dulls, the greater the value of the stimulus is to raise the

sensation to the threshold, the more b.In the meantime, this circumstance does not

upset the applicability of the dimensional formula, but rather expands it. For it shows

that it is not merely decisive for the dependence of sensation on stimuli, but also for

the degree of sensitivity with which it is conceived. Just as we can introduce a

variable b into the formula and track the change of g that depends on it, we

can introduce a variable b and then follow the changes of g .

This, of course, calls for a more precise study of the law of changes

in b by stimuli , and then introduces b into the formula as a function of the strength

and duration of the stimulus. But to this study of a relation which is important in

itself, the measure-formula itself offers the most suitable support. It seems that bin

the case of any stimulus not too violent, with a prolonged duration of the same, to a

limit, or, in the case of rapid periodic recurrence, to an intermediate value, which is

related to the magnitude of the stimulus and the duration of the period in a, but not

yet ascertained, legal relation; and by substitution of some of the initial value,

otherwise of that limit or mean value, will be covered in the measure-formula

principal cases of their application.

Where the threshold value b is not known, and therefore an absolute measure of the

sensation can not take place through the measure formula, it can nevertheless be used

to measure sensation differences, by taking the same for two different sensations and

taking the difference of the expressions. the threshold b disappears from this

difference, as we have already noticed, and will be discussed further in a later

chapter.

If one sets the constant b as a function of the other variables in the dimension

formula, one obtains from formula 11 the following

(12)

when a basic number of logarithms is applied, after which b the stimuli b is

proportional to a given sensation g carries. Thereafter, the reciprocal value of

can b, di



virtually regarded as scale of the absolute sensitivity or in terms of Th. 51



IS understood irritability, if these is the reciprocal of the stimuli according to previous

definition, which triggers a given sensation.

This is assuming what is proved in the following intervention that k does not

change with b .

If one builds k in the measure formula as a function of the other values, one obtains



(13)

according to which k is proportional to the sensation g , which results from a given

fundamental stimulus relation

. Now, generally speaking, it would be possible to

think that if the threshold value of the stimulus b changes by changing the irritability,

the fundamental stimulus ratio at which a given sensation quantity g arises also

changes. In this case, according to the previous formula, the value k would change

with the value b , depend on it, and thus one must only apply a constant value of k in

the measure formula as long as the absolute sensitivity or irritability, of

which bdepends, the same remains. From the other side, however, it is generally

conceivable that, just as the threshold value b changes, the sensation remains the

same if only the fundamental stimulus ratio

remains the same. In this case, k

is independent of the irritability and can be applied to the most different values of b

thesame k in the Maßformel.

Only experience can decide this important question, and it decides for the last

assumption. In the chapter on the parallel law it has been shown that a difference

between two stimuli appears equally clear, be it with fatigued organs, whereby the

threshold b changes, or be interpreted as fatigued. If, at first, the corresponding values

of the constants b 'and k ', and finally b and k, and both the stimuli whose difference

is to be understood, be b and b 1 , then the sensation difference is at first



from which the second form results, by converting the difference of the logarithms

into the logarithm of the quotient. Second, the sensation difference

,

Now if both differences are to be the same, as experience shows, then k

' = k , d. i. the value of k independently of the values b be 2)



2)



A difference to be made later between sensory differences and perceived

differences will not change much in this deduction.

It will be seen hereinafter that the parallel law is an essential complement to

Weber's law in the establishment of the measure formula.

Hereinafter, the following noteworthy sentence can be derived from the dimension

formula:

If the stimulus value b, at which a sensation comes to the threshold, increases or

decreases in a given ratio, then every stimulus value by which a sensation of given

strength is to be produced increases or decreases in the same ratio. So if z. B.

Somebody who approaches deafness needs a sound that is n times as strong as to

listen to it at all, than someone else with sound ears, and he will need a sound that

is n times as strong to equal him to hear this no matter what strength one may base on

this. Because we have the measure formula g = k log . Should now be at n-fold

values of b, the value of g will still be the same size as in the case of simple ones ,

then the n- times b must also be used.

We have no direct means of comparing the strength of sensations in different

individuals. But it is not without interest that by determining the threshold value b in

different individuals we obtain an indirect means which is sufficient for the whole

scale of sensation strengths at once.

By the way, shows the shape of the measurement formula that it comes out for the

size of sensation to the same whether one b reduced in a given situation or b in the

same ratio increased thinks. This results in a double representation of altered

irritability, and it may be more appropriate to use one or the other. A reduced

irritability can be represented by a reduced stimulus b at the same threshold

value b as by an increased threshold b at the same stimulus effect b . The former can

be described as a blunting of the stimulus or stimulus, the latter as a blunting of

irritability. In the translation of the stimulus into its dependent psychophysical

movement, which, however, has space in internal psychophysics, only the first

representation is applicable, provided that diminished irritability presupposes only

that there is a diminished psychophysical effect of the stimulus which we then have

to express by a diminished b . But in external psychophysics, on whose ground we

now stand, we have, in order to represent without preconditions only the factual

relations through the formula, the stimulus b in its real size, to introduce it into the

formula, and to represent the variability of its effect by altering the irritability by

varying the constant b , whereby we remain at first in the following.

If we call B the value of b , at which the unity of the sensation g is assumed, then

in the general expressions which have hitherto been given for b and k , we shall have

to set the value of g = 1, if we also have b = B put. Thus we obtain these constants as

a function of the empirical value B , namely



(14)



(15)

These values for b and k can then be arbitrarily substituted in the dimension

formula. Substitution of the value of b has one



(16)

The substitution of



for log



in this derivation, which leads back to the already



found result, is due to the fact that log

is the basic number.



=



log a , and that log a = 1, because a



Substitution of the value of k is easy



(17)

Meanwhile, the simple application of the letters b and k in the measure formula will

generally be more convenient for deriving conclusions.

