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1 Studies in bubble formation I. Bubble

formation under constant flow conditions



S. RAMAKRISHNAN, R. KUMAR and N. R. KULOOR



Department of Chemical Engineering, Indian Institute of Science, Bangalore-12,

India



(First received 16 July 1968, in revised form 27 November 1968)



Abstract – model based on two step mechanism of bubble formation is proposed.

The resulting equations are used to explain the discrepancies existing in the literature.

Data have been collected over a wide range of variables to test the model.



1.1 INTRODUCTION

Bubble formation from single nozzles submerged in Newtonian liquids has been studied by many investigators [1, 3–6, 9, 13, 14, 16, 20, 24]. The results obtained by them,

particularly with respect to the influence of the physical properties of the liquid on

bubble size, are of contradictory nature [10]. The conclusions drawn by various authors

for this situation are summarized in Table 1.1 to indicate the areas in which the discrepancies exist. Further, to date, there is no theoretical model which predicts the bubble

size under such conditions, where both viscosity and surface tension of the liquid exert

significant influence though models for extreme conditions [1, 3–6, 9, 13, 14, 16, 20, 24]

have been proposed and verified.
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In this paper, a model which explains most of the discrepancies existing in the literature

is developed for bubble formation under constant flow conditions.



Table 1.1: The discrepancies existing in the literature regarding the influence of

various physical properties of the liquid on bubble size

Investigators



Influence of

Viscosity



Surface Tension



Density



Datta et al. Negative (small)

[4]



Positive



Quigley et al. Positive (small)

[20]



No



No



Coppock

No

and Meiklejohn [3]



Positive



Negative



Davidson

and Schüler

[5, 6]



No - const.flow



Negative



Positive (large)



Positive - const. pressure

Benzing and

Myers [1]



No



Siemes

Positive (large)

and

Kauffmann [24]



Positive



Negative



No



No



The term “negative” means that the bubble volume decreases with the

increase in the value of the property of the liquid.



1.2 DEVELOPMENT OF THE MODEL

The present model assumes the bubble formation to take place in two stages, namely

the expansion stage and the detachment stage. During the first stage, the bubble

expands while its base remains attached to the tip of the orifice whereas in the detachment stage the bubble base moves away from the tip, the bubble itself being in

contact with the orifice through a neck. The two stages of bubble formation are shown



4



1 Studies in bubble formation I. Bubble formation under constant flow conditions



Figure 1.1: Proposed mechanism of bubble formation

in Figure 1.1. The final volume of the bubble is the sum of the volumes pertaining to

two stages. Thus VF = VE + Qtc , where VE is the volume of the bubble from the first

stage and Qtc is the volume from the second stage, tc being the time of detachment.

The evaluation of VE and tc is discussed below.



1.3 Evaluation of VE

When Q is vanishingly small, the bubble volume can be directly obtained by equating

the surface tension force with the buoyancy force. However, when Q is finite, forces

associated with expansion also exert their influence. The bubble expands at a definite

rate thereby giving rise to the inertial force and the viscous drag. Both these forces add

to the surface tension force. The first stage is assumed to end when the downward

forces are equal to the upward forces. The quantitative expressions for various forces

are given below. M is the virtual mass of the bubble, which is the sum of the mass of



Buoyancy force



=





V · ρl − ρ g g



Viscous drag



=



6πre µve



Surface tension force



=



πDγ (cos θ )



Inertial force



=



(d/dte ) ( Mve )

11

Q2 (ρ g + 16

ρl )V −2/3



=



12π (3/4π )2/3
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the gas and that of 11/16th of its volume of liquid surrounding it [5, 18]. The density

of the gas, ρ g can be neglected in comparison with that of the liquid, ρl . Therefore,







11

M=

ρ V

16 l





11

=

ρ Qte

16 l



(1.1)



ve is the velocity of expansion of the bubble. The base of the bubble remains stationary

while the uppermost point of it moves with a velocity equal to the rate of change of the

bubble diameter. Hence, the average bubble velocity is the velocity of its center and is

equal to the rate of change of bubble radius. Therefore,

ve =(dre /dte ) = Q/4πre2



(1.2)



(d/dte )( Mve ) = M(dve /dte ) + ve (dM/dte ) .



(1.3)



The values of dve /dte and dM/dte are obtained on differentiating the equations (1.2)

and (1.1) respectively.

"

#

Q2

dve /dte = −

(1.4)

· V −5/3



3 2/3

6π 4π

and





dM/dte =



11

ρ

16 l





Q.



(1.5)



Substituting the terms from the equations (1.1), (1.4), (1.2) and (1.5) in equation (1.3)

and simplifying, we obtain:

 −2/3

Q2 11

16 ρl V

(1.6)

(d/dte ) ( Mve ) =



3 2/3

12π 4π

Making a force-balance and calling V as VE at the end of the first stage we obtain

VE5/3 =



11

2/3



· Q2 +



3

192π 4π

g

2

µ

πDγ 2/3

· QVE1/3 +

V

ρl

gρl E



3



3 1/3

4π



g

(1.7)



In the above equation cos θ has been taken as unity. The value of VE is calculated by

the iterative procedure.

Equation (1.7) is general in nature and yields special cases when appropriate terms are
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dropped. Thus, when the second term on the right hand side is deleted, the equation

is applicable to inviscid liquids with surface tension effect [13] and on neglecting the

last term also, the equation reduces to the case for inviscid liquids without surface

tension effect [14, 16]. When the last term alone is removed the case becomes the one

for viscous liquids without surface tension effect. Similarly when the first two terms on

the right hand side are neglected the equation reduces to the one used for evaluating

static bubble volume.



1.4 Consideration of the second stage

During the second stage the upward forces are larger than the downward forces and

the bubble accelerates. The bubble is assumed to detach, when its base has covered a

distance equal to the radius (r E ) of the force balance bubble. This nearly corresponds

to the condition, where the rising bubble is not caught up and coalesced with the

next expanding bubble. Expressing the bubble-movement by Newton’s second law of

motion we obtain



(d/dt) Mv0 = (VE + Qt) ρl g − 6πrµv0



− πDγ cos θ .