Among the circumstances to be considered when applying the measure formula is

the presence of internal sensory stimuli. If present, their size should be added to the

size of the external stimuli to obtain the value of b to be introduced into the

formula. But their existence and their greatness can only be inferred from the

existence and strength of sensations in the absence of external stimuli, and taken into

account in an equivalent after comparison with their effect. So we have to add to each

external light stimuli a small size and the so increased appeal in the formula as b to

obtain the result of the sensation of light completely, if, after several previous

discussions, even without external stimulus, a faint light sensation in the existence of

the eye-black asserts itself, which presupposes the existence of an internal cause of



the sensation of light, which we briefly call the inner stimulus. If this additional

quantity can not be determined precisely for the external stimulus, then its existence

must be taken into account, since it acquires the most important influence in weak

external light stimuli, and relatively strong external light stimuli must be applied

relatively where its influence is to be neglected.

On the other hand, it must be taken into account that, apart from the numbing of the

irritability they carry, some stimuli produce a mechanism limiting their action, the

effect of which grows with the strength of the stimuli. At least this is true of the light

stimuli, as long as the pupil narrows due to the intensified light stimulus, and it would

be very possible that something similar would happen in the hearing and perhaps also

in other senses. Of course, the stimulus can be introduced only with regard to this

restriction in the Maßformel, which one can satisfy arbitrarily by a corresponding

reduction of b or increase of b .

Each stimulus radiates in a certain circle and each sounds for a certain time; once

his impression has been made. From this too, there may be increases to be taken into

account for the direct and instantaneous stimuli.

In other ways, according to the laws of contrast, previous and accompanying

stimuli alter the size of sensation produced by a given stimulus. If, with reference to

this, the measure-formula should find simple application, then either all the stimuli

must change in the same ratio, or all the stimuli except the changing one must be kept

constant; at least it is probable that under these two conditions the simple application

of the dimensional formula can take place. The Weber law is confirmed under the

first condition when trying with the cloud nuances (Th. IS 140), under the second

condition when estimating the star sizes.

Finally, one thing to remember is the point of attention to be considered in the

applications of the measurement formula. For the time being, we require a

comparable state of attention for a comparable application of the measurement

formula. It will become clear later that the different degrees of attention, within

certain limits and in a sense, are not considered in the applications of the measureformula to sensations. Secondly, that the measure-formula can apply to the measure

of attention itself. However, many discussions of internal psychophysics must first

precede this.

It may well be seen from the foregoing that, as simple as the measure-formula is,

its application is not too simple a matter. And with these difficulties of its application,

it is easy to ask whether something and what has ever been won with it.

In this respect, it should be noted that the principal interest of the measure-formula

is not that it permits the comparison of sensations in numbers, which should not

easily be a scientific or practical occasion, except that:

1) with the fundamental possibility of measure, which can be realized under

favorable circumstances, the concept of which is built on a firm, clear, exact

foundation, and hereby psychophysics is at all assured of the mathematical basis; that

2) in the functional combination of the values g , b , bthe relation of stimulus,



sensation, and sensibility finds an expression which justifies a clear and sharp

conception of this relation according to factual relation, and gives the investigation of

it clear and sure points of attack; (3) According to this functional relation, it can

generally be foreseen, even without special measure, how, with the alteration of these

and those relations, the course and state of sensation phenomena must change, as is

the case with the borderline cases and turning points of the latter; So there too, where

no special measure is possible, but general conclusions are possible.

These advantages are already present in the field of external psychophysics, and in

such cases, rather than in the possibility of execution of measure, which is so seldom

to be realized as it is to be realized, the importance of the dimensional formula in this

field must be sought.

However, in my opinion, the main interest of the measure formula does not lie in

the external, but in the inner psychophysics, provided that in the dimensional relation

between stimulus and sensation expressed by them, not the entrance into internal

psychophysics, but, as it were, the key to its door is.

In fact, even if the measure-formula can do much to orient us in the field of

relations of stimulus and sensation, yet, according to all the above, a pure and strict

application of them will never take place here. Only in certain, more or less wide,

never quite definite boundaries, with more or less approximation, can we expect

proportionality between stimulus and psychophysical activity, and where this

proportionality is disturbed or ceased, the applicability of the measure formula is

disturbed or canceled. The main achievement of external psychophysics in

establishing the measure formula, therefore, is that, in my opinion, it is based on

having established it so far in its field, despite all the disturbances.

In the meantime, with the measure formula, we are still in the very outset of

outward psychophysics, and must first consider their achievements and limitations on

this ground. The more complete, more faithful, more presuppositionless, but this

happens, the better we will work out the transition into internal psychophysics.

The strength of the stimuli in the realm of light and sound is directly representable

by their living force, and to be assumed by them as by other stimuli, that they only act

as stimuli, insofar as their living force triggers and thus represents a living force of

psychophysical movement in the body. Accordingly, it has an interest in establishing

our formulas as a function of the living force of the stimulus or the movement that is

triggered thereby. At first, this appears only from the point of view of a mathematical

speculation; nor is it to be decided from the outset whether formulas which,

according to experience, could at first be set up only for the living force of whole

vibrations, are also transferable to the living force of the individual moments of

vibrations, and whether the power of a whole vibration and of other forms of motion

for sensation can be correctly rediscovered by summing up what their individual

moments contribute according to these formulas, whereby only the transmission to

moments might be justified and useful. Since in the meantime such a justification

seems to arise through a later chapter, we presuppose the elementary formulas

relating to it.



Let us imagine a particle of mass m, which moves in a given moment of time at

velocity v , and thus has the living force mv 2 , by virtue of which it acts as a stimulus

to a sentient organ, or even as a psychophysically active element and thus makes a

contribution to the total sensation which, by summation of the elementary effects, is

to be regarded as resulting, as will be explained in more detail in the following.

Let b be the velocity of the particle at which its contribution to the total sensation is

extinguished; then we obtain by substitution of mv 2 for b and of mb ² for b in the

measure formula



and in the fundamental formula



The equality of

with

in the last formula is proved by the differential

2

taken

calculus, if d × v

as a differential = 2 vdv . So we have a short one

;

which values will still have to be multiplied by the time element dt in order, on the

one hand, to obtain the contribution g dt , which a stimulus, which has the

magnitude mv 2 at time t , gives to the sensation in the time element dt , and, on the

other hand, the sensation gain d g dt, which experiences the sensation occurring at

time t when the stimulus mv 2 in the time element dt grows by d × mv 2 .

The following noteworthy conclusions flow from previous formulas:

1) The dimensions of the particles are not included in the elementary formulas.

2) It does not matter whether one introduces the living force or the simple velocity

into the formulas, by doubling only the constants k and K at the end .

3) The sign of v, and hence the direction of velocity, has no influence on the value

of sensation and sensation difference , since the same sign always appears in the

numerator and denominator of the expressions, for even b we shall have to assume

homologous to the v , to which it belongs ,

On the first point, it is undeniably not without interest, and, if one wishes,

appropriate to the character of a mental measure, that the physical mass disappears

completely from these formulas. The elemental mental intensity then depends only on

movement, not on mass. However, what applies to elements should not be transferred

to systems. Applying the formulas to the total stimulus, the impulses expressed by

different particles may in part sum up for the same point of the sensible organ, as two

bells together more than one sound, and partly distribute them to different ones, as

two stars two In each case, the total size of the sensation will have to increase with



the number of irritating particles, and hence the total mass of the stimulus. If we

apply the formulas to the psychophysically excited organ itself, the same will apply

to the number of irritated particles. It is also undisputed that a particle of double mass

with equal velocity equal to a sum of two particles of simple mass must be considered

at that velocity.

The formulas hitherto have been set forth in the simplest and nearest condition, that

the dependence which exists after experience between the magnitude of the sensation

and the living force of a whole vibration, is translatable into a dependence between

the contribution, a single moment of a vibration in a temporal element to the whole

sensation, and the living force existing in this element of time, having shown that it

essentially comes down to it, whether we find the square of velocity or the simple

velocity for binto the formulas. It may be remarked, however, that in the case of light

and sound, on the conditions of which we alone could base ourselves, the changes in

velocity which occur in the course of each oscillation grow in proportion to the speed

of the oscillating particles; If the amplitude doubles, the speed doubles and the speed

change doubles in each moment at the same time. And it is just as much reason to

think that b to substitute the change of velocity as the velocity itself into the

elementary formulas. Between them the decision can only be made as to which of the

two conditions of the task is better suited to produce the experiential dependence of

the whole sensation on the whole movement by summation of elementary

contributions; and there is a relatively simple case which is well suited to the study of

this question, but which I will deal with only in the future.

If, after such an investigation, the assumption seems to be really preferable-and

indeed it will be-that in the fundamental formula and measure formula for b, instead

of the simple velocity, the change in velocity, or what we shall call second-order

velocity in the future, too By the way, in the form of the above formulas, this would

not change anything by understanding such a second order or a change of

velocity just under v instead of a first-order velocity and the above three points would

retain their validity:

1) that the mass disappears from the elementary formulas;

2) that, apart from the value of the constant k , K, it is immaterial whether one uses

the second-order velocities simply or in squares;

3) that their positive or negative value, that is, whether they act as acceleration or

deceleration, has no influence on the sensation result.

The closer examination of the question itself, however, is in fact only later

appropriate, because up to now neither a special need nor a reason has offered to

decide it.

In the foregoing, I have only discussed the fundamental formula and the measure

formula according to the main points which come into consideration, in so far as the

most general and the general connection of these points comes to light; yet to the

individual of them in the following chapters will come back with more specific

discussions, just as the applications of the formulas must be pursued. Furthermore, I



come to a generalization of the Maßformel and the whole Maßprinzips, which I

briefly indicate here in advance.

The measure formula gives the dependence of the sensation on the stimulus. As the

more general of them, a formula which I call the difference formula may hold,

whereby the dependence of a difference in sensation on the stimulus is given, by

considering the measure-formula as the particular case of the difference-formula,

where the one sensation, the difference between them, Becomes zero. The formulas

for sensory differences can be further generalized to those for differences between

sensory differences or differences of higher order. There can be a distinction between

differences of sensibility, which may later be explained by facts, according as they

appear in the sensation or are to be specially understood. and for the latter, the

introduction of the ratio threshold into the difference formula, thereby creating the

difference measure formula. Finally, the whole measure principle can be represented

independently of Weber's law.



XVII. Mathematical derivation of the dimension formula.

The fundamental formula developed in the beginning of the previous chapter



relies on experiments on differences that are at the limit of the

peculiarity. Thereafter , dy and dß can be considered and treated as differentials in

it. By integrating them, one then first finds, assuming natural logarithms



g = K log b + C,

where C is the integration constant. If one determines it by the condition that the

sensation g disappears at the threshold of the stimulus b = b , one has

o = K log b + C ,

therefore

C = - K log b

and



g = K ( log b - log b ).

Since an ordinary logarithm is equal to the natural logarithm multiplied by the

modulus M = 0.4342945, then, using ordinary logarithms and theorem of

previous formula goes over into



g = k (log b - log b ) = k log



.



, the



This derivation would become illusory if the fact of the threshold did not exist,

which, together with Weber's law, together forms the permissible basis of the

measure-formula and thus of the absolute measure of sensation. In fact, rather than a

finite value, sensation should be extinguished at a zero value of the stimulus, we

would obtain a negatively infinite value for the constant C , and there would be no

finite expression for an absolute sensation value; but nothing would prevent the

measuring of sensation differences in which expression Cdisappears. Euler's formula

for pitches, and Steinheil's formula for star sizes, as not based on the fact of the

threshold, therefore also refer only to sensory differences.

Even without infinitesimal calculus one can derive the measure formula from

Weber's law by reference to the fact of the threshold; if one expresses Weber's law in

such a way that the sensation difference remains the same, if the stimulus-relation

remains the same. And it merits this derivation by name, insofar as it enables it to

reverse the previous course, ie, instead of arriving at the fundamental data from the

empirical data, in order to derive the measure formula from integration in the manner

just described, but rather to the measure formula to derive the fundamental formula

by differentiation.

In fact, if g and g 'are two sensations which belong, respectively, to the

stimuli b and b ' , Weber's law in the last-mentioned form says that g - g ' remains

constant as long as



it remains constant, or that

g-g¢=



if f is the general function character.

Without reference to the fact of the threshold, the function f could now be

arbitrarily taken, the condition of Weber's law would always be fulfilled. In fact, the

following formulas would

g-g¢=

=

=



etc.



Equally well satisfy the condition that g - g ' remains constant, as long as it

remains constant, as the formula

g - g '= k log



.



But if we add the condition that the sensation disappears at a finite value b of the

stimulus, then only the latter form is possible.

In fact, we put in the equation

g-g¢=

the sensation g ' = 0 and the corresponding stimulus b ' = b, so goes. she over in

g=



.