(1.8)



The velocity, v0 pertains to the center of the bubble and is made up of the velocity of

the center due to expansion, dr/dt and the velocity, v with which the bubble-base is

moving. Therefore

v0 = v + (dr/dt) .



(1.9)



Introducing Equation (1.9) in Equation (1.8) we obtain



M (dv/dt) + v (dM/dt) = (VE + Qt) ρl g − 6πrµv



−2/3

Q2 11

16 ρl (VE + Qt )

− 6πrµve −

− πDγ cos θ .



3 2/3

12π 4π



(1.10)



The expression of v0 in terms of the two velocity components v and dr/dt divides the

drag into two terms. Equation (1.10) can then be written as
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11

11

ρ (dv/dt) + v

ρ Q

(VE + Qt)

16 l

16 l

 1/3

3

+ 6π

(VE + Qt)1/3 µv

4π

3µQ

= (VE + Qt) ρl g −

(VE + Qt)−1/3



3 1/3

2 4π



11

2

Q 16 ρl (VE + Qt)−2/3

−

− πDγ cos θ .



3 2/3

12π 4π





(1.11)



The above equation on solving does not lend itself easily for the computation of bubble volume and hence a simplification is made. While the buoyancy force is directly

proportional to the volume of the bubble, the viscous resistance is proportional only

to its cube root. So during the second stage, the resistance term does not vary appreciably because of the change in radius itself being small. The variable r in the

third term can be considered to be a constant r E or, for a better approximation as 1.25

·r E , an average value of the radius in the second stage. Hence the third term will



3 1/3

reduce

to

6π

(1.25)VE1/3 µv. On dividing both sides of the Equation (1.11) by

4π



11

16 ρl (VE + Qt ) and simplifying we obtain



(dv/dT ) + A(v/T ) = B − GT −4/3 − ET −5/3 − CT −1



(1.12)



where



3 1/3

4π



(1.25)VE1/3 µ



Q 11

16 ρl

96π (1.25)r E µ

=1+

11ρl Q





11

B = (ρl g) /Q

ρl = 16g/11Q

16





11

16πDγ cos θ

C = πDγ cos θ/Q

ρl =

16

11ρl Q

 2/3

3

E = Q/12π

4π

3µ

G=





3 1/3 11

2 4π

16 ρl

 1/3

3

= 24µ/11

ρl

4π

A =1+



6π
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and

T = VE + Qt .

Solving for v and using the boundary condition, at t = 0, v = 0, T = VE , we get





 



1

B  A +1

A +1

·

v=

T

−

V

E

A+1

TA

 





C

G  A−1/3

A−1/3

−

T A − VEA −

T

−

V

E

A

A − 13

#



E  A−2/3

A−2/3

−

T

−

V

.

E

A − 23



(1.13)



Putting v = Q(dx/dT ) and solving for x using the boundary condition, at t = 0,

x = 0, T = VE we obtain the final solution. The condition for detachment is, when

x = r E , T = VF and corresponds to the approximate distance necessary for the base of

the detaching bubble to cover from the orifice-tip such that the subsequent expanding

bubble does not coalesce with it. The final solution is:







B

C

2

2

rE =

V − VE −

(VF − VE )

2Q ( A + 1) F

AQ





3G

2/3

2/3



−

V

V

−

E

F

2Q A − 31





3E

1/3

1/3



−

V

−

V

F

E

Q A − 32





1

−

VF− A+1 − VE− A+1

Q (− A + 1)

"

 

B

C

G

A +1

·

VE

−

VEA −

V A−1/3

A+1

A

A − 13 E

#

E

A−2/3

−

V

.

A − 23 E



(1.14)



Actual calculations under various conditions of bubble formation show, that the contribution of the last two terms in Equation (1.14) is negligible. Thus, Equation (1.14)

reduces to







B

C

2

2

rE =

V − VE −

(VF − VE )

2Q ( A + 1) F

AQ





3G

2/3

2/3



−

V

−

V

.

F

E

2Q A − 13



(1.15)
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From Equation (1.15), the final bubble volume, VF can be calculated by trial and error.

The value of r E to be used in Equation (1.15) is evaluated from stage 1.

The above equations have been tested through the data collected by the authors and

have been used to explain the existing discrepancies in the literature.



1.5 EXPERIMENTAL SET-UP

Compressed air of regulated pressure is dried and passed through a series of bubblers

containing the continuous phase liquid, to saturate it with the liquid. It is then passed

through the orifice holder by using a needle valve for flow control. The holder is filled

with fine glass powder held in position by wire mesh on both sides. This is to ensure

constant flow conditions. The orifice plate, cleaned free of grease, is mounted on the

orifice holder which itself is fitted to a stainless steel tank of one foot square section

and with glass windows on two opposite sides. The tank is filled with the liquid to

a known height. The bubbles form, rise through the column of liquid and break at

the surface of liquid. The escaping air is collected in an inverted funnel and passed

through a rotameter to measure the flow rate of air. The frequency of bubble formation

is measured using a Philips stroboscope. Knowing the volumetric flow rate and the

frequency, the bubble volume is calculated and a correction is made to determine the

volume of the bubble at the tip of the orifice. The experimental set-up used is shown

in Figure 1.2 and Table 1.2 gives the range of variables covered during the present

investigation.



Figure 1.2: Experimental set-up
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Table 1.2: The range of variables covered during present investigation

Variable



Range



Viscosity



1-552 cP



Surface tension



4.14-7.17 dyn/cm



Density



0.9870-1.257 g/cm3



Flow rate of air



1-80 cm3 /sec



Orifice diameter 0.1378-0.7042 cm



1.6 RESULTS AND DISCUSSION

1.6.1 Effect of surface tension

The surface tension force is one of the contributing factors, influencing the bubble

volume during both the stages of bubble formation. Before testing the model for the

influence of the surface tension, a number of conclusions can be drawn from Equation

(1.7) through which the surface tension influence is predicted. In the case of vanishingly small flow rates ( Q ≈ 0), the first two terms on the right hand side of Equation

(1.7) vanish irrespective of the value of µ and the value of the force-balance bubble

volume is obtained by equating the buoyancy force to the surface tension force. In

the second stage, Q being vanishingly small, the value of Qtc also becomes negligible.