Accordingly, we get out of the equation

g¢-g=

by putting g = 0 at the value b = b ,

g¢=



.



This gives the difference

g-g¢=



-



,



which difference was found initially

g-g¢=

must be the same. Ie. you have to have

=



-



or

=

+

Now, according to evidence that algébr in Cauchy's Cours d'analysis. p. 109 suiv.,

In Schlomilch 's Handb. D. algebr. Analysis p. 86 and elsewhere, the equation

f ( xy ) = f ( x ) +

f(y)

not be satisfied otherwise than to set



f ( x ) = k log x

f ( y ) = k log y

f ( xy ) = k log xy

where k is a constant.

Substituting in previous equations

for x,

for y, hence the product of both

for xy, it becomes identical with the above, and it follows that one has to set

;



,



However, if b , b ' with g , g ¢ become zero at the same time, ie b = 0, then this

derivative would not take place because of the infinite values which assume log

log



,



, and the function f could be taken arbitrarily.



The logarithmic function of the stimulus-relation, to which we find ourselves so

necessary, is also distinguished from all other functions of the stimulus-relation

which one might try to substitute for it, by a quality which, insofar as it can be

established by experience no less than the condition of the threshold can serve, by

gaining access to Weber's law, to establish the logarithmic function with

certainty; and without which no account could be taken with sentimental values on

the basis of Weber's law, as without the previous one; in that the mathematical axiom

that by summing two differences one obtains something the same as the total

difference, can exist only by means of the logarithmic function of the stimulus-ratio

for sensory differences,

Be z. B, given three stimuli in descending order of quantities b , b ', b " with the

corresponding sensations g , g ¢ , g " , then, by no means, as our logarithmic function

of the stimulus relation, would the difference between the extreme

sensations g and g " are equal to the sum of the differences we find

between g and g ', g ' and g " .

Let's explain it to star sizes. The three stimuli b , b ' b " are supposed to be

represented by three star sizes, l, 2, 3. Class If the difference in sensation is some

other function of the stimulus ratio than our logarithmic one, then the difference of

the brightness one finds if one passes directly with the eye from the 1st to the 3rd

magnitude, appear larger or smaller, than the difference of the brightness, which one

finds, if one of the 1 .goes to the second, plus the difference that one finds when one

passes from the 2nd to the 3rd, and it can be inserted between the sizes no fractional

sizes whose differences of the whole neighboring sizes the total difference of the

same reproduced. But since astronomers really insert fractional quantities according

to this principle upon the judgment of the eye, the axiom in question must be valid

here. Likewise, the interval of the octave could not be as large as the sum of fifth and



fourth, but that is an empirical fact. And if one does not dare to pronounce this

equality of the total difference of sensation with the sum of the partial sensations in

the sphere of other sensations just as decidedly as the result of experience, as in the

domain of pitch-pitches,

It is first of all empirically convincing that, if g , g ', g "are the three sensations

which belong to the three stimuli b , b ', b " , according to none of the functions set

forth above, the logarithmic g - g " ( g - g ') + ( g ¢ - g ' ') is obtained, supposing that the

first form is valid, one would have



Should now g - g ' = ( g - g ') (+ g '- g ") be so would



be, so

or =

which is not general, but only under the very particular assumption that

the case might be. No less would one find inequalities for all other functions; except

the logarithmic. In fact, after this one has



Equivalence between

g - g " and ( g - g ') + ( g '

- g ").

General, if

g-g¢=



; g ¢ - g² =



; g - g² =

as is the case under Weber's Law, and when it is required that

( g - g ') + ( g ¢ - g ") = g - g ",



so must

+

which equation, considering that

what is said (supra)



=



=

×



, can not be satisfied otherwise than



= k log



.



Just as there are conditions which strongly require one to stand by the logarithmic

function, so there are those by which this or that of the functions given above are

decidedly excluded. Should the function have this shape

g - g '= k

Thus a difference in sensation should not only always be the same if the stimulus

ratio is the same, but also grow in the same ratio as the stimulus ratio grows,

irrespective of the size of the stimuli. But that contradicts the experience. For z. For

example, in the case of star magnitudes, doubling the difference between two

successive star sizes, or the difference of one star size from the third does not by any

means duplicate the ratio of light intensities associated with successive star

magnitudes. On the other hand, the shape should be this

g - g '= k sin

so the sensation difference would increase and decrease periodically with increasing

intensity of one stimulus while the other remains unchanged, which is also not the

case.



XVIII. The negative sensory values in

particular. Representation of the contrast between the

sensation of warmth and cold. 1)

The totality of cases, which are understood by the measure-formula, can, according

to the discussion of the sixteenth chapter, be reduced to three main cases, which are

briefly indicated by saying:

In one case, the fundamental stimulus value is equal to 1, secondarily greater than

1, third less than 1.



1) In



matters p. 88 ff., P. 122 ff. Revision p. 206 ff. Psych. Maßprinzipien, p. 218



ff.

The first case is that where sensation comes to the threshold, the second, where it

exceeds the threshold, assumes conscious values; the third one, where it remains

under the threshold and thus unconscious, the magnitude of the negative values

measuring the distance of the sensation from the point where it becomes appreciable

or the depth of the unconscious, as the magnitude of the positive values the elevation

above this point, or the strength with which it enters consciousness. Thus, our

dimensional formula in a connexion gives the measure both for the degree of

consciousness and unconsciousness of a sensation.

The representation of unconscious psychic values by negative quantities is a

fundamental point for psychophysics, whose validity one might be tempted to

question; in that a different conception of them can be opposed, which makes it all

the more necessary for me to approach something in detail, as it was formerly

opposed to me by an honorable authority as the more proper one; the notion that the

value of a sensation of a negative character, such as cold-sensation, discomfortsensation of heat, and pleasure-sensation, is expressed by a negative sensation-value,

but the magnitude of all unconscious sensations is simply zero denote.

The pervasive reason for not grasping the matter in such a way is that the

connection of facts is mathematically unrepresentable. Our measurement formula just

as well represents the course of sensations as a function of the stimulus above the

threshold, as does the fact of the threshold itself. If the mathematical representation of

the facts is to persist even for lower stimuli, then one must, of course, relate the

corresponding negative sensations to what but these are not opposite sensations, but

absent sensations, in such a way that greater negative values correspond to a growing

distance from the perceptibility or reality of sensation.

Nor does the spirit of mathematics contradict this. For mathematically, the

antithesis of signs can just as well be related to the opposition of reality and nonreality as to increase and decrease or directions. It all depends on the nature of what it

is to designate. Thus in the system of right-angled coordinates he signifies a contrast

of directions on lines, in the system of polar coordinates the contrast of reality and

non-reality of a line, but so that larger negative values signify a greater distance from

reality than smaller ones. It can not be the slightest obstacle to transfer what is valid

for the radius vector as a function of an angle to the sensation as a function of a

stimulus.

Just as in pure mathematics we now have to grasp and treat the real and the

imaginary in order to present the context and the relations of the real to ourselves,

and conclusions from the imaginary to the real are no less strict than those which It is

also the case in the psychophysical application of mathematics to move only in the

real. In order to understand the relations of the conscious, one must grasp them in

connection with those of the unconscious.



The following relationship to an analogous example will also explain the validity of

the previous conception.

Someone may have assets or debts that are not in money and goods in themselves,

but in the positive or negative possession of the same. Now one refers to the net

wealth, where there is neither positive nor negative fortune, a man has nothing, but

also has no debts, with a zero value; whereas it would be quite irresponsible to

designate even larger and smaller debts with zero values, regardless of which man

has nothing here, since they are rather to be designated with larger and smaller

negative values, which express that more or less money, goods to Acquisitions must

first be added in order to bring about the zero state only.

In a quite analogous case, however, we find ourselves with unconsciousness. As in

the case of debts a greater or lesser increase of money and goods is necessary to bring

about the zero state of wealth, beyond which first the positive faculty begins, in the

case of unconsciousness a greater or lesser increase of the stimulus, and hence the

psychophysical to be elicited Movement, to bring about the zero state of sensation,

from where it first gains positive consciousness values. And one can say quite in the

same sense: one feels in the unconscious state less than nothing, as one can say in the

case of debts: one has less than nothing; insofar as one wants to regard expressions of

the kind as valid. They just become valid, by giving them the right factual relation.

Having been forced by the context to use the antithesis of the sign before the

sensation g to designate a relation which depends on its quantity, we naturally can not

use it also to designate an opposite quality of sensation. Cold, unpleasure can be felt

just as strongly as warmth, pleasure, are just as powerful effects in the soul as heat,

pleasure; Thus, according to the spirit and the interrelation of mathematical

considerations so far, the positive sign just as well comes to them as long as they are

above the threshold, ie, they are really felt.

It is not the sensations of warmth, pleasure, cold, discomfort in themselves, but

only their causes, consequences, and associated circumstances, that are opposed in

such a way that the mathematical antithesis of the signs applies to them, as already

mentioned in Th. Feeling of coldness results from a lowering of the skin temperature

below a certain degree, a sensation of heat by an increase above it; in that, the skin

contracts and the blood goes inwards, at this the skin swells and the blood goes

out; Lust generally associates itself with a turn towards the object that awakens it,

aversion with aversion to it; and perhaps that which is subject to pleasure and

aversion on the physical side is in some ways as opposite as positive and

negative, although we know nothing specific about this. Thus, however, one will have

to apply the contrast of the signs in the representation of those sensations as a

function of bodily relations, as well as the reverse representation of the corporeal in

its dependence on the spiritual; but not to the sensations themselves, but to the

stimuli, or movements, with which they are functionally related. Very easily,

however, one confuses the antithesis of what is essentially associated with the

sensation, or causally related to the sensation, with a contradiction of the sensations

themselves. but not to the sensations themselves, but to the stimuli, or movements,



with which they are functionally related. Very easily, however, one confuses the

antithesis of what is essentially associated with the sensation, or causally related to

the sensation, with a contradiction of the sensations themselves. but not to the

sensations themselves, but to the stimuli, or movements, with which they are

functionally related. Very easily, however, one confuses the antithesis of what is

essentially associated with the sensation, or causally related to the sensation, with a

contradiction of the sensations themselves.

The following psychophysical representation of the sensation of heat and cold has

essentially only a theoretical meaning, insofar as it is intended to show the principle

by which the mathematical representation of so-called opposing sensations and the

use of sign-contradiction would take place. The extent to which this representation

reproduces the actual conditions depends on the question, which has not yet been

sufficiently decided, of how far Weber's law, which is the basis of this representation,

is really applicable to temperature sensations. The fact that it is not applicable to the

experiment within too wide limits has been admitted earlier, which does not exclude

the possibility that it may be more valid in the transmission of stimulus to the

psychophysical movement than the experiment shows. However, this question is not

so important here; since the assumption of Weber's law here serves only as an

indication to explain the treatment of contradictory sensations without being limited

to the presupposition of Weber's law.

As a measure of the heat stimulus b is not the absolute temperature level, but the

difference of that temperature, where we feel neither cold nor heat to see or any

function of this difference, since the temperature sensation increases in proportion to

the distance from that mean temperature. If, on the simplest assumption, we

put b = t - T , where T means the temperature at which neither heat nor cold is

felt, t the temperature just existing, then the fundamental formula becomes, using

Weber's law

,

Now it should be noted that for the middle case of both sensations, where t =

T , the second term of this equation becomes infinite, that is, becomes discontinuous

according to mathematical expressions. The two general cases, separated by this

middle case, where t is smaller, and where t is greater than the mean temperature T ,

can therefore not be combined under the same integral, and each requires an

independent determination of the integral of integration.

Let us assume at the outset that both the sensation of heat and cold has a threshold,

that is, that both cease to be noticeable not only at the mean temperature T, but at

some distance beyond this and the middle temperature T , and at the interval between

the two temperatures neither warmth nor cold is felt, an assumption which is to be

regarded as the more universal one compared to the later, that the threshold would be

zero, so we shall, when we call the threshold temperature of heat c , that of cold c ',

heat and cold are obtained by integration with the following two formulas, where k

has the ratio (given) to K :



Since the constant c '- T is negative, while c - T is positive, the expressions for heat

and cold differ by a sign - opposite behind the logarithm, and by the way become

equal if c' is just below T as c above T , but this is not necessary for the following

general conclusions.