Hence VF = VE .

As the flow rate is increased, the values of the terms containing Q increase while that

of the surface tension term remains constant. Thus the effect of other factors becomes

more important and the relative contribution of the surface tension force to the total

bubble volume becomes less. In the case of highly viscous liquids, the magnitude of

the surface tension force is comparatively small. Three important conclusions are now

drawn:

1. At extremely small flow rates ( Q → 0) the bubble volume is decided entirely by

the force balance of buoyancy and surface tension forces.

2. In the case of low viscosity liquids, the surface tension force is effective at low

flow rates but its influence continuously decreases as the flow rate is increased.

The flow rate finally reaches a value when the surface tension effect is negligible.

Beyond this value of flow rate, irrespective of the value of γ, for different liquids,
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the bubble volume will be the same for a given flow rate. The curves drawn with

the flow rate vs. bubble volume for orifices of different diameters D for the same

liquid, tend to form a single curve at higher flow rates thus indicating that for

the given liquid, at a particular flow rate in the region of higher value of Q, the

bubble volume will be the same irrespective of the orifice diameter D.

3. For highly viscous liquids, the flow rate at which the effect of surface tension is

negligible, is smaller compared with the case of inviscid liquids.

To verify the effect of surface tension, data are collected for liquids of different surface

tensions using the same orifice and are presented in Figure 1.3. The values of bubble

volume for the liquids are different at low flow rates while the difference continuously

decreases as the flow rate is increased, till a particular value of Q is reached at which

the bubble volume is the same for the liquids of different surface tension values, indicating that the surface tension effects are absent beyond this flow rate. The solid lines

are those obtained through equations (1.7) and (1.15). The theory predicts the influence

of surface tension well. The data for other liquids were also tested and the theory was

found to be applicable.

Another fashion in which the overall influence of surface tension is studied, is through

the use of orifices of different diameters for the same liquid. Data for a series of orifice

dimensions (mentioned in the appropriate figures) were collected for liquids of various

viscosities. The final results are presented in Figures 1.4 - 1.7, each figure corresponding to a liquid of particular viscosity. Here again the solid lines present the theory,

whereas the points are those obtained experimentally. The reasonably good agreement

is evident from these figures.

It is found that there is considerable amount of discrepancy among the conclusions

drawn by different investigators regarding the influence of surface tension. Datta et

al. [4], Coppock and Meiklejohn [3] and Benzing and Myers [1] conclude, that the

bubble volume increases with the increasing value of surface tension. All these investigators have employed liquids of low viscosity and very small flow rates. The influence

of viscosity due to drag is negligible under these conditions and hence the surface

tension force is the dominating factor. The values calculated by the present equation

for their experimental data are found to predict the said trend.

Quigley et al. [20] find that there is no influence of surface tension on bubble volume.

As they have worked under constant pressure conditions (whereas the present work

is under constant flow conditions) a direct comparison is not possible. However, they

have worked at high flow rates and hence the effect of surface tension ought to be

small.

Davidson and Schüler [5] and Siemes and Kauffmann [24] attribute negligible influence

of surface tension. They have used highly viscous liquids and low orifice-diameters.

When the orifice diameter is small, surface tension loses its importance and for highly
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viscous liquids, the effect of surface tension is negligible compared to viscous drag.

Calculations are made using the present model for the data of Davidson and Schüler [6]

and they are compared in Table 1.3. Thus it is seen that different conclusions drawn by

the above mentioned investigators are due to the fact that their operating conditions

are different.
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Figure 1.3: Effect of surface tension on bubble size
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1.6.2 Effect of viscosity

It is evident from equations (1.7) and (1.15), that (i) an increase in viscosity increases

the bubble size, (ii) the effect of viscosity is large at high flow rates, and (iii) its effect

is large for liquids of low surface tension and orifices of small diameters.

For liquids of high viscosity, the viscous drag is predominant and the bubble volume

is very much influenced by viscosity. The effect is negligible when the flow rates are

small.

A typical set of data collected for viscous liquids is given in Figures 1.8 - 1.10 showing

the effect of viscosity on bubble volume. In these figures the bubble volumes are

plotted against flow rates for a given orifice diameter using µ as parameter. The solid

lines represent the present model (equation (1.15)). The agreement of the data with

the model is quite good and the influence of viscosity is also clearly seen.

Datta et al. [4] find that with the increase in viscosity the bubble volume decreases.

They have varied the viscosity from 0.012 to 1.108 Poise and found a negative effect

on bubble volume due to viscosity. This is in contradiction with the conclusion drawn

by several other investigators. Applying the present model, computer calculations

are done and are given in Table 1.4. The actual trend shown by the model agrees with

that observed by Datta et al. [4]. The reasons for their conclusions are obvious. The

hundred-fold increase in viscosity brought about by Datta et al. [4] is accompanied

by a slight decrease in surface tension from 72.8 dyn/cm to 65.7 dyn/cm. The flow

rates employed by them are very small (&lt; 0.5 cm3 /sec) wherein the surface tension

forces are predominant and the viscosity bears no importance.