The first of these formulas makes g correctly equal to zero, if c = t , the second one

can find g ' = 0 if t = c '. The formulas give really real values for the heat g and

imaginary ones for the cold g ', if t &gt; T; conversely, if t &lt; T; as it is easily taken into

account that the logarithm of a negative magnitude is imaginary. The formulas finally

give properly conscious or unconscious, ie positive or negative, values for

heat g , coldness g ',depending on whether the numerators of the fractions below the

logarithm mark are larger or smaller than the denominators. Thus, they represent

properly all general relationships which are to be represented.

This assuming two, by a certain distance apart, threshold temperatures c , c ' for

heat and cold. In the meantime it can be questioned whether this condition is

valid. To be sure, experience teaches that a certain range of temperatures around the

middle can sustain the absence of a particular sensation of heat or cold, and this

seems to be a distance between the two thresholds beyond and T on this sideto

speak. But it must be taken into account that this could also be due to the accidental

capacity of the stimulus sensitivity or sensitivity threshold of the skin, and which we

have to recognize for any other reason. The experiments of the ninth chapter have

shown that there is an average temperature of a certain width between the frost point

and the heat of the blood, where such small temperature differences are still perceived

with the feeling that the corresponding temperature differences at the thermometer

almost correspond to the order of the observation errors. This agrees better that in the

middle of this average temperature a common threshold, that is from the height zero,

for heat and cold, lies, because otherwise instead of the greatest possible sensitivity,

insensitivity in a certain temperature range would be expected.

EH Weber agrees with this by saying in a comparison of the sensation of light and

heat (Programmata collecta p.

"Sensus caliginis est sensus deficientis lucis ad cernenduna necessariae. Quae cum

nunquam plane deficiat, grad tantum differnnt sensus lucis et sensus caliginis. Hinc

fit, ut crescente aut decrescente luce sensim paulatimque age sensus in alterum

transeat, neque gradus medius existance, quo neque lucis neque caliginis sensu

afficimur. Contra talis medius gradus temperiei corporum nos tangentium, quo nee

frigore nee calore afficimur, vere existit, arctissimis vero terminis circumscriptus

est. Causa in eo posita est, quod corpori nostro calor a calidioribus corporibus

comnaunicatur, a frigidioribus autem detrahitur, lux autem nunquam ocalis



detrahitur, sed semper communicatur. Frigus et calor igitur se habent ut numeri

positivi et negativi, inter quos medium est punetum indifferentiae,

Incidentally, if the question of whether the thresholds for heat and cold coincide

absolutely in a threshold zero point is of theoretical interest, then the thresholds

would always be regarded as noticeably coincidental for the experiment, and the

exact determination of the constants c , c '. impossible to fall. Therefore, in any case,

a different choice of constants must appear to be expedient in the integration, which,

if the thresholds coincide exactly, would automatically be necessary. Now that the

general integral of the formula is this:



g = k log ( t - T ) + C

is one, the constant C by reference not to the temperature, where most

conveniently g = 0 , but where (arbitrarily) g = 1 is set, to determine what the event of

heat at a temperature above, for the case of refrigeration at a temperature

below T 's. If we now let c , c ' denote these two temperatures, then C will

be determined by the equations for the case of heat and cold:

1 = k log ( c - T ) + C

1 = k log ( c '- T ) + C .

The resulting values for C, substituted into the general equation, give



It is important to note that the unit for frost per se does not permit a size

comparison with the unit of heat, because rather both units are independent of each

other. Thus, in spite of our measure principle, even in the mathematical spirit of it, we

will never be able to say whether and if we are as cold as we are warm; or freezing

again as much as they are warm, while the principal possibility is to say how many

times more we freeze or are warm in one case than in another; it would be necessary

to discover more general mathematical relations between sensations of different kinds

than are present.

But after the values of c , c ', for which we will assume the unit of temperature

sensations are arbitrary, it is obvious that we can not do better than they symmetric

to T, ie c ' just as far below as to assume c above. On this most natural assumption,

however, a comparison between heat and cold can be based, which claims to be valid

for nature, even if it is not mathematically necessary. Hereby c - T = T - c ' and the

contrast of heat and cold is reduced to that for t - Tin the formula for heat T - t

occurs in the formula for coldness, then in turn reduces itself to a contrast of the signs

under the logarithmic sign.

So far the theory leads on the assumption that Weber's law holds, and kis common

for heat and cold. I have already stated that, after the frost point, Weber's law loses its

validity; however, on the other hand, it has been remarked that the deviations from



Weber's law under the influence of external stimuli do not necessarily take place in

relation to the psychophysical movements induced thereby; so that the previous

considerations with regard to these can at least retain their meaning. The main

purpose of the previous discussion, however, was not at all to establish the measure

function for the temperature sensation, which in fact requires even more experimental

preliminary investigations than are present until now, when the mathematical

conception of a contrast of sensations, such as heat and cold, in general.



XIX. Reference passage of stimulus and sensation.

The sensation increases with the stimulus, but by no means proportionally. Rather,

we know that while the stimulus rises to the threshold, the sensation is not noticeable

at all, and even higher, not growing in a simple, but logarithmic, ratio. He is

interested in following the main conditions of this passage a little more closely than

has hitherto been done by the mere distinction and consideration of the three main

cases which are conceived under the formula. This chapter is intended for this

purpose.

In order to simplify the derivation of the relative course of stimulus and sensation,

let us consider the measure formula reduced to its simplest form g = log b , where the

threshold b is the unit of the stimulus, and the stimulus values b the meaning of

fundamental values in (so) Accept meaning. With e will, as always, the base number

of natural logarithms 2.718 .... are called.

In general, each positive sensation value for a given stimulus b equals an equal

negative for reciprocal stimulus value

14, formula 2), that log



; according to the general relation (chapter



= - log b , whereafter the two series of stimulus values

1; 2; 3; 4 ....

1; ; ; .....



two series belonging to the absolute number expressions of equally sized sensation

values, the first one series of positive sensory values, the second series of equally

large negative sensation values which coincide at the threshold value of the stimulus

1 in zero values or thresholds of sensation. According to this, it is only necessary to

follow the course of the sensation with respect to the stimulus for values of b which

are greater than 1, in order to find from the previous relation the course with respect

to the stimulus values which are smaller.