Coppock and Meiklejohn [3] and Benzing and Myers [1] find that the influence of

viscosity on bubble volume is small. They have used liquids of low viscosity and

operated at low flow rates. Under these conditions, the effect of viscosity is obviously

negligible. Davidson and Schüler [5] have used highly viscous liquids and employed

large flow rates in which cases the effect of viscosity is appreciable. The calculated

values using the model for the data of Davidson and Schüler [5] are found to agree

well.
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Table 1.3: Effect of surface tension (Davidson and Schüler [6])

Bubble volume (cm3 )

γ



ρl



Do



(dyn/cm)



(g/cm3 )



(cm)



72.7



1.000



0.0668



27.1



72.7



27.1



0.810



1.000



0.810



0.0668



0.4



0.4



Q

(cm3 /sec)



Experimental [6]



Calculated



0.5



0.0260



0.0333



1.0



0.0365



0.0481



15



0.0365



0.0632



20



0.0500



0.0789



25



0.0680



0.0952



0.5



0.0090



0.0215



10



0.0200



0.0350



50



0.2000



0.3106



100



0.4200



0.5210



200



0.9000



0.9897



300



1.3000



1.5068



50



0.2000



0.2306



100



0.4200



0.4348



200



0.8500



0.9007



300



1.1500



1.4173
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Table 1.4: Effect of viscosity (Datta et al. [4])

Bubble volume (cm3 )

γ



ρl



Do



Q



(dyn/cm)



(g/cm3 )



(cm)



(cm3 /sec)



Experimental [4]



Calculated



D = 0.036 cm

0.012



72.8



0.9994



0.00810



0.0072



0.0107



0.154



68.3



1.1700



0.00787



0.0070



0.0077



0.235



67.6



1.1850



0.00787



0.0070



0.0077



0.497



66.4



1.2100



0.00765



0.0068



0.0075



1.108



65.7



1.2200



0.00765



0.0068



0.0074



D = 0.141 cm

0.012



72.8



0.9994



0.06083



0.0294



0.06112



0.154



68.3



1.1700



0.05208



0.0250



0.03188



0.235



67.6



1.1850



0.05104



0.0245



0.03121



0.497



66.4



1.2100



0.04812



0.0231



0.03114



1.108



65.7



1.2200



0.04583



0.0220



0.03006



D = 0.388 cm

0.012



72.8



0.9994



0.20500



0.0984



0.20723



0.154



68.3



1.1700



0.18120



0.0870



0.09653



0.235



67.6



1.1850



0.18120



0.0870



0.09157



0.497



66.4



1.2100



0.17170



0.0850



0.08762



1.108



65.7



1.2200



0.17500



0.0840



0.08645
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Figure 1.4: Effect of orifice diameter on bubble size in viscous liquid
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Figure 1.5: Effect of orifice diameter on bubble size in viscous liquid
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Figure 1.6: Effect of orifice diameter on bubble size in viscous liquid
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Figure 1.7: Effect of orifice diameter on bubble size in inviscid liquid
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Figure 1.8: Effect of viscosity on bubble size
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Figure 1.9: Effect of viscosity on bubble size
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Figure 1.10: Effect of viscosity on bubble size
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1.6.3 Effect of density

There have been two views on this. (i) the bubble volume decreases with the increase

in liquid density, and (ii) density has no influence on bubble volume.

In equation (1.7), when Q and µ are small, only the last term on the right hand side

is effective and the bubble volume decreases as the liquid density is increased. The

same argument can be extended to the second stage also. On the other hand, when Q

is large and µ is small, the last two terms on the right hand side of equation (1.7) are

negligible when orifices of small diameters are used. In this case, the bubble volume

is independent of liquid density. For low viscosity liquids and for small diameterorifices, liquid density has no influence on bubble volume at high flow rates. This

reasoning is true also for the detachment stage. Though a quantitative comparison is

not possible with the results of Quigley et al. [20], who have worked under constant

pressure conditions; their trend is qualitatively explained by the above discussion. In

the case of highly viscous liquids, when orifices of small diameters are used, the first

and the third terms on the right hand side of equation (1.7) vanish and once again the

increase in density results in decrease in bubble volume. Davidson and Schüler [5]

using highly viscous liquids, have arrived at this conclusion. This conclusion is true

especially at low flow rates.

During the present work, no investigation has been carried out to study the effect of

density alone and hence relevant experimental data are not supported. The explanations given so far clearly indicate that with the help of the general model given

by equations (1.7) and (1.15) we can explain the apparent discrepancies found in the

literature regarding the influence of various parameters on bubble size. Further the

model explains quantitatively the data collected in the present investigation and also

by other investigators.
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1.7 NOTATION

A

B

C

D

E

g

G

M

Q

r

re

rE

t

tc

te

T

v

v0

ve

V

VF

VE

x



substitution given in the text

substitution given in the text

substitution given in the text

orifice diameter, cm

substitution given in the text

acceleration due to gravity, cm/sec2

substitution given in the text

virtual mass of the bubble, g

volumetric flow rate of air, cm3 /sec

radius of the bubble at any instant t,cm

radius of the bubble corresponding to first stage, cm

radius of the force-balance bubble, cm

time parameter corresponding to second stage, sec

time of detachment, sec

time parameter corresponding to first stage, sec

substitution given in the text

velocity of the base of the bubble in the second stage, cm/sec

velocity of the center of the bubble in the second stage, cm/sec

velocity of the center of the bubble in the first stage, cm/sec

volume of the bubble, cm3

final volume of the bubble, cm3

volume of the force-balance bubble, cm3

distance parameter corresponding to second stage, cm



Greek symbols

γ

surface tension, dyn/cm

ρ g density of air, g/cm3

ρl density of the liquid, g/cm3

θ

contact angle, degrees

µ

viscosity of the continuous phase, g/(cm · sec)
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Zusammenfassung – Ein Modell auf der Grundlage eines zweistufigen Mechanismus der

Blasenbildung wird vorgeschlagen. Die erhaltenen Gleichungen werden zur Erklärung der

in der Literatur bestehenden Widersprüche verwendet. Zur Prüfung des Modelles wurden

Daten gesammelt, die einen weiten Bereich von Variablen umfassen.
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Abstract – Bubble formation under constant pressure conditions has been investigated for

wide range of variation of liquid properties. Air bubbles were formed from single horizontal

orifices submerged in liquids whose viscosity varied from 1.0 to 600 cP and surface tension

from 37 to 72 dyn/cm. Air flow rate was varied from 2 to 250 cm3 /sec and the orifice diameter D from 0.0515 to 0.4050 cm.