Both the series of positive and negative sensation values runs according

to b as g = log b or g = log



grows to infinity, into an infinite positive or negative



size; the former denotes an infinitely strong sensation, the latter the absolute

unconsciousness of a sensation. But as far as the first is concerned, one must not

forget that our formula holds only so long as Weber's law holds, and that this ceases

to be valid after the establishment of our organism when the stimuli are too strong;

Increase of the stimulus in man does not allow to increase indefinitely, as it would be

the case according to the abstract validity of the formula. On the other hand, nothing

hinders presupposing that if the psychophysical movement could be increased to an

indeterminate degree, the dependence of sensation on it would also lead to the

indeterminacy of the formula.

The whole range of negative values of perception from a negative infinity to a

threshold corresponds to rather small final intervals of stimuli from 0 to 1, however a

number of positive values from threshold to infinitely strong positive feeling to

infinite intervals of irritants from 1 to ¥ listened.

Let us now follow the course of positive sensory values.

Is calculated on the basis of any logarithmic system according to the

formula g = log b the values of g , which the growing of the sleeper 1 to

values b belong, it is found that ginitially at a faster relations as b increases, as can be

seen therein, that the ratio



grows initially. But if you increase b more and



more, then the associated ratio

decreases again. In short, if the stimulus is

increased from its threshold value, the sensation initially increases more rapidly than

the stimulus, but above a certain limit it rises more slowly.

Since the sensation itself is zero at the threshold value, but every finite value is

infinitely so great as zero, the increase in sensation occurs when the threshold value is

exceeded by an even finite quantity in infinitely strong proportions. On the other

hand, if we set the ideal case of an infinite strength of the stimulus, maintaining the

validity of the formula, a finite increase in the stimulus is no longer felt in any

appreciable increase in the sensation. The transition from one boundary to another,

where sensation grows in infinite proportions, and where it no longer appreciably

grows through a given finite increase of the stimulus, is now mediated by the fact

that, up to certain limits, they are faster and, beyond certain limits, slower the

stimulus grows.

In between there must necessarily be a definite middle case, where the sensation

grows neither faster nor slower than the stimulus, but (strictly speaking, only within

an infinitely small interval) proportionally. And having up to this means the case of

the value

maximum of



=



growth of b increases, decreases in addition, this case has the

match.



At the same time, this condition provides the way to determine the stimulus

value b at which this inflection point occurs. By known rules of differential calculus

(by zeroing the differential of

) we find that the value b , which

corresponds to the maximum , is equal to e , di equal to the fundamental number of

the natural logarithms. Thus, if the stimulus is 2.718 times its threshold, and changes

a little from there, the sensation of change in the stimulus changes in exactly the same

proportion.

If the stimulus continues to rise above this value, the sensation still grows absolute,

but decreases in proportion to the stimulus. If it sinks noticeably below, the sensation

at the same time sinks absolutely and relative to the stimulus.

The point at which this relative maximum of sensation occurs is to be called the

cardinal point, and the stimulus value at which it occurs, that is, e- times the threshold

value, and the corresponding sensation the cardinal value of the stimulus and the

sensation.

So when a stimulus in the e times the strength of its threshold or with its cardinal

values acts, he gives the proportionate maximum of sensation power or the Cardinal

sensation. And if it is therefore in his power to use a given quantity of stimulus in a

more concentrated or more distributed manner, then in order to obtain the greatest

possible sensation, one will have to distribute it in such a way that it coincides with

the e-fold strength of the threshold or acts as a cardinal stimulus. If one concentrates

it more, the sensation becomes more intense; but there will be so much lesser amount

of such intense sensations that, on the whole, sensation is lost; if it is distributed

more, the greater amount of sensations will not be able to compensate for the loss due

to the lower intensity. Later, in the distributional formulas of sensation, we will find

ourselves led to the same result in another way.

Since values change only slowly at each maximum value,

their value will remain

almost constant, and thus not only at the cardinal value of the stimulus, but also near

it, the sensation grows noticeably proportional to the stimulus.

The functional relationship between stimulus and sensation thus includes some

special cases of some preferential importance in the relative course of both, the

threshold point and the cardinal point. At the threshold point the sensation is zero, at

the cardinal point it has the relative maximum to the stimulus. The first signifies, for

the rise of the stimulus, the point where the negative values of the sensation change

into positive, the second the point where the relative increase to the stimulus passes

into relative decrease. In the first, the sensation increases infinitely fast compared

with the rise of the stimulus, in the second it increases in proportion as the stimulus

rises.

In addition to this, there is the formally important fact that, according to the

determinations (see Chapter 16), the threshold value as a unit of stimulus and the

cardinal value as unit of sensation are the simplest possible form of the measure



formula ( g = log b ) which determines the relationship between stimulus and

sensation, in the case of natural logarithms, whose system has a mathematically

preferred meaning over any other system.

Here is a small table, which gives for the presupposition of the unit of stimulus at

threshold values, and sensory unit at cardinal values the values of stimulus and

sensation with increasing stimulus and increasing sensation, on page I, that the

corresponding sensation-quantities correspond to the given stimuli-magnitudes ,

reversed on page II.

Page I is by natural logarithms of the formula g = log b or, which gives equivalent

values, mean by the formula



calculated; Page II according to the formula

,

With regard to the attached values, it

is to be noted that their absolute

magnitude has no meaning, because it depends on the arbitrary units of stimulus and

sensation, but only on the independent course or relations of these values with ascent

of g and b .

I. II.



b



G



b



G



0



-¥



-¥



0



1



0



1



0



0



1



2.7183



0.36788



1.5



.4055



0.27031



1.5



4.4817



0.33469



2



0.6931



0.34657



2



7.3891



0.27067



2,718



1.0000



0.36788



2,718



15.154



0.17938



3



1.0986



0.36620



3



20.086



0.14936



4



1.3863



0.34657



4



54.598



0.07326



5



1.6094



0.32188



5



148.41



0.03369



6



1.7918



0.29821



6



403.43



0.01487



7



1.9459



0.27799



7



1,096.6



0.00640



8th



2.0794



0.25993



8th



2,981.0



0.00268



9



3.1972



0.24413



9



8,103.1



0.00088



10



2.3026



0.23026



10



22026



0.00005 1)



1) Exactly



0.0000454.