A model of bubble formation based on the concepts given by Kumar and Kuloor (for constant

flow conditions) has been developed for the situation of constant pressure conditions. A good

agreement between the theory and the experimental data has been obtained over the range

of variables mentioned above.
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2.1 INTRODUCTION

Several publications dealing with various aspects of bubble formation have appeared in the

literature [1, 2, 5–9, 13, 13, 15, 20, 24–26]. Most of them have been confined to the influence

of viscosity, surface tension and density of the liquid on bubble volume. The importance

of chamber volume has been recognized only by a few authors [5–9, 25]. Spells et al. [25]

found, that inclusion of a 35 liter reservoir below the orifice influenced the bubble formation

phenomenon. Hughes et al. [9] found, that for smaller chamber volumes and small flow

rates of gas, the bubble volume is independent of chamber volume. Similar is the case for

normal flow rates of gas and larger chamber volumes. But for small flow rates and larger

chamber volumes bubbles are formed in doublets and triplets. Similar observations were

made by Davidson and Amick [7], who varied chamber volume from 4 cm3 to 4000 cm3 .

Hayes et al. [8] studied the effect of geometric proportions of the chamber. They found that

the diameter of the gas chamber has little effect on the bubble size provided the ratio of the

diameter of the chamber to the diameter of orifice is greater than 4.5. Further, they found

bubble formation to be independent of chamber volume when the latter is greater than 800

cm3 .

Davidson and Schüler [6] were the first to describe two distinct situations of bubble formation.

They are (i) Constant flow and (ii) Constant pressure conditions. In the case of constant flow

conditions, flow rate of the gas into the bubble is maintained constant by causing a large

pressure drop across the orifice. In the second case, pressure of the gas below the orifice is

maintained constant throughout the formation of bubble by using a large chamber. In this

case, flow rate of gas through the orifice into the forming bubble varies with the extent of

formation.

Numerous investigators [5–9, 25] have carried out experiments under constant pressure conditions. Their results show some contradictions. Quigley et al. [20] carried out experiments

to study the effect of viscosity and density and concluded that the effect of these variables

is small on bubble size and the effect of surface tension was negligible at high flow rates.

Davidson and Schüler [5, 6], on the other hand, report large influence of both surface tension

and viscosity on bubble formation under constant pressure conditions. Hayes et al. [8] found,

that at small flow rates the bubble volume is essentially constant, whereas at high flow rates

the bubble frequency remains constant. The range of variables studied up to this time has

not been large.

The purpose of this investigation has been twofold: Firstly, to obtain data over a wide range

of variables and secondly to develop a model, taking into consideration the phenomenon

of necking, which could explain the present results as well as the existing discrepancies

mentioned above.
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2.2 EXPERIMENTAL METHOD

A schematic diagram of the apparatus is given in Figure 2.1. Air from a constant pressure



Figure 2.1: Experimental set-up

airline enters the 25 liter vessel A, which acts as a buffer. The pressure in A is maintained

constant at 20 psig. Then air is saturated with the liquid under study before it enters the vessel

B through the control valve V. Vessel B is a 40 liter stainless steel drum from which air passes

through orifice O into a rectangular drum of dimensions 1 ft × 1 ft × 2 ft containing the liquid.

Air leaves the orifice in the form of bubbles and these bubbles rise through the liquid column

to the surface of the liquid. A funnel of dimensions 10 in. × 10 in. × 6 in. is immersed

partially into the liquid to collect the bubbles breaking at the surface of the liquid. This

funnel is connected to a rotameter to measure the flow rate. Frequency of bubble formation

is determined by stroboscopic illumination. The pressure inside the drum is measured by

using a U-Tube water manometer. The liquid level in the tank above the orifice is measured

by a level gauge. For smaller pressure drops inclined manometers are used. A small funnel is

kept below the orifice at a distance of 20 cm to receive the liquid leaking through the orifice

during bubble formation. This gets collected in leakage receiver. Orifice plates were made

out of 16 gauge brass sheet and holes were drilled by means of a precision drill. The orifice

plate is fixed to the drum by screwing with brass screws. A Höppler viscometer (falling ball

viscometer) is used to determine the viscosity of the liquid and surface tension is measured
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Table 2.1: Range of variables covered for testing the present model

Orifice di- Surface tension

ameter



Viscosity



Density



Average

flow rate



D



γ



µ



ρl



Q̇



P



(cm)



(dyn/cm)



(P)



(g/cm3 )



(cm3 /sec)



(g/cm · sec2 )



0.0515



35.0



0.60



0.979



2.0



500



to



to



to



to



to



to



0.4050



72.0



6.00



1.246



250



25,000



by Stalagmometer (drop weight method of measuring surface tension). Bubble volumes

obtained from the flow rate and frequency measurements are corrected for the liquid head

above the orifice. The reported bubble volumes are at the conditions existing at the orifice.

The range of variables studied in the present investigations are given in Table 2.1.



2.3 PRESENT MODEL

In the present Model, the authors have extended the concepts given by Kumar and Kuloor [13–15], of the bubble formation under constant flow conditions to the constant pressure

conditions. According to Kumar and Kuloor [13–15], bubble formation is assumed to take

place in two stages. During the first stage known as “expansion stage”, the bubble expands

at the orifice with its base fixed to the orifice tip. Various forces acting on the forming bubble

during this stage are:

1. Upward buoyancy,

2. Downward surface tension,

3. Liquid inertia force and

4. Force due to viscous drag acting downwards.

The bubble base remains attached to the orifice tip until buoyancy force exceeds the downward forces. Balancing of the upward force with downward forces marks the end of the first

stage and the bubble volume obtained is known as “force balanced bubble volume” denoted

as VE .
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During the second stage known as “detachment stage”, buoyancy is higher than the downward resisting forces. Thus the bubble moves away from the orifice and at the same time

expands due to incoming gas. The bubble maintains contact with the orifice through a neck

and finally detaches. Detachment is assumed to take place when the base of the bubble travels a distance equal to the radius r E of the first stage bubble. The motion of the expanding

bubble during this stage is quantitatively expressed through Newton’s law of motion. Final

bubble volume VF is obtained by the addition of the first stage bubble volume VE and the

volume added during the second stage.

In the present model, bubble formation is assumed to take place in two stages as described

above. But in the present situation of constant gas pressure conditions, the flow rate of gas

through the orifice into the forming bubble is not constant as is the case with constant flow

conditions. Flow rate varies with the extent of formation of bubbles. In evaluating the first

stage, bubble volume variation in flow rate through the orifice to the forming bubble is taken

into account, using the modified orifice equation.

During the second stage the flow rate of the gas is assumed to be constant and equal to Q E ,

the flow rate at the end of the first stage. This has been further explained later.

Variation of flow rate through orifice during the first stage can be expressed by a modified

orifice equation. Davidson and Schüler [6] have given the following equation for the rate at

which gas is entering the forming bubble:

1

dV

(2.1)

= K · ( Pl − ρl gh + ρl gr − 2γ/r ) 2

dt

where Pl is the gauge pressure inside the chamber. Then the gauge pressure on the upper

side of the orifice is (ρl gh + 2γ/r − ρl gr ).

K is the orifice constant determined with air on both sides of the orifice and the same value

of K is used when air is bubbling into the liquid through the orifice.



Q=



2.4 Evaluation of first stage bubble volume VE

The various forces acting during the first stage are (i) Buoyancy (ii) Surface tension force (iii)

Inertial force and (iv) Force due to viscous drag.

The buoyancy force is given by V (∆ρ) g, whereas the surface tension force is equal to

πDγ · cos θ. As θ = 0 for the systems studied here, cos θ is dropped in the further analysis. The inertial force is

d ( Mve )

,

dte

where M is the virtual mass of the bubble and is equal to the mass of the gas bubble and that

of 11

16 th of its volume of the liquid surrounding it [5]. Thus the virtual mass is





11

M = V · ρ g + ρl .

(2.2)

16
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The density of the gas can be neglected when compared with the density of the liquid. The

consideration of virtual mass applies to inviscid liquids only. Hence in the case of viscous

liquids, the above relation can be used as an approximation only.

ve is the velocity of the center of the expanding bubble and is given by the relation

ve =



dre

.

dte



(2.3)



The Viscous drag equals 6πre µve .

At the end of the first stage, the upward buoyancy force is equal to the sum of downward

forces. Making a force balance we obtain:



d ( Mve )

VE · ρl − ρ g g =

+ πDγ + 6πre µve .

dte



(2.4)



We know, that the volume of the bubble at any instant is V = 43 πre3 . Differentiating re with

respect to te , we obtain

dre

dV

1

=

·

.

dte

dte 4πre2

Making use of equations (2.5) and (2.1) we can express ve as

r



K·

P + ρl gre − 2γ

re

ve =

4πre2



(2.5)



(2.6)



where

P = ( Pl − ρl gh) .

Now the first term on the right hand side of equation (2.4) can be written as

d ( Mve )

dve

dM

= M·

+ ve ·

.

dte

dte

dte



(2.7)



Differentiation of equation (2.6) with respect to te , yields

dve

K

=

·q

dte

8π



1



Pre−4 + ρl gre−3 − 2γre−5



 dr

e

· x −4Pre−5 − 3ρl gre−4 + 10γre−6 ·

.

dte



(2.8)



But

dre

= ve .

dte
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Substituting ve from equation (2.6) in equation (2.8) for dre /dte , we can write equation (2.8) as



dve

−K2

2

=

·

4Pr

+

3ρ

gr

−

10γ

.

e

l

e

dte

32π 2 re6



(2.9)



Now differentiating equation (2.2) with respect to te (after omitting ρ g ), gives





dM

11

dV

=

·

ρ .

dte

dte

16 l



(2.10)



Substituting (dV )/(dt)e from equation (2.1) in equation (2.10) yields



 s



11

dM

2γ

=K·

ρ ·

P + ρl gre −

.

dte

16 l

re



(2.11)



Making use of equation (2.6), the force due to viscous drag can be written as

s



K

2γ

·

6πre µ ·

P + ρl gre −

.

4πre2

re



(2.12)



Various terms of equation (2.4) have now been evaluated. Introducing these in equation (2.4),

we obtain:

 



K2 · 11

ρ

2γ

l

16

VE ρl g =

· P + ρl gr E −

rE

4πr2E



11

2



K · 16 ρl VE

· 4Pr E + 3ρl gr2E − 10γ

−

6

2

32π r E

s



2γ

K

·

P + ρl gr E −

− 6πr E µ ·

rE

4πr2E



+ πDγ .

r E is the radius of the bubble at the end of the first stage. Expressing r E as

equation (2.13), we can write equation (2.13) as



(2.13)

3

4π



 13



· VE1/3 in
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VE ρl g =



11K2 VE−2/3 ρl



3 2/3

64π 4π

"

#

 1/3

2γVE−1/3

3

1/3

· P+

· VE ρl g −



3 1/3

4π

4π

"  

11K2 VE−1 ρl

3 1/3 1/3

·

4

−

VE



3 2

4π

512π 2 4π

#

 2/3

3KµVE−1/3

3

2/3

·P+3

· VE ρl g − 10γ +



3 1/3

4π

2 4π

v"

#

u

 1/3

−1/3

u

2γV

3

E

·t P+

· VE1/3 ρl g −

+ πDγ .



3 1/3

4π



(2.14)



4π



Equation (2.14) represents the implicit relationship between the first stage bubble volume and

other variables. This equation is quite general in nature and is applicable to bubble formation

under constant pressure conditions. If the viscosity term is removed, this equation reduces

to one for inviscid fluids.

"

 1/3

11K2 VE−2/3 ρl

3

VE ρl g =

· P+

· VE1/3 ρl g



2/3

3

4π

64π 4π

#

2γVE−1/3

11K2 VE−1 ρl

−

−





3 1/3

2 3 2

512π

4π

4π

" 

 2/3



3 1/3

3

1/3

· 4

· VE · P + 3

4π

4π

i

·VE2/3 ρl g − 10γ + πDγ .



(2.15)



VE is evaluated from equation (2.14) by trial and error procedure.
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2.4.1 Evaluation of the final bubble volume VF

In order to evaluate the final bubble volume VF , the second stage is analyzed. The flow rate

during the second stage of formation is assumed to be constant and equal to Q E , the flow

rate at the end of the first stage. The orifice equation (2.1) also shows, that flow rate during

this stage varies little. It is evident that at higher values of r variation of bubble volume at

a definite rate causes increasingly small variation in radius. As a change in flow rate is due

to variation in r, for a particular set of conditions r can be assumed to be constant when

the change in r is small. The flow rate Q E is therefore calculated by substituting r = r E in

Equation (2.1) after evaluating VE from equation (2.14).