It can be seen on page I that the stimulus zero corresponds to a negatively infinite

value of sensation, ie, the lowest possible degree of unconsciousness, the absolute

unconsciousness. While the stimulus increases from zero to 1, where the conscious

sensation begins, the sensation goes through all possible negative values, according to

the formula the negative sensations for the stimulus mentioned above in the

table

and the positive for the stimulus 2, 3, 4 usf in absolute Zahlwerthe

correspond. If the stimulus rises above its threshold h, then, according to what has

been said, the sensation at first increases more rapidly than the stimulus; in that the

relation



with the growth of b grows at first. At b = e= 2.718, ie the cardinal value



of the stimulus, the maximum of = = 0.36788 is shown, and around this value

from b = 2 to b = 4 the sensation increases appreciably in the ratio of the

stimulus, since the ratio remains nearly constant; whereas, on further growth of

the stimulus, it decreases more and more conspicuously.

Here, according to the previous table, for the successive differences of the

sensation g , if it always grows from 0 by the same magnitude 1, the corresponding

differences of the stimulus b .

G



Diff. G



Diff. b



0



1



1.7183



1



1



4.6708



2



1



12.697



3



1



34.512



4



1



93.81



5



1



255.02



6



1



693.2



7



1



1,884.4



8th



1



5,122.1



9



1



13,923.0



10



Thus, while the stimulus to grow the sensation from 0 to the cardinal or the natural

fundamental unit has to rise only 1.7183 above its threshold 1, it must increase by

13923 in order to grow the sensation of 9 to 10 ,

There is a very simple case to which you can actually refer to the previous

course. If one successively approaches a continuous sound of constant intensity, then,

if this happens from an infinite distance, all degrees of unconsciousness will pass

from the negative infinity until, at some point, the distinctiveness and thus the

threshold value of the sound occurs which then follows the course of sensation in a

positive sense as shown in the table.

Since the strength of the sound b is in inverse proportion to the square of the

distance, let it be 1 in the unit of the distance, and as this unit the distance be set

where the sound just begins to become noticeable. Then the strength of the sound

is

in the distance D. Further, if the unity of the sensation is at the cardinal value,

then the course of the sensation in natural logarithms is transmitted

g = log



= - 2 log D



given. The positive values of g here correspond to values of D which are smaller than

the threshold distance, hence fraction values; what makes log D negative and log D positive.

It may be noted in the above table, as a peculiarity, that the ratio

at b = 2 below

the cardinal point coincides entirely with the ratio at 4 above that point, namely both

0.34657, and that at the same time the ratio of these stimuli is b = 2 and b = 4,

coincides with the ratios of the associated sensations 0.6931 and 1.3863.

The last is a natural consequence of the first, because if



it is necessary at the same time



The first, however, is easily derived from the Maßformel.

Namely, if g = log b , then

then one has



. If one puts b = 2 and b = 4 after each other ,



for b = 2



×××××



for b = 4



×××××



.



But by log 4 = log 2 2 = 2 log 2, both values are



identical.



But it may be further remarked that by no means does the relation of sensation

generally coincide with the relation of the corresponding fundamental stimuli. This

would require using fundamental units that



which does not take place in general, if one sets arbitrary

numbers for b , b ' . However, the stated equality ratio is not limited to the single case

of the fundamental stimuli 2 and 4, but this is only a special and especially excellent

case among infinitely many cases.

In general, any given value above the cardinal point corresponds to an equal

below the cardinal point, and vice versa, and in general the ratio of the fundamental

stimuli agrees with that of the sensation values. The corresponding values should be

called corresponding and the corresponding fundamental stimuli, especially with x,

ybe designated. There is some interest in determining their relationships as long as

they denote two intensities in which a given stimulus quantum gives the same sensory

power when brought to these intensities by proper distribution. The further apart they

are from each other and from the cardinal values, the lower the power of the quantum

at these intensities. In the cardinal values themselves, both corresponding values

coincide in a same maximum.

The derivation of the circumstances in question is this:



If x and y are the corresponding stimuli and g , g 'are the associated sensations, then

we have



But if g = log x , g '= log y , it follows



If we now



substitute yn for x in the previous equation, we obtain

n=

n log y = log ny

log y n = log ny

y n = ny

yn1=n

( n- 1) log y = log n



x = ny =

In general, following the above derivation, the following strange, equivalent,

relationships take place for the corresponding stimulus values:

xy=yx



from which, if one



sets, the following determination of x and y flows:



So are one to any arbitrary ratio

, in which the corresponding stimulus

intensities should be available, one can according to the previous equations, the

corresponding intensitiesx, y find itself, the stimulus unit of the threshold value, the

feeling unit is arbitrary.

Here is a small table calculated according to these formulas, on the second page of

which the power values of the first page are resolved into their numerical values.

I. II.

n



x



y



x



y



1



e



e



2,718



2,718



2



22



21



4,000



2,000



3



33/2



3½



5,196



.1732



4



44/3



41/3



6,350



.1582



5



55/4



5¼



7,477



.1495



10



10 10 / 9



10 1 / 9 12.92



.1291



100 100 100/ 99 100 1 /99 104.8



1,048



It can be seen from this table that the higher the intensity of one corresponding

stimulus increases, the weaker is that of the other, which holds the balance in the

same relative sensation, so that z. For example, a stimulus which is 104.8 times its

threshold corresponds to a stimulus which is only 1.048 times its threshold, ie 1 / 100th

of the previous one, and one achieves the same sensation with the same stimulus

quantum, if it is expressed in this or that strength is used by the proper propagation of

the stimulus replacing the loss of its intensity. Here, too, the later distributional

formulas of sensation will lead us back in a different way.

It can now be noted that the corresponding fundamental stimuli 2 and 4, which

have the cardinal value e fairly in the middle, and between them the sensation and

the stimulus grow remarkably proportionally, and at the same time the only ones

which express themselves in whole numbers, that they present the simplest possible

ratios in even numbers at the threshold value 1, and the upper is the double and

square of the lower one. Thus they have a mathematical distinction in front of all

others, which coincides with their real meaning in delimiting an interval of secondary

importance, nearest to the principal interval between threshold and cardinal point, the

interval of noticeably proportional progress of stimulus and sensation; which one

might call the cardinal interval, while one may call that the fundamental interval.
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