The motion of the expanding bubble during the second stage can be quantitatively expressed

by Newton’s second law of motion. Considering various forces acting during this stage and

applying Newton’s law of motion Kumar and Kuloor [13–15] arrived at expressions relating

the distance r E , to which the base of the bubble should travel before it detaches, with VF and

VE and other variables.

The inclusion of all the forces results in the following equations.

Viscous liquids:



rE =





C

B

· VF2 − VE2 −

· (VF − VE )

2Q E · ( A + 1)

AQ E





3G

2/3

2/3



.

−

V

−

·

V

E

F

2Q E · A − 13



(2.16)



Inviscid liquids:



rE =





 9E  1/3

B

· VF2 − VE2 −

· VF − VE1/3

4Q E

QE

C

(ln VF − ln VE )

· (VF − VE ) +

−

Q

Q

 E

 E

B

· CVE + 3EVE1/3 − VE2 ,

2



(2.17)
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where

1.25 · 96πr E µ

11ρl Q E

16g

=

11Q E

16πDγ

=

11ρl Q E

QE

=



3 2/3

12π 4π

24µ

.

=



3 1/3

11 4π

ρl



A =1+

B

C

E

G



The final bubble volume VF can be evaluated using the equations for first and second stages.



2.5 RESULTS AND DISCUSSION

2.5.1 Surface tension

To study the effect of surface tension of the liquid on bubble volume, liquids having surface

tension 32, 52 and 72 dyn/cm have been employed. Figure 2.2 shows, that for small orifice

diameters D the surface tension variation has negligible effect on bubble volume. In the

case of large orifice diameters, the influence is more apparent at low average flow rates and

becomes less as the flow rate is increased as is evident from Figure 2.3. Quigley et al. [20]

also report, that the effect of surface tension is negligible at high flow rates. However their

results might be slightly influenced by the rather large change in density in the liquids used

by them. Davidson and Schüler [5, 6] varied surface tension only from 64-72 dyn/cm using

glycerol water solutions. Figures 2.4 and 2.5 show the effect of surface tension, when the

bubble volume is plotted versus pressure drop P. Figures 2.4 and 2.5 present data for smaller

orifices (0.0515-0.0921 cm dia.) and large orifices respectively. It is seen, that the data for

different surface tensions, but for the same orifice diameter yield a single curve. The same is

true for large orifice diameters. A comparison of Figures 2.4 and 2.2 shows interesting results.

Whereas all orifice diameters follow the same curve in Figure 2.2, the same is not true in

Figure 2.4. The reason for the above is, that small changes in pressure drops correspond to

large variations in flow rates.

In Figures 2.4 and 2.5 the solid lines correspond to the calculated values using equations

(2.15) and (2.17). The equations predicted negligible difference in bubble volumes for liquids

of different surface tension for any P. Therefore, only one theoretical line is seen. It is seen

that the results are quite adequately explained by the model developed. It may be mentioned

that the minimum pressure drop for bubbling to occur is considerably influenced by surface
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tension, and in this sense, surface tension is important.



2.5.2 Viscosity

In the present investigation, the viscosity of the liquids has been varied from 60-600 cP. The

accompanying changes in density and surface tension were small. The typical set of data

showing the influence of viscosity has been presented in Figures 2.6 and 2.7. In both the

figures, the bubble volumes are plotted versus pressure drop. Figure 2.6 presents data for

a small orifice and different viscosities whereas Figure 2.7 presents similar data for a large

orifice. It is seen that for all pressure drops the bubble volume increases with the increasing

viscosity. The solid lines in Figures 2.6 and 2.7 correspond to the one calculated by equations

(2.14) and (2.16). It is seen that the model explains the data quite well. Apart from this, the

model has been tested on the data of Davidson and Schüler for both inviscid and highly

viscous liquids. The results are presented in Tables 2.2 and 2.3. It is seen in Table 2.2 that

the model approximately explains the data of these authors, in the case of inviscid liquids.

Though the agreement is not very good, it is slightly better than that given by the model of

these authors.

The influence of viscosity has also been shown in Figure 2.8, where the bubble volume has

been plotted versus the liquid viscosity. The solid lines correspond to the calculated values

whereas the points stand for experimentally obtained values. Thus, for equal variation in

viscosity an equal change in bubble volume may be expected. However, if the viscosity

variation is expressed as ratio (as 100 when the viscosity is changed from 1 to 100 cP and

only 2 when it is changed from 300 to 600 cP), then the influence is very small for the low

viscosity range and very large for high viscosity range. This might be responsible for the

different conclusions of Quigley et al. [20] and Davidson and Schüler [5].



2.5.3 Flow rate

In the case of larger orifices, the bubble volume remains constant at low average flow rates

and when the flow rate is increased beyond a certain critical value, the bubble volume

increases with flow rate as shown in Figure 2.3. Sullivan et al. [26] observed similar trends.

Similar observations were found even in the case of highly viscous liquids in the present

investigations. Pressure at this critical flow rate is also critical and is nearly equal to 2γ/R as

shown by Davidson and Schüler [5]. The pressure drop remains constant below this critical

flow rate. In the case of smaller orifices there is a steady increase in bubble volume with flow

rate as shown in Figure 2.2.
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2.5.4 Orifice diameter

Flow through the orifice is proportional to its cross sectional area. The diameter also influences the final bubble volume by varying D in the surface tension force term (πDγ). It is

seen that the effect of diameter is negligible for small orifices when the plot is made of the

bubble volume versus the flow rate as shown in Figure 2.2. For smaller orifice diameters

the orifice constant K is small and thus the pressure drop P should be large for any flow to

occur and flow will not vary during bubble formation. Thus the condition of constant flow

is approached here as indicated by Davidson and Schüler [5]. Further, in the case of small

orifices used here, the surface tension force is small compared to other forces for the range

of flow rates covered. However, if the plot of bubble volume versus P is made, the different

orifice diameters yield different lines.

In the case of larger orifices, the bubble volume increases with flow rate due to increase in

surface tension as shown in Figure 2.3. The effects of orifice diameter on the bubble volume

for two viscosities are shown in Figure 2.9. The solid lines correspond to those calculated

through the model. The agreement is quite good.

Thus, the two stage model is found to explain the overall data as well as the influence of

various factors on bubble formation under constant pressure conditions well.
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Figure 2.2: Effect of surface tension on bubble volume for small orifice diameters
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Figure 2.3: Effect of surface tension on bubble volume for large orifice diameters
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Figure 2.4: Effect of surface tension on bubble volume
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Figure 2.5: Effect of surface tension on bubble volume



43



2 Studies in bubble formation II. Bubble formation under constant pressure conditions



Figure 2.6: Effect of viscosity on bubble volume
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Figure 2.7: Effect of viscosity on bubble volume



45



2 Studies in bubble formation II. Bubble formation under constant pressure conditions



Figure 2.8: Effect of viscosity on bubble volume
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Figure 2.9: Effect of orifice diameter on bubble volume
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Table 2.2: Comparison of the data of Davidson and Schüler [6] with the calculated values using the present model for inviscid liquids

Mean flow rate (Q cm3 /sec)

Davidson &amp; Schüler [6]

Sl.



D



K



P



Bubble volume (V cm3 )

Davidson &amp; Schüler [6]



Present

model



Present

model



No.



(cm)



(cm7/2 /g1/2 )



(g/cm · sec2 )



Exptl



Theory



1



0.298



1.900



9.51



32



67



65.5



2.3



3.5



3.29



2



0.298



1.900



1119



45



70



68.0



2.9



3.8



3.52



3



0.298



1.900



1323



61



76



73.2



3.4



4.3



3.78



4



0.374



3.060



779



33



102



86.4



3.2



6.1



5.89



5



0.374



3.060



877



47



105



89.7



4.1



6.4



6.13



6



0.374



3.060



1024



60



112



93.9



4.5



6.9



6.47



7



0.412



3.820



734



30



124



109.0



4.3



7.8



7.88



8



0.412



3.820



832



57



129



113.0



4.9



8.3



8.18



9



0.412



3.820



1006



68



141



118.2



5.7



9.1



7.98



10



0.460



4.900



632



25



156



135.0



5.6



10.7



10.73



11



0.460



4.900



739



60



163



140.5



6.9



11.4



11.18



12



0.460



4.900



790



68



169



142.8



7.1



11.7



11.39



Exptl



Theory
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Table 2.3: Comparison of the data of Davidson and Schüler [5] with the calculated values using the present model for viscous liquids

Mean flow rate (Q cm3 /sec)

Davidson &amp; Schüler [5]

Sl.



D



K



P



µ/ρl



Bubble volume (V cm3 )

Davidson &amp; Schüler [5]



Theory



Present

model



0.46



0.39



0.432



3.90



0.51



0.49



0.499



4.24



4.32



0.55



0.53



0.546



2.70



3.12



3.19



0.26



0.24



0.282



3.60



3.40



3.78



3.74



0.30



0.28



0.320



4530



4.60



5.10



5.88



6.07



0.56



0.47



0.551



0.0901



6920



4.60



7.10



7.60



7.52



0.67



0.57



0.655



0.1950



0.8560



2250



7.40



32.00



42.70



45.50



4.50



4.10



4.050



9



0.1950



0.8560



3120



7.40



42.00



50.00



51.00



5.00



4.70



4.570



10



0.1950



0.8560



5360



7.40



57.00



64.90



65.20



5.80



5.90



5.640



11



0.1950



0.8560



1750



6.20



29.00



37.80



40.73



3.90



3.40



3.370



12



0.1950



0.8560



2310



6.20



35.00



43.20



44.80



4.10



3.80



3.720



13



0.1950



0.8560



3350



6.20



46.00



52.30



53.50



4.60



4.50



4.290



14



0.1950



0.8560



2680



5.40



38.00



45.80



47.80



3.90



3.80



3.690



15



0.1950



0.8560



3650



5.40



47.00



53.60



55.20



4.30



4.40



4.200



16



0.1950



0.8560



4940



5.40



56.00



61.80



62.80



4.70



5.00



4.740



(cm7/2 /g1/2 )



(g/cm ·



sec2 )



(cm2 /sec)



Exptl



Theory



Present

model Exptl



No.



(cm)



l



0.0520



0.0414



4860



7.80



l.70



2.82



2.91



2



0.0520



0.0414



7080



7.80



3.10



3.86



3



0.0520



0.0414



8930



7.80



3.60



4



0.0520



0.0414



6100



3.60



5



0.0520



0.0414



8290



6



0.0646



0.0901



7



0.0646



8
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2.6 NOTATION

A

B

C

D

E

G

g

h

K

M

P = ( Pl − ρl gh)

Pl

Q

QE

R

r

re

rE

t

te

ve

V

VE

VF



substitution given in the text

substitution given in the text

substitution given in the text

diameter of the orifice, cm

substitution given in the text

substitution given in the text

acceleration due to gravity, cm/sec2

height of the liquid above the orifice, cm

orifice constant, cm7/2 /(g · m1/2 )

virtual mass of the bubble, g

pressure drop, g/(cm · sec2 )

pressure in the drum, g/(cm · sec2

average gas flow rate, cm3 /sec

flow rate at the end of the

force-balance bubble stage, cm3 /sec

radius of the orifice, cm

radius of the bubble, cm

radius of the bubble corresponding to the first stage, cm

radius of the force-balance bubble, cm

time, sec

time relating to the first stage, sec

velocity relating to the first stage, cm/sec

volume of the bubble, cm3

volume of the force-balance bubble, cm3

final volume of the bubble, cm3



Greek symbols

γ

θ

µ

ρl

ρg



surface tension, dyn/cm

contact angle, degrees

viscosity of the liquid, P

density of the liquid, g/cm3

density of the gas, g/cm3
